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Abstract. This paper deals with a row of equally spaced equal diamond-shaped inclusions with angular comers 
under various loading conditions. The problem is formulated as a system of singular integral equations with 
Cauchy-type singularities, where the unknown functions are the densities of body forces distributed in infinite 
plates having the same elastic constants of the matrix and inclusions. In order to analyze the problems accurately, 
the unknown functions of the body force densities are expressed as a linear combination of two types of fundamental 
density functions and power series, where the fundamental density functions are chosen to represent the symmetric 
stress singularity of l / r  1-xl and the skew-symmetric stress singularity of 1/r  1-x2. Then, newly defined stress 
intensity factors for angular comers are systematically calculated for various shapes, spacings, elastic constants 
and numbers of the diamond-shaped inclusions in a plate subjected to uniaxial tension, biaxial tension and in-plane 
shear. For all types of diamond-shaped inclusions, the stress intensity factor is shown to be linearly related to the 
reciprocal of the number of diamond-shaped inclusions. 

Key words: Stress intensity factor, angular comer, diamond-shaped inclusion, singular integral equation, body 
force method, interface, composite. 

1. Introduction 

To evaluate the interface strength of composite materials, numerical analyses of stress sin- 
gularity at the comer of jointed dissimilar materials have been treated in many papers. The 
stress field of angular comers in dissimilar materials is different from that of ordinary cracks. 
Recently, Chen and Nisitani [1-5] have indicated that around the comers there appear to 
be two independent singular stress fields, each corresponding to mode I and mode II type 
deformation, as shown in Equation (1), 

f~I,AI fI (0~ KII,A2 flI(o~ 
Crij -~ r--]-L~_~lgiJ ~ / -F r-~-S~_A2dij ~ ,. (1) 

In most previous studies, only the stress field with higher singularity has been considered 
and that leads to wrong conclusions in some cases; namely, both different types of stress 
singularities have to be taken into account to evaluate the interface strength of dissimilar 
materials [3]. 

In our previous papers, the numerical solution for singular integral equations of the body 
force method is considered; the unknown functions are approximated by the products of 
fundamental density functions and polynomials [6, 7]. In our last paper, a row of diamond- 
shaped holes has been accurately analyzed [8]; through the study, the effectiveness of the 
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Figure 1. Diamond-shaped inclusions in an infinite plate. 

numerical solution for the newly defined stress intensity factors for angular comers has been 
clarified. 

In this paper, interaction of diamond-shaped inclusions is considered. This shape of inclu- 
sion is regarded as a basic model when the new stress intensity factor for angular comers is 
applied to the evaluation of dissimilar materials. For example, when both the comer angle 
and elastic modulus of inclusions approach zero, the present results should coincide with the 
ones of ordinary cracks [9]. Figure 1 shows the problem treated in this paper, that is, a row 
of diamond-shaped inclusions in an infinite plate subjected to three fundamental loads; (1) 
uniaxial tension, (2) biaxial tension and (3) in-plane shear at infinity. 

2. Numerical  solutions for singular integral equations for a row of diamond-shaped 
inclusions 

Consider a row of diamond-shaped inclusions with the same configuration in an infinite plate 
(Figure 1). Here, Ii and 12 are sizes of inclusions, d is a parameter of distance, OA and 01~ are 
angles of the comer A and B, respectively and a ~ ,  (r~ and -r~ are stresses at infinity. Denote 
the shear modulus and Poisson's ratios of the matrix by G1, ul and the inclusions by O2, v2. 

In this analysis, body forces distributed along the imaginary boundary in an infinite plate 
are expressed as a sum of two types of distribution of body forces. The body forces acting in 
the normal direction (0-direction) and the tangential direction (r-direction) are expressed as 
two types, that is, symmetric (mode I) and skew-symmetric (mode II) types to the bisector 
of the comers. They can express mode I and mode II types of deformations that occur at the 
comer [3, 7, 8]. 

As shown in Figure 2, in order to obtain the relationship between the tractions 
((YnM,i, TntM,i) and displacements (UM,i, VM,i) on the boundary of the ith diamond-shaped 
hole in an infinite plate containing a row of diamond-shaped holes (the number of holes is N), 
the body forces are distributed in the 0- and r-directions on the prospective boundary of the 
kth diamond-shaped hole in an infinite plate 'M' ,  which has the same elastic constants of the 
matrix (G1, ul). Then, the body forces are expressed a s  FOM,k (rk) :- FIM,k (rk) ' F II T OM,k(rk) 
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and FrM,k ( rk )  = FIrM,k(rk) + rM,kk k), where the superscripts I and II denote the distri- 
bution types of mode I and mode II, respectively. In a similar way, in order to obtain the 
relationship between the tractions (an~,i, "rntI,i) a n d  displacements (ut,i, vl,i) on the bound- 
ary of the ith diamond-shaped inclusion, the body forces are distributed in the O- and r- 
directions on the prospective boundary of the kth diamond-shaped inclusion in an infinite 
plate ' I ' ,  which has the same elastic constants of the inclusions; then the body forces are 
expressed as Fol,k(ra) = F~l,k(rk) + F~},k(rk) and Frt,k(rk) = FJrLk(rk)I + F)Lk(rk) 
In this way, a system of singular integral equations that express the boundary conditions 
(~rnM,i --  •nI, i  ~- 0,  TntM, i --  TntI, i  = 0 ,  IZM,i - -  l I l , i  = 0 and VM,i -- vLi = 0) on the boundary 
containing the comer is shown in Equations (2) and (3) 

L hFOM ~ t r 1-~]2rM, k + E rim' t k, Si)FOM,k(rk) drk + ,onn (rk, si)FrM,k(rk) drk 
k = l  k k 

I~nn' t k, si)FOI,k(rk) drk -- ~ ,~nn (rk, si)FrI,k(rk) drk 

= + 

--½FrM, (si) _ 1   Fr ,i(si) 

