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Analysis of Interaction between Two Rectangular Inclusions
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This paper deals with an interaction problem of two rectangular inclusions under longitudinal tension. The body
force method is used to formulate the problem as a system of singular integral equations with Cauchy-type or loga-
rithmic-type singularities, where the unknown functions are the densities of body forces distributed in infinite plates
having the same elastic constants as those of the matrix and inclusions. In order to analyze the problem accurately,
the unknown functions are expressed as piecewize smooth functions using two types of fundamental densities and
power series, where the fundamental densities are chosen to represent the symmetric stress singularity of 1/ Y™ and
the skew-symmetric stress singularity of 1/ Py Then, generalized stress intensity factors at the end of inclusions are
systematically calculated for various locations, spacings and elastic modulus of two rectangular inclusions in a plate
subjected to longitudinal tension. The present method is found to be useful for accurate and efficient analysis of rec-

tangular inclusions.

Key words : Elasticity, Composite material, Fracture mechanics, Body force method, Stress intensity fac-
tor, End effect, Interaction effect, Singular integral equations, Rectangular inclusions
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Fig. 1. Two rectangular inclusions in an infinite plate.
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Fig. 2. Boundary division.
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Fig. 3. Two rectangular inclusions.
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Table I . Convergence of Fi,3, and Fi,j, at the corner D
when the center of inclusion 1 is.on O3 in Fig. 3. (Ix =
1/3, G/ Gy = 102, plane strain vi= vpr=0.3).

F, (A70.7632349) Fy 3, (1,70.6218440)
M from from from from

VV,X(O) W;,I(O) Average W,’“(O) W,',”(O) Average
3 10.6963 0.6833 0.6898{1.0437 1.0436 1.0437
4°10.6951.0.6853 0.65902/1.0434 1.0434 1.0434
5 |0.6945 0.6863 0.6904|1.0435 1.0434 1.0435
6 10.6839 0.6869 0.6904|1.0434 1.0434 1.0434

Table Il . Convergence of Fy,j; and Fi,j, at the corner D
when the center of inclusion 1 is on Oy in Fig. 3. (Ix =
1/2, Gi/ Gu= 10", plane strain vi= vis=0.3).

Eyll (,11=0.7981112)
M from frlcm A from from A

W!(O) W, (O) verage W,H(O) W{fl (O) verage
3 ]0.5261 0.5053 0.5157|0.9884 0.9881 0.9883

4 10.5243 0.5076 0.5159|0.9887 0.9886 0.9886
5 ]0.5231 0.5087 0.5159|/0.9885 0.9884 0.9884

Fi 5, (3,70.78565474)

Table . Convergence of F,3, and Fi,z, at the corner D
when the center of inclusion 1 is on Oq4 in Fig. 3. (I =
2/3, Gi/ Gyr=10"", plane strain vi= v =0.3).

F 5, (270.54448375) Fy 2, (3,;70.90852919)

from from from from

W,"(O) W;I(O) Average wi(o) W,,"(O) Average

0.5165 0.5167 0.5166
0.5167 0.5167 0.5167
0.5163 0.5163 0.5163

1.8491 1.8488 1.8489
1.8496 1.8496 1.8496
1.8497 1.8497 1.8497
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Table V. Fi and Fi,z, for two rectangular inclusions at the corners under various geometrical conditions
(Plane strain, vr=vy=0.3, = 10-1, G/ Gur=107.