" Fo M'k , . Fr M,k / 
ant krk, si)FoM,k(rk) drk + nnt irk, si)FrM,k(rk) drk + 

k = l  k k 

a n t  t r k ,  s i ) F r I , k ( r k )  d r k  ~n t  k t~ 

= --TZM(Si ) + "r~l(Si) (i = I ... N) ,  

h)M'~(rk,si)FOM,k(rk)drk + hF~M'k(rk, Si)F~M,k(rk)drk 
k = l  k k 

- hu ' (rk, si)Fot,k(rk) drk - ,ou (rk, $ i ) f r I , k ( r k )  drk 
k k 

- -  --  M,i "~- I,i~ 

Z t 'v  t't'x, 8 i )FOM, k ( r k )  d r k  + ( r k ,  8 i ) F r M ,  k ( r k )  d r k  
k = l  k k 

(2) 

(3) 
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-- fLk hF°"k (rk,si)FoI,k(rk) drk -- fLk hFrI,• ] v (rk, si)FrI,k(rk) drk 

_ v ~ oo  ( i = l , ~ N ) .  -- -- M,i + VI,i 

N Here, Ek= 1 means the sum total of the prospective boundary of each diamond-shaped hole 
and inclusion. The notation fLk means integrating the body forces on the boundary of the kth 
diamond-shaped hole (plate M) or inclusion (plate I). The notations a~M (si) and Tn~ M (Si) 

.FoM,k i mean normal and shear stresses appear at the point si in plate M. Taking nnn (rk, si) as 
an example, the notation means the normal stress induced at the collocation point si on the 
imaginary boundary of the ith diamond-shaped hole when the body force with unit density 
in the 0-direction is acting at the point rk on the prospective boundary of the kth diamond- 
shaped hole. The body forces are symmetrically and skew-symmetrically distributed with 
respect to the y-axis. In this study, in order to analyze Equations (2) and (3) accurately, 
the side of the diamond-shaped hole or inclusion is divided into four parts; then, on each 
part the distributed body force densities are approximated by a linear combination of power 
series I H ..9~,-1 (distribution (W~M,k ~ Wr'i,k) and two fundamental density functions, that is, "k 
density of a symmetric type to the bisector of the comer) and rk ~2-1 (distribution density of a 
skew-symmetric type to the bisector of the comer) as shown in Equation (4). In the following 
equations, the numerical solution will be shown by taking an example for the comer A. Here, 
rA,k is a distance measured from the comer A. 

gOAM,k(rA,k) = FIAM,k(rA,k)-F gdlAM,k(rA,k) 

I A1 - 1 II A 2 - 1  
= W AM,k(, a,k)rA,k + W AM,k(rA,k)'%k , 

II FrAM,k(rA,k) -~- FIAM,k(rA,k) -'F F¢AM,k(rA,k ) 

FoAI,k(rA,k) 

txrl [ r XT, Al--I II A2--1 = VVrAM,kk A,k) A,k + W¢AM,k(rA,k)rA,k , 

-~ FIAi,k(rA,k) + FIIAI,k(rA,k) 

(4) 

= w l t r ~ r A l - I  II A 2 - 1  OAI,kk A,k) A,k "F WdAI,k(rA,k)?'A, k , 

F AI,k( A,k) = + 

W I [ 7, ~rXl-I II A2 - I  = rAI,k[ A,k) A,k -]- W¢AI,k(rA,k)rA,k , 



M 
rt-I 

WIAM,k(7"A, k) = Z an, k~'A,k ' 
n = l  

M 
n-1 WIIM,k(rA,k)  = Z C n ,  kT A,k ' 

n----1 

M 
WIAi ,k(rA,k)  = n-1 Z en,k r A,k 

n=l  
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M 
i ~-'b r n-1 W]AM,k(rA,k) = ~ n,k A,k ,  

n=l  

M 
II x-" d r n -  I W¢AM,k(ra,k) = ~ n,k A,k,  

n=l  

M 
I ~"~t rn-1 

W~A1,k(~a,k) = Z~J~,k A,k, 
n=l  

M M 

WIII ,k(TA,k  ) = Zgn,krA,k,n-1 WlrlAi,k(rA,k) = Zhn ,krn4 ,k  1 
n=l  n= l  

(5) 

Here, the eigenvalues ),t and )~2 are given as the roots of the following eigenequations (see 
Figure 3) [1, 2] 

(Or - -  f l ) 2 A 2 ( 1  - -  COS 27)  + 2AI ( a  - -  f l )  sin 7 

× {sin A17 + sin .~1 (27r - 7)}  + 2A1 (a - fo i l  sin 7 

× {sin Al (27r - 7) - sin A17} + (1 - a 2) - (1 - /32)  cos 2A17r 

+ ( ~ 2  _ /~2)  cos{2~ l  (7 - ~ ) }  = o, (6) 

for mode I and 

(a -/3)2A22(1 - cos 27) - 2A2(a - / ~ )  s in7 

× {sin A27 + sin A2(27r  - -  7 ) }  - -  2 A 2 ( a  - - / ~ ) / ~  sin 7 

x {sin Az(27r - 7) - sin A27} + (1 - a 2) - (1 - /32)  cos 2A21r 

+ ( ~ 2  _ ~2) cos {2~2 (7  - ~ ) }  = 0, (7) 

for mode II, where a and fl are Dundurs' composite parameters and are related to the elastic 
constants of each constituent by 

al(t~2 + 1) - a 2 ( N l  + 1) Gl(~2 - 1) - G 2 ( / ~ l  - 1) 
GI(nZ + 1) + G2(nl + 1)' Gl(n2 + 1) + Gz(nl + 1)' 

where 

(3 - v j ) / (1  + vj) (plane stress) 
,~j = ( j  = 1 2) .  