e el Bl Fia (Fplumo) Fuo P/ Fyaluco]
01 Oz Os3 o} Os 01 02 O3 04 Os
-0 a~p | 0-673 | 0.673 | 0,673 | 0.673 | 0.673 1,018 |+1.018 |£1.018 |+1.018 |+1.018
(1.000)1(1.000)[(1.000){(1.000){(1.000))(1,000)|(1.000)! (1.000)|(1.000}!(1.000)
N 0.593 | 0.715 | 0.684 | 0.684 | 0.683 | 0,903 | 1.075 | 1.035 | 1.036 | 1.035
(0.881)((1.062)] (1.016)|(1.016)|(1.015)[(0.887)| (1.056)| (1.017){(1.017)|(1.017)
B 0,529 | 0.697 | 0.681 | 0.682 | 0.683 | -0,754| -1.066] -1,033| -1.035] -1.035
1/3 (0.786)(1.036)|(1.012)[(1.013)| (1.015)((0.741)|(1.047)[(1.015)|(1.016)|(1.017)
¢ 0.593 | 0.654 | 0.680 | 0.683 | 0.686 | —0.903| -1.046| -1.039} -1.,042| -1.043
(0.881)( (1.010){(1.015)] (1.019) 02 (1.023)[(1.025)
b 0.529 0.690 | 0.689 | 0.686 1.044 | 1.043
2 (0.786 (1.025)](1.024)] (1.019) (1.026)](1.025)
10 a 0.593 | 0.758 0.698 | 0,697 | 0,912 | 1.140 | 1.056 | 1.057 | 1.057
A 1=0.7632349 (0.881)] (1.126) (1.037)| (1.036)) (0.896)} (1,119)](1.037)|(1.039)| (1.038)
12 =0.6218440 B 0.456 | 0.731 0.695 | 0,697 | -0.654] -1.120| -1.053| -1.055| -1.057
. 1/2 (0.678)| (1.086) (1.033)| (1.036)](0.642){(1.100){ (1.034)](1.037)}(1.038)
c 0.580 0.698 [ 0.708 | -0.912] -0.828| -1,071| -1.081| -1.088
(1.037) (1.062)}(1.069)
D 0.718 .091°| '1.088
(1.076) (1.072)] (1.069)
A 0.720 0.719 1.186 1.088 1.091 1.091
(1.070)] (1.068) (1.165) (1.069)|(1.072)] (1.072)
8 0.715"| 6.719 -1.177| -1.082| -1.088{ -1.091
2/3 (1.062)|(1.068) (1.156)1 (1.063)/(1.068)](1.072)
. 0.716 | 0,751 -0.665{ -1.122| -1.160| -1.187
(1.064)
b 0.783
(1.163)

Table V. Fi, and Fy,;, for two rectangular inclusions at the corners under various geometrical conditions
(Plane strain, vi=vi=0.3,1,=10-1,, G/ Gy=10").

G;/GM Ix / dx ﬁ.k (Fuu /Fz,}\xilx»()) 1’;1.;\; (Fu.h IF(I,A:;I.:-O)
01 o7 O3 [o23 Os 01 Oz © 03 O4 Os
-0 Aeop | 0:495 110,495 | 0.495 | 0.495 | 0.495 | 40,944 (£0.944 |£0.944 | £0.944 | £0.944
(1.000)](1.000){(1.000)|(1.000)}(1.000)}(1.000)((1.000)](1.0003](1.000}|(1.000)
N 0.466 | 0.513 | 0.500 | 0.499 | 0.499 | 0.856 | 0.974 | 0.954 | 0.954 | 0.954
(0.941)}(1.,036)|(1.010)|(1.008)|(1.008)!(0.,907) (1.032}{(1.010){(1.010)|{1.010)
B 0,416 | 0.503°| 0.498 | 0.498 | 0.499'| -0.810| -0.971| -0.953] -0.953] -0.954|
1/3 (0.840)f(1.016)|(1.006)((1.006)}(L1.008)|(0.858)f(1.028){(1.009)|(1.010)|(1.010)
c 0.466 | 0.479 | 0.497°| 0.499 | 0,500 -0.961] -0,957| -0,958| -0,959
(0.941)| (0.968) | (1.004)|(1.008)f(1.010) 1.018)](1.013){(1.015)|(1.016)
D 0.416, BEBEI 0.503 | 0.562 [ 0.500 0.959°| 0,960 | 0.959
1 (0.840) 43911 (1.016)1(1.014)|(1.010) (1.016)} (1.017){(1.016)
10 » | 0.470 | 0.531 | v.506 | 0.503 | 0.504 11.004 | 0.964 | 0.965 | 0.965
A 1=0.7981112 (é'géi) (1.022) (1~0262%
0. . -0.964| ~0.9
Az=0.7036547 | . | B (1.018) (1.022)} (1.022)
¢ 0.511 ~0.983| -0.987
(1.032) (1.042)1(1,046)
o 6.511 0.988 | 0.98
(1.032) (1.047)](1.046)
N 6.514 | 0.514 | 0.513 0.981 | 0.982
(1.038)](1.038)|(1.036) (1.040)(1.040)
s 0.509 | ©.511 | 0.513 -0.981] -0.982
2/3 (1:009)] (1.032)](1.036) 3] (1.039){(1.040)
¢ 0.495 | 0.511 | 0.529 7 -1.033| -1.049
(1.000)] (1.032)}(1.069) .
D 0.561°| 0.548 | 0.529 . 0.711
1.133)](1.107){(1.069)|(0.753){(0.753)

Table VI. Fi,y; and Fy,y, for two rectangular inclusions at the corners under various geometrical conditions
(Plane strain, vr=vy=0.3,1,=10:1;, Gi/Gu=2).