3 - 4vj (plane strain) 

In a similar way, the body forces distributed around other comers are also represented. By using 
the numerical method mentioned above, the integral equations are solved and the unknown 
coefficients an,k " hn,k are determined so as to satisfy the boundary conditions at the suitably 
chosen collocation points. The stress intensity factors Ki,)~l,k, Kii,x2,k for the angular comer A 
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of  the kth d i amond-shaped  inclusion def ined by Equat ion (1) can be obtained f rom the values 
I II I II W~AM,Ie(O ) at c o m e r  W~AM, k (0) the tip by Equat ion (8) and o f  WdAM,k(O), W~AM,k(O), and 

(9). 

1 
K1,)q,k : "7-X 

A1 

- 2 x / ~ ( a  - f l )(~lq7 + h lq l )  

2 [ { h l ( a  - / ~ ) q 4  "q'- (1 - /3 )q2}P5 + {(hl  -k- 1 ) ( a  - /~)q3}P6] 

x (t¢lq7 + h lq l )  -- [ (hl  (or - - ~ ) q 4  "~- (1 -- fl)q2}P5 

+ { ( h i -  tq ) (oL- /3)q3}P6]  X [ ( / ' ;1 -  1)q7 + (/';1-I- 2hl  + 1)ql] 

+ [ { h l  (o~ -- fl)q4 + (1 -- fl)q2}q5 + {(hi  + t¢l)(Ol -- fl)q3}q6] 

X WdAM,k(O), 
X(nl  + 1)(io7 + P l )  

1 - 2 V " ~ ( a  - /~)( t~lq7 -{- h lq l )  
KI'A"k = ~1 X 2[{hl(ol  -- fl)q4 + (1 - /~)q2}q5 + {('~1 -- 1)(0~ -- fl)q3}q6] 

X (tClq7 + h lq l )  - [{hi (or - fl)q4 + (1 - fl)qz}Ps 

+{(A1 - / ¢ 1 ) ( 0  t - fl)q3}P6] × (t~l + 1)(/97 - P l )  + [{/~1 ( o z -  fl)q4 

+ ( 1  - /~)q2}q5 + {(hi  + tg l ) (a  - fl)q3}q6][(1 - t~l)q7 

(8) 

I x W¢AM,k(O), 
+ ( t q  -- 2Al + l)ql]  

"7 = 2rr - OA, 

Pl = COS')', P2 = cos(hlTr),  P3 = cos[,~l('T - 71")], 

P4 = COS[')' -- hl( 'T - 71-)], p s = c o s  ( h 1 + 1 ) 7  
2 

P6 = c o s ( h l  
1)7 

2 
/97 ---- cos(2A17r -- AI'T), 

ql = sin"/, q2 = sin(AlTr), q3 = sin[A1(7 - 7r)], 

q4 = sin[7 -- h l ( 7  - rr)], q5 = sin ('~1 
+ 1)7 
2 

,~1 - -  1)'T 
q6 ---- sin 

2 
q7 = sin(2,~lTr -- h i 'T) ,  



KII,A2, k ~--- 

KII,A2, k : 
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1 2x/2-~(a - -  f l ) ( t ~ l q l 3  - -  A Z q l )  

~22 × 2[{A2(a - /3)q10 - (1 - fl)q8}qll + {(A2 + 1) (a  - fl)q9}ql2] 

X ( t~ lq l3  - -  A 2 q l )  - -  [{A2(O~ - - / ~ ) q l 0  - -  (1 - -  f l ) q 8 } q l l  

+{(A2 -- t~l)(a -- fl)q9}ql2] X [(1 -- t~l)ql3 + (t~l + 2A2 + 1)ql] 

+[{A2(ce - fl)ql0 - (1 - /3 )q8}Pl l  + {(A2 + t~l)(Ol -/3)q9}P12] 

W II tOX 
× OAM,k ~ ) 

X ( ~ I - ' F  l ) ( P l 3  - - P l )  

1 2 V / ~ ( O ~  - -  f l ) ( t ~ l q l 3  - -  A 2 q l )  

~22 × 2[{A2( ce --/3)qlO -- (1 --/3)qS}Pll + {(A2 -- 1)(ol -- fl)q9}Pl2] 

× (~lq13 -- A2ql) + [{A2(a --/3)qlO -- (1 --/3)q8}qll 

+{(A2 -- t~l)(Ol --/3)q9}q12] × [(t~l + 1)(P13 + P l )  + [{A2(ce --/3)qlO 
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- - ( 1  - -  f l ) q 8 } P l l  + { (A2  + t~l)(Ol - - / 3 ) q 9 } P 1 2  ] 

W I I  ,'r~'~ 
× rAM,k  k U) 

× [ ( ~ 1  - -  1)q13 + (~1 - -  2A2 + 1 ) q l ]  

7 = 27r - OA, 

P l  : COS') ' ,  P8 : c o s ( A 2 7 r ) ,  P9 : cos[A2(") '  - -  71")], 

PlO = c 0 s [ 7  - -  A2( '~  - -  71-)], P l l  = COS ('~2 
+ 1)'7 
2 

P12 = COS(A2 
1)7 

2 ' P I3  : c o s ( 2 A z T r  - A2")'), 

ql = sin')', q8 = sin(AaTr), q9 = sin[A2(7 - ~')], 

qlO : sin[')' - A2(" )' - -  7r)], qll ----- sin (A2 
+ 1)'7 
2 

q12 : sin (A2 - 1)3' 2 ' q13 = sin(2AzTr - ,~2'Y). 

(9) 

3. Results and discussion 

In Figure 1, stress intensity factors KI,;~l,k and KII,A2, k defined at comers  A, B,  B ' ,  G', D are 
analyzed with varying geometrical  parameters OA, OB, ll /d,  12/d, elastic ratio G2/G1, and 
number  of  inclusions N systematically. Table 1 and Table 2 show the values of A1 and A2 in 
the case of  plane strain and ut = u2 = 0.3 treated in this analysis. 

First, the accuracy of the present method for these problems is examined.  The values of  
Ki,;~.,k can be determined from the values W~,k(0), WI, k(0 ), and the values Kn,,x2,k f rom 



274 N.-A. Noda et al. 
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Infinite plate with holes 
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Inclusions 
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Infiniteplate I 

Figure 2. Formulation of the singular integral equation based on the body force method. 

• ! 

X 

Figure 3. Comer of two bonded wedges. 

W II [0 ~ W II (0 "~ Those values of K1,x~,k (or KII,X2,k) obtained from two weight functions O,kk 1~ r,k~ 1" 
I I W~,k(O), Wr~,~ (0) (or W~I,k (0), WrIIk (0)) should be in agreement within the error of numerical 
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Table 1. AI corresponding to mode I. (Plane strain state vl = v2 = 0.3) 

G 2 / G I  10 -5  10 -2  10 -1 101 102 105 

OA,OB 

30 ° 0.5014531 0.5529604 0.7851341 0.6822381 0.5862285 0.5732316 

60 ° 0.5122214 0.5362765 0.6900333 0.7219039 0.6684683 0.6619053 

90 ° 0.5444838 0.5583162 0.6601418 0.7981112 0.7632349 0.7590462 

120 ° 0.6157311 0.6243555 0.6920671 0.8755021 0.8533334 0.8506666 

150 ° 0.7519746 0.7569233 0.7967322 0.9408892 0.9296663 0.9283023 

Table 2. A2 corresponding to mode II. (Plane strain state/}1 "~" ~ = 0.3) 

G 2 / G I  10 -5  10 -2  10 -1 101 102 10s 

OA, OB 

30 ° 0.5981919 0.6143511 0.7239281 - -  - -  0.5210558 

60 ° 0.7309007 0.7382624 0.7940938 - -  0.6359865 0.5490489 

90 ° 0.9085292 0.9116800 0.9355639 0.7856547 0.6218440 0.5951843 

120 ° - -  - -  - -  0.7614816 0.6824355 0.6714777 

150 ° - -  - -  - -  0.8379280 0.8010302 0.7962951 

calculation. Tables 3 and 4 show examples with different numbers of collocation points. In 
Table 3, dimensionless stress intensity factors FI,at,k and FII,a2,k at the comer A of the outer- 
most diamond-shaped inclusion are tabulated, whose values are obtained from the Equation 
(10) when N = 4, Vl = u2 = 0.3, Oa = 60 °, I2/d = ½, G2/G1 = 10 -1 under biaxial tension 
( a ~  = a ~  = cr °°, T~C~ = 0) and plane strain. 

Ki,x, ,k KIt,)~z,k (10) 

On the other hand, Table 4 shows convergency of the F1,xt,~ and FII,X2,k at the comer C of 
the middle diamond-shaped inclusion obtained from Equation (11) when N = 4, Vl = ux = 
0.3,0A = 60°,12/d = } , a 2 / a l  = 10 -I  under in-plane shear ( , ~  = , ~ , ° ~  = a ~  = 0) 
and plane strain. 

KI,a, ,k KII,A2,k (11) 
FI 'AI 'k  - -  T ° ° W / r ' ~ l l - ) ~ l  ' F| l ' )~2'k - -  T°°~/71"t2r"'l--A2 

Here, M is the collocation number in the vicinity of the comer, the total collocation number 
is 4 M N  and the number of algebraic equations to obtain the unknown functions is 16MN.  
The results of Table 3 and Table 4 have good convergency. Results of other inclusion comers 
and other geometrical and loading conditions are also examined; then, the present method is 
found to yield rapidly converging numerical results. Furthermore, the values obtained from 
different weight functions of the body forces in 0- and r-directions coincide with each other 
in about four digits when M = 12 through the present method. 

Table 5 shows the intensity factors (FI,x~ and FII,),2 ) a t  the c o m e r  A(OA <_ 90 °) when 
N = 2 with varying parameters OA, 12/d, G2/Gt. Here, three kinds of fundamental loads at 



276 N.-A. Noda et al. 

Table 3. Convergency of ~,x~,k and FII,X2, k at the comer A. ( N  = 4, ul = u2 = 
0.3,0A = 60°,12/d = ½,Gz/G1 1 0 - l , a ~  a ~  oo oo = 0, plane 
strain state in Figure 1) 

FI,xbk()q = 0.6900333) ~I,;~2,k (A2 = 0.7940938) 
M from W~,k(O) from W¢,k (0) from W~',k(O ) from W~',k (0) 

4 0.61869 0.61850 0.01887 0.01887 
6 0.61904 0.61891 0.01890 0.01890 
8 0.61915 0.61907 0.01891 0.01891 

10 0.61919 0.61913 0.01892 0.01892 
12 0.61918 0.61915 0.01892 0.01892 

Table 4. Convergency of Fl,x~,k and Fn,x2,k at the comer C. ( N  = 4, vt = ua = 
0.3,0A = 60°,12/d ½,G2/G1 - l  oO = = 10 ,~ '~  = r ° ° , a ~  = a ~  ° = O ,  plane 
strain state in Figure 1) 

FI,xl,k()q = 0.6900333) F.,x2,k (A2 = 0.7940938) 
M from W~,k (0) from W~,k(0 ) from Wd',k(0 ) from W~',k (0) 

4 0.00377 0.00378 1.58761 1.58762 
6 0.00376 0.00377 1.58789 1.58789 
8 0.00376 0.00377 1.58798 1.58798 

10 0.00376 0.00377 1.58801 1.58801 
12 0.00377 0.00377 1.58806 1.58806 

infinity, that is, (a) uniaxial tension, (b) biaxial tension and (c) in-plane shear are treated. The 
value in parenthesis ( ) shows the ratio to the stress intensity factors of a single inclusion. In 
Table 6, FI,~ and FIi,)u at the comers B and Bt(OB <_ 90 °) under three types of loads are 
shown. Chen and Nisitani's results of a single inclusion (rigid body or hole) [2] coincide with 
the present results in four digits. Figures 4 and 5 show the relation between the stress intensity 
factors and ll/d when the interaction appears largely. In Figure 4, FI,~ increases by about 
fifty percent when ll/d = ~ at the comer B' in uniaxial tension (y-direction), OB = 90 ° and 
GE/G1 > 1, even though the absolute values of stress intensity factors are small. In Figure 
5, Fn,~2 increases by about forty percent at the comer B' under in-plane shear, 0B = 90 ° 
and G2/GI < 1 with the large absolute values of stress intensity factors. In other cases, 
the interaction effects are not very large and approximately less than twenty percent when 