G/ |esax Fu\Fon [Py o) Fon P Fonlu)
T O1 02 O3 04 Os 01 02 03 o2} Os
) 0.258 | 0.258 | 0.258 | 0.258 | 0.258 | £3.262|+3.262 | £3.262|£3.262 | £3.262
B~D | 37000y |(1-000) |(1.000) | (1.000)| (1.000| (1.000}|{1.000)| (1.000)|(1.000)}(1.000)
0.255 | 0.259 | 0.257 | 0.257 | 0.257 | 3.210 | 3.301 | 3.288 | 3.288 | 3.288
A 1(0.9988)|(1.004)](0.996)| (0.996)[(0.996) (0.984)| (1.012)| (1.008)|(1.008)](1.008)
0.245 | 0.257 | 0.257 | 0.257 | 0.257 | -3.188| -3.301] -3.288] -3.268| -3.288
1/3 B | 0.950)|(0.996)] (0.996)| (0.996)] (0.996)| (0.977)] (1.012)| (1.008)| (1.008)](1.008)
0.255 | 0.252 | 0.257 | 0.257 | 0.257 | -3.210| -3.203| -3.292| -3.204| -3.205
¢ |(0.988)|(0.977)| (0.996)] (0.996}| (0.996) (1.010)}(1.010)
0.245' [RORZEDH 0.258 | 0. 0,257 3.295'] 30295
D 1(0.950) 425 (1.000)|(1.000)|(0.996) (1.010)] (1.010)
2 © | 0.256 | 0.261 | 0.258 | 0.256 | 0.258 05 | 3319 T 3.205 [ 3.296 (igig)
=0. 1.000)} (1.012)| (1.000)] (1.000)|(1.000)] (0.983)] (1.017)| (1-010)] (1.010) (1.

A 1=0.9109102 (029971 6:2557 | (595971 5:2897| 6230’ | 37168 | 230321] 1325081 (257008 23 204
A2=0.9810170 | ., B 1(0.919)|(1.000)|(0.996)|(0.996)| (1.000](0.971)| (1.018)|(1.010)| (1.010)|(1.010)
o | 0.258 | 0.246 | 0.256 | 0.257 | 0.258 | -3.205| -3.200| -3.312| -3.318| -3.322
(1.000)|(0.953)] (0.592}| (0.996| (1.000)| (0.983)] (0.981)| (1.015)[ (1.017)] (1.018)
b | 0.237 10,260 | 0.259°| 0.258°| 3.166 | 3.249 | 3.319 078 3.322
(0.519) 1 (1.008)| (1.004)] (1.000)] (0.571)](0.996)| (1:017) (1.018)
©.260 | 0.263 | 0.259 | 0.259 | 0.258 | 3.208 | 3.337 | 3.305 | 3.306 | 3.306
A |(1.008)|(1.019)|(1.004)| (1.004)|(1.000)] (0-983) (1023} (1.013)| (1.013)](1.013)
0.227°{ 0.259"| 0.258 | 0.258" | 0.258 | ~3.145| ~3.340| -3.305| -3.306| -3.306

2/3 B 1(0.880)|(1.004)|(1.000){(1.000)|(1.000)|(0.964)|(1.024)

¢ | 0:260°| 0.225 | 0:254'| 0.257 | 0.260 | -3.208| -3.093

(1.008) (0.996)((1.008)} (0.983)| (0.948)

0.227 0.264'| 0.260°| 3.145 | 2.973

D |(0.880)|(1. 4] (1.023)| (1.008)| (0.964)| (0-911)
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Table VI. Fi,3, and F,j, for two rectangular inclusions at the corners under various geometrical conditions
(Plane strain, vi=vyr=0.3,1,= 101, G/ Gy=107).