2 l l ld <_ ~ and 121d < ~. 
Figure 6 shows the relationship between the number of inclusions N and Fi , )q ,k  values at 

the comer D at the central inclusion when 0B = 30 °, G2/GI = 102 under uniaxial tension 
(y-direction). As shown in Figure 6, Ft,x~,k and Fn),~,k are found to be almost linear to 1/N 
for any fixed values of  l l /d or 12/d. These relations are similar to the parallel and colinear 
cracks [9] and a row of diamond-shaped holes [8]. 
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Table 5a. F~,A 1 and Fn,~,2 for two diamond-shaped inclusions at the comer A under various loading conditions. 
(Plane strain state Vl ~//2 = 0.3) 

(a) Uniaxial tension "~--'- ,~-" -[~Y" "-~" 

FI,.X 1 (FI,x I//~I,X, ll2/d=O ) FIl,.k 2 

G2/Gl 10 -5 10 -2 10 -1 101 10 2 10 5 10 -5 10 -2 10 - l  101 10 2 10 5 

OA 12/d 

30 ° 

0 1.042 0.909 0.747 -0.160 -0.174 -0.177 0.000 0.000 0.000 0.000 
(1.000) (1.000)(1.000) (1.000) (1.000) (1.000) 

1/3 0.999 0.878 0.735 -0.161 -0.175 -0.179 0.009 0.008 0.004 0.009 
(0.959) (0.966)(0.984) (1.006) (1.006) (1.011) 

1/2 0.960 0.848 0.725 -0.162 -0.176 -0.180 0.026 0.022 0.011 0.022 
(0.921) (0.933)(0.971) (1.013) (1.011) (1.017) 

2/3 0.923 0.820 0.715 -0.162 -0.176 -0.181 0.048 0.042 0.020 - -  - -  0.035 
(0.886) (0.902)(0.957) (1.013) (1.011) (1.023) 

60 ° 

0 1.148 1.054 0.717 -0.154 -0.173 -0.175 0.000 0.000 0.000 - -  0.000 0.000 
(1.000) (1.O00)(1.O00) (1.000) (1.000) (1.000) 

1/3 1.096 1.010 0.698 --0.159 --0.175 --0.177 0.018 0.017 0.010 - -  0.002 0.004 
(0.955) (0.958)(0.974) (1.032) (1.012) (1.011) 

1/2 1 .049 0.970 0.681 -0.161 -0.176 -0.178 0.049 0.045 0.028 - -  0.007 0.012 
(0.914) (0.920)(0.950) (1.045) (1.017) (1.017) 

2/3 1 .006 0.933 0.666 -0.161 -0.176 -0.179 0.088 0.082 0.052 - - -  0.016 0.023 
(0.876) (0.885)(0.929) (1.045) (1.017) (1.023) 

90 ° 

0 1.293 1.223 0.858 -0.131 -0.148 -0.152 
(1.000) (1.000)(1.000) (1.000) (1.000) (1.000) 

1/3 1 .228  1.163 0.828 -0.145 -0.159 -0.161 
(0.950) (0.951)(0.965) (1.107) (1.074) (1.059) 

1/2 1 .172  1.113 0.803 -0.147 -0.161 -0.164 
(0.906) (0.910)(0.936) (1.122) (1.088) (1.079) 

2/3 1 .125  1.070 0 . 7 8 1 - 0 . 1 4 6 - 0 . 1 6 0 - 0 . 1 6 5  
(0.870) (0.875)(0.910) (1.115) (1.081) (1.086) 

0.000 0.000 0.000 0.000 0.000 0.000 

0.067 0.065 0.051 0.006 0.006 0.003 

0.177 0.171 0.138 0.020 0.018 0.011 

0.305 0.297 0.244 0.043 0.042 0.026 
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Table 5b. FI,x~ and Fu,x~ for two diamond-shaped inclusions at the comer A under various loading con- 
ditions. (Plane strain state t,l = v2 = 0.3) 

(b) Biaxial tension 

~,~ (F,,~,/~,x, I,~/e=o) ~i,~ 
G2/GI 10 -5 10 -2 10 - l  101 102 105 10 -5 10 -2 10 -1 101 102 105 

OA 12/d 

30 ° 

0 1.014 0.889 0.749 0.214 0.244 0.251 0.0000.000 0.000 0.000 
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) 

1/3 0.977 0.862 0.740 0.213 0.243 0.249 0.008 0.007 0.003 0.002 
(0.964) (0.970) (0.988) (0.995) (0.996) (0.992) 

1/2 0.944 0.837 0.732 0.212 0.242 0.248 0.0220.019 0.008 0.003 
(0.931) (0.942) (0.977) (0.991) (0.992) (0.988) 

2/3 0.911 0.813 0.724 0.211 0.240 0.246 0.042 0.036 0.016 0.004 
(0.898) (0.915) (0.967) (0.986) (0.984) (0.980) 

60 ° 

0 1.034 0.950 0.648 0.283 0.310 0.313 0.0000.000 0 . 0 0 0 - -  0.000 0.000 
(1.000) (1.000) (1.000) (1.003) (1.000) (1.000) 

1/3 0.998 0.920 0.637 0.281 0.307 0.311 0.0120.011 0 . 0 0 6 - -  0.0000.002 
(0.965) (0.968) (0.983) (0.993) (0.990) (0.994) 

1/2 0.966 0.893 0.626 0.279 0.305 0.308 0.033 0.030 0 . 0 1 7 -  0.000 0.007 
(0.934) (0.940) (0.966) (0.986) (0.984) (0.984) 

2/3 0.935 0.866 0.616 0.276 0.301 0.306 0.061 0.056 0 . 0 3 2 - -  0.001 0.019 
(0.904) (0.912) (0.951) (0.975) (0.971) (0.978) 

90 ° 

0 1.010 0.952 0.654 0.427 0.447 
(1.000) (1.000) (1.000) (1.000) (1.000) 

1/3 0.982 0.926 0,641 0.422 0.442 
(0.972) (0.973) (0,980) (0.988) (0.989) 

1/2 0.955 0.901 0.628 0.418 0.436 
(0.946) (0.946) (0,960) (0.979) (0.935) 

2/3 0.923 0.872 0.613 0.414 0.431 
(0.914) (0.916) (0.937) (0.970) (0.926) 

0.453 0.000 0.000 0.000 0.000 0.000 0.000 
(1.000) 
0.445 0.028 0.027 0.020 0.001 0.001 0.001 

(0.982) 
0.439 0.076 0.074 0.058 0.006 0.006 0.005 

(0.969) 
0.433 0.152 0.147 0.118 0.016 0.015 0.013 

(0.956) 
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Table 5c. ~,~ and ~I,~,2 for two diamond-shaped inclusions at the comer A under various loading conditions. 

(Plane strain state v~ = v2 = 0.3) 

(c) In-plane shear • -~-" -..- ~ -*- 

FI,~l F~,~: (FH,~2/FH,~2II~/d=0) 
G2/GI 10 -5 10 -2 10 -1 101 102 105 10 -5 10 -2 10 -1 101 102 105 

OA 12/d 

30 ° 

0 0.000 0.000 0.000 0.000 0.000 0.000 1.154 1.126 1.026 - -  - -  -0 .584  

(1.000) (1.000) (1.000) (1.000) 

1/3 0.008 0.007 0.005 0.001 O.OO1 0.002 1.171 1.142 1.035 - -  - -  -0 .609  

(1.015) (1.014) (1.009) (1.043) 

1/2 0.023 0.021 0.015 0.001 0.002 0.006 1.184 1.154 1.042 - -  - -  -0 .596  

(1.026) (1.025) (1.016) (1.021) 

2/3 0.048 0.043 0.031 0.003 0.003 0.012 1.194 1.162 1.046 - -  - -  -0 .579  

(1.035) (1.032) (1.019) (0.991) 

60 ° 

0 0.000 0.000 0.000 0.000 0.000 0.000 1.599 1.586 1.507 - -  -0 .721 -0.651 

(1.000) (1.000) (1.000) (1.000) (1.000) 

1/3 0.012 0.011 0.007 0.002 0.002 0.004 1.629 1.613 1.526 - -  --0.729 --0.628 

(1.019) (1.017) (1.013) (1.011) (0.965) 

1/2 0.038 0.035 0.022 0.005 0.006 0.010 1.650 1.634 1.540 - -  --0.716 --0.607 

(1.032) (1.030) (1.022) (0.993) (0.932) 

2/3 0.080 0.073 0.045 0.009 0.011 0.018 1.662 1.646 1.547 - - -  --0.706 --0.585 

(1.039) (1.038) (1.027) (0.979) (0.899) 

90 ° 

0 0.000 0.000 0.000 0.000 0.000 0.000 4.279 4.318 4.723 -0 .987  -0 .769  -0 .769  

(1.000) (1.000)(1.000) (1.000) (1.000) (1.O00) 

1/3 0.026 0.024 0.015 0.004 0.005 0.005 4.390 4.426 4.816 -0 .972  -0 .755  -0 .755  

(1.026) (1.025)(1.020) (0.985) (0.982) (0.982) 

I/2 0.083 0.078 0.047 0.010 0.013 0.013 4.455 4.490 4.868 -0 .965 -0 .748 -0 .748  

(1.041) (1.040)(1.031) (0.978) (0.973) (0.973) 

2/3 0.188 0.175 0.102 0.016 0.019 0.019 4.436 4.471 4.849 -0 .968  -0 .750  -0 .750  

(1.037) (1.035)(1.027) (0.981) (0.975) (0.975) 

Table 7 and Table 8 show the accuracy of the extrapolated values when N ~ o¢ by 
using the linear relationship between FI,A~,k (or Fn,A2,k) and 1/N. In Table 7, FI,AI,k values 
at the comer C under uniaxial tension (z-direction), when OA = 30 ° and G2/G1 -- 10 -1 are 
shown. In Table 8, FII,A2,k values at the comer C under in-plane shear, when OA = 30 ° and 
G2/G1 = 10 - i  are shown. Here, the values of oo(2-4) are the extrapolated values from the 
results of N -- 2 and N -- 4. From these tables, the errors of the extrapolated values are 
within one percent even when 12/d = 2. 
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Table 6b. FI,,~t and/qI,x2 for two diamond-shaped inclusions at the comer B and B '  under various loading con- 
ditions. (Plane strain state vl = v2 = 0.3). FIB,~I = ~,~1 at the corner B 

7'- 

(b) Biaxial tension 

~J~l ,~ l (F IB ,~ , /~ , * ,  I~,/~=o) F,~, ,~1 (FIB" '~l / ~ "~ l  Iz,/d=o) 
G21GI 10 -5 10 -2 10 -1 101 102 105 10 -5 10 -2 10 -1 101 102 105 

OB li/d 

30 ° 

0 1,014 0.889 0.749 0,214 0.244 0.251 1.014 0.889 0.749 0.214 0.244 0.251 
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) 

1/3 1.031 0.900 0.750 0.215 0.245 0.251 1.036 0.904 0.752 0.215 0.247 0.254 
(1.017) (1.012) (1.001) (1.005) (1.004) (1.000) (1.022) (1.017) (1.004) (1.005) (1.012) (1.012) 

1/2 1.046 0.912 0.754 0.216 0.247 0.253 1.067 0.928 0.763 0.219 0.254 0.266 
(1.032) (1.026) (1.007) (1.009) (1.012) (1.008) (1.052) (1.044) (1.019) (1.023) (1.041) (1.060) 

2/3 1.071 0.929 0.758 0.218 0.254 0.256 1.133 0.979 0.783 0.230 0.273 0.295 
(1.056) (1.045) (1.012) (1.019) (1.041) (1.020) (1.117) (1.101) (1.045) (1.075) (1.119) (1.175) 

60 ° 

0 1.034 0.950 0.648 0,283 0.310 0.313 1.034 0.950 0,648 0,283 0.310 0.313 
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.1300) (1.000) (1.O00) 

1/3 1.051 0.964 0.653 0.283 0.312 0.313 1.057 0.970 0.656 0.283 0.312 0.315 
(1.016) (1.015) (1.008) (1.O00) (1.006) (1.000) (1.022) (1.021) (1.012) (l.O00) (1.006) (1.006) 

1/2 1.069 0.980 0.659 0.284 0.313 0.317 1.093 1.001 0.670 0.291 0.323 0.327 
(1.034) (1.032) (1.017) (1.004) (1.010) (1.013) (1.057) (1.054) (1.034) (1.028) (1.042) (1.045) 

2/3 1.097 1.003 0.667 0.288 0.319 0.323 1.168 1.066 0.700 0.311 0.348 0.356 
(1.061) (1.056) (1.029) (1.018) (1.029) (1.032) (1.130) (1.122) (i.080) (1.099) (1.123) (1.137) 

90 ° 

0 1.010 0.952 0.654 0,427 0,447 0.453 1.010 0.952 0.654 0,427 0.447 0.453 
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) 

1/3 1.038 0.977 0.667 0.430 0.452 0.454 1.052 0.990 0.673 0.434 0.456 0.459 
(1.028) (1.026) (1.020) (1.007) (1.011) (1.002) (1.042) (1.040) (1.029) (1.016) (1.020) (1.013) 

1/2 1.065 1.002 0.678 0.434 0.456 0.458 1.111 1.045 O.702 0.447 0.473 0.477 
(1.054) (1.053) (1.037) (1.016) (1.020) (1.011) (1.100) (1.098) (1.073) (1.047) (1.058) (1.053) 

213 1.101 1.034 0.693 0.439 0.462 0.464 1.210 1.135 0.751 0.479 0.514 0.523 
(1.090) (1.086) (1.060) (1.028) (1.034) (1.024) (1.198) (1.192) (1.148) (1.122) (1.150) (1.155) 
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Figure 4. Interaction of Fi,xl for two diamond-shaped inclusions at the comer B' under uniaxial tension (y- 
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Figure 5. Interaction of FII ,X 2 for two diamond-shaped inclusions at the comer B' under in-plane shear. (G2/Gt < 
1, plane strain state vl = v2 = 0.3). 

Table 9 and Table 10 show FI,~,k or Fn,~2,k when N --- 2, 4, 5, c~. On the other hand, 
Figure 7 and Figure 8 show the relation between FI,X~,k or Fn,~2,k when N = 2, 4, 5, cxz. 
Those results are plotted in Figure 7 and Figure 8. In those tables and figures, the difference 
among the results when N = 2, 4, 5, c~ increases with increasing 12/d. 

Tables 11 and 12 show the extrapolated values when N --+ c~ by using the linear relation- 
ship between FI,khk (or FIl),2,k) and 1/N. Here, the value in parenthesis shows the ratio to 
the values of  a single inclusion. The results for the comer A, C when OA <_ 90 ° are shown 
in Table 11 and the ones for the comer B ,  B ' ,  D when OB <_ 90 ° are shown in Table 12 (see 
Figure 1). Figures 9 and 10 show the relation between the stress intensity factors and I t / d  at 
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vx = v2 = 0.3) 

Table 7. The extrapolated values of Fl,Xl,~ at the 
comer C. (0a = 30°,G2/GI = 1 0 - 1 , a ~  = 
a ~ , cr~ = ~-~ = 0, plane strain state ut = v2 = 
0.3) 

12/d Fl,xl,~()h = 0.7851341) 

2 0.7352 0.7248 0.7151 

4 0.7211 0.6976 0.6758 

5 0.7182 0.6926 0.6671 

o0(2-4) 0.707 0.670 0.637 

o0(4-5) 0.707 0.673 0.632 

Table 8. The extrapolated values of Flz,;~2,k at the 
comer C. (Oa = 30°,G2/Gn = 1 0 - l , r ~  = 
7 -~ ,  cr~ = r ~  = 0, plane strain state un = v2 = 
0.3) 

12/d E'n,~,2,k(A2 = 0.7239281) 
1 1 2 N g ~ g 

7 1.0513 1.0742 1.0947 

8 1.0520 1.0758 1.0977 

9 1.0527 1.0775 1.1007 

oo(7-8) 1.057 1.087 1.119 
oo(8-9) 1.058 1.091 1.125 
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Table 9. Fl,~,~,k at the comer A when N = 2, N = 4, N = 5 
and N ~ oo. (OA = 90 ° ,G2/G1 > 1 , a ~  = tr~ ° = 

oo c~o ~r , rgu = O, plane strain state vl = v2 = 0.3) 

N FI,:~1,k(OA = 90 °) 

G2/Gd2/d[ 2 4 5 eo 

105 0 0.453 0.453 0.453 0.453 

1 0.445 0.444 0.443 0.442 
3 

± 0.439 0.435 0.434 0.431 
2 

2 0.433 0.425 0.424 0.418 
3 

10 2 0 0.447 0.447 0.447 0.447 

1 0.442 0.440 0.440 0.439 
3 
1 0.436 0.432 0.431 0.428 

2 0.431 0.423 0.421 0.414 g 

101 0 0.427 0.427 0.427 0.427 

l 0.422 0.421 0.421 0.420 3 
J 0.418 0.414 0.414 0.411 
2 0.414 0.407 0.406 0.401 

Table 10. FH,x2,~ at the comer C when N = 2, N = 4, N = 
5 and N --r cx~. (OA = 90 ° , G2/GI < 1, T;,°~ = r °°, a ~  = 
Cr~ = 0, plane strain state vl = t,2 = 0.3) 

N FII,)~2,k(OA = 90 °) 

G2/Gdz/d[  2 4 5 oo 

10-5 0 4.279 4.279 4.279 4.279 
1 4.390 4.540 4.579 4.703 
1 4.455 4.728 4.814 5.156 

2 4.436 4.758 4.917 5.717 

10-2 0 4.318 4.318 4.318 4.318 

I 4.426 4.574 4.611 4.734 

! 4.490 4.756 4.843 5.188 2 

~ 4.471 4.785 4.937 5.720 

10-1 0 4.723 4.723 4.723 4.723 

1 4.816 4.942 4.973 5.078 
3 

1 4.868 5.089 5.160 5.437 2 

2 4.849 5.101 5.222 5.765 
3 

the comer D. As shown in Figure 9 for 0 B ~ 90 ° and G2/G1 > 1 under uniaxial tension 
(y-direction), the interaction appears largely and FI,A~,k is about twice as large as that of  a 
single inclusion at l l /d  = 2 and On = 90 °, even though the absolute value is small. On the 
other hand, as shown in Figure 10 for OB <_ 90 ° and Gz/G1 < 1 under in-plane shear, the 
interaction appears also largely by about eighty percent when Ii/d = ~ and 0B = 90 °, and 
the absolute value is also large in this case. 
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Figure 11 shows the values of  the stress intensity factors (Fl,Xt,k) of  each diamond-shaped 

inclusion when N = 2 ~ 10, OB = 30 °, I1/d = ~ and G2/GI  = 101 under biaxial tension. 
The vertical axis of  the figure indicates the ratio of  Fi,a~,k to FI,~I [t~/d=0. In Figure 11, 
the maximum stress intensity factors occur  at the central inclusions, the minimum stress 
intensity factors occur  at the outermost inclusions. In all cases, the maximum stress intensity 
factors appear  at either the central inclusions or the outermost inclusions. The maximum 
stress intensity factors are shown in the thick lines of  Tables 11 and 12. In Table 1 l(a)  for  
OA <_ 90 °, under  uniaxial tension (z-direction), the maximum stress intensity factors occur  
at the outermost  diamond-shaped inclusions when G2/GI  < 1 and at the central inclusions 
when G2/G1 > 1. Under  biaxial tension as shown in Table 1 l(b), the maximum values always 
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Figure 9. Interaction of FID,oo for a row of diamond-shaped inclusions at the comer D under uniaxial tension 
(v-direction). (N --* in fry, GE/G] > 1, plane strain state vl = v2 = 0.3). 
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Figure 10. Interaction of ~ I I D , o o  for a row of diamond-shaped inclusions at the comer D under in-plane shear. 
(N -+ o% G2/G, < 1, plane strain state vt = v2 = 0.3). 

occur  at the outermost  inclusions. Under  in-plane shear as shown in Table 11 (c), the m a x i m u m  
values occur  at the central inclusions when G2/G1 < 1 and at the outermost  inclusions when 

G2/GI > 1. On the other hand, f rom Table 12 for 0B < 90 °, under  uniaxial tension (y- 
direction) (Table 12(a)) and biaxial tension (Table 12(b)), the m a x i m u m  values always occur  

at the central  inclusions. Under  in-plane shear (Table 12(c)), the m a x i m u m  values occur  at 
the central  inclusions when G2/Gl < 1 and at the outermost  inclusions when G2/GI > 1. In 
those Tables, the m a x i m u m  values of  Fi,:h,k are shown for tension, and the m a x i m u m  values 
of  Fiz,;~2,k are shown for in-plane shear. 
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a , T=~ 0, plane strain state vl ~'2 = 0.3). 

4. Conclusions 

In this paper, interaction effects of stress intensity factors of angular comers were analyzed 
very accurately by using the singular integral equations of the body force method. The 
interaction effect of the angular comers was also discussed under various geometrical and 
loading conditions. The following conclusions can be drawn: 

(1) In the numerical solution of the singular integral equations, the unknown functions 
were approximated by the products of the fundamental density functions and the power series. 
By examining the results of the various numbers, sizes, spacing and elastic parameters of 
inclusions, it was confirmed that the present method has good convergency of the numerical 
results by 4 digits when the number of collocation points around the comer is 12. 

(2) The stress intensity factors of angular comers were found to be nearly linear with 1 / N  
for fixed values of ll/d or 12/d. Based on this information, the stress intensity factors for 
N --+ oo can be estimated. 

(3) The interaction effect of a row of diamond-shaped inclusions was considered. Three 
fundamental types of loading conditions were discussed, (a) uniaxial tension, (b) biaxial 
tension and (c) in-plane shear. As a result, it was found that the interaction effect appears 
largely when the loading type is under uniaxial tension in y-direction, 0B = 90 ° and G2/G1 > 
1 (Fi,~,k at the comer D increases by about 100 percent), and when the loading type is in-plane 
shear, 0B ----- 90 ° and G2/G1 < 1 (FII,;~2,k at the comer D increases by about 80 percent). 

(4) In a row of diamond-shaped inclusions of Oa < 90 °, under uniaxial tension (x- 
direction), the maximum stress intensity factors occur at the outermost diamond-shaped inclu- 
sions when G2/G1 < 1 and at the central inclusions when G2/GI > 1. Under biaxial tension, 
the maximum values occur at the outermost inclusions. Under in-plane shear, the maximum 
values occur at the central inclusions when G2/G1 < 1 and at the outermost inclusions when 
G2/G1 > 1. 

(5) In a row of diamond-shaped inclusions of OB < 90 °, under uniaxial tension (y-direction) 
and biaxial tension, the maximum stress intensity factors always occur at the central inclusions. 
Under in-plane shear, the maximum values occur at the central inclusions when G2/G! < 1 
and at the outermost inclusions when G2/G1 > 1. 
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