G1/Gy

FalPia Foslieo)

B Vs i)

Ix/ dx
03 o7 Os (o} [¢}3 03 4 Os
-0 0.351 | 0.351 0.35L (42,135 |+£2.135 |£2.135 [£2.135 |£2.135
(1.00) ] (1.00) | (1.00) 1.00)| (1.00)] (1.00)| "(1.00)| (1.00)
0.351 0.351 0.350 i 2.129 2.131 2.130 2.129
(1.001)](1.000)|(0.999) |ie025)] (0.997)|(0.998)| (0.997){(0.997)
0.349 | 0.350 0.350 [ 2.165 2,111 | 2.128 | 2.129 2.129
1/3 (0.996)] (0.997)|(0.999)| (1.014)] (0.989)|(0.997)|(0.997)|(0.997)
0.347 0.348 0.349 971 2.122 2.123 2.122 | 2.122
(0.990)](0.993)](0.996) | (0.994)] (0.994)](0.994)](0.994)
0.351 0.350 '} 0.349 2.165 2.118 2.124 | 2.123 2.122
10_1 (1.002)](0.999)|(0.996)] (1.014)|(0.992)] (0.994)](0.994)|(0.994)
0.352 0.351 0.350 2.216 2.131 2,126 2.124 2,123
A 1=0.6601418 {1.003)| (1.000)](0.997) (0.996)[(0.995)(0.994)
A2 =0.9355639 0.348 | 0.349 0.350 2.122 | 2.123
1/2 (0.991)[(0.994)1(0.997) (0.994){(0.994)
0.340 0.342 0,346 2.095 2.093
(0.968)](0.976)](0.986) (0.981)[(0.980)
353 0.350 0.346 2.096 2.093
(1.006)](0.996)|(0.986) (0.981)] (0.980)
0.353 0.352 0.350 2.238 2.133 2.123 2.119 2.116
(1.007)] (1.002)|(0.996)] (1.048){(0.999)](0.994)}(0.593)](0.991)
0.345 0.347 0.350 2.117 2,041 1 2.112 | 2.114 2.116
2/3 (0.984)|(0.990)| (0.996)| (0.992)] (0.956)|(0.989)|(0.990)](0.991)
0.319 0.325 0.335 2.238 | 2.259 2.067 | 2.039 2.022
(0.908)(0.926)|(0.956)| (1.048) 0581 (0.968)).(0.955)](0.947)
D . 0.359 0.348 0.335 2,117 2.048 2.025 2.022
(0.827)](1.133)}(1.022)](0.991)|(0.956)|(0.992) L2375 (0.959)| (0.948)[(0.947)

Table V. Fi,, and Fi,, for two rectangular inclusions at the corners under various geometrical conditions
(Plane strain, vi=vu=0.3,1,=10-1x, Gi/Gu= 10_2).

. /a B Fn /Falema) Fon Vs g lemo)

* x/Ex O1 02 03 Os Os 01 02 03 04 Os

-0 A~D | 0-489 | 0.489 | 0.489 | 0.489 | 0.489 |£1.979 |£1.979 |%1.979 |£1,979 |41.979

(1.00) | (1.00) | (1.00) } (1.00) | (1.00) | (1.00)]| (1.00)] (1.00)] (1.00}| (1.00)

2 0.504 | 0,491 | 0.490 | 0.489 1,981 | 1.975 | 1.973 | 1.972

i (1.029)] (1.003)}(1.001)](0.999) [ 6 (1.001)] (0.998)](0.997)|(0.997)

B L450 | 0,467 | 0.486 | 0.487 | 0.489 [ 2.010 | 1.948°] 1.971 | 1.971 | 1.972

1/3 0020} (0.955)| (0.994)] (0.996)| (0.999)| (1.007}](0.984)}(0.996y](0.996)|¢0.997)

c 0.424°} 0.483 | 0.485 | 0.487 1.964 | 1.964 | 1.964 | 1.964

24y (0.866)!(0.987)[(0.991)((0.996) (0.993)] (0.993)](0.992)((0.993)

D 0.49 0.528 | 0.491 | 0.489 | 0.487 | 2.010 | 1.979 | 1.968 966 | 1.964

-2 1.002)](1.080)}(1.004)}(1.000)](0.996)} (1.007)|(1.000)(0.994)](0.993)](0.993)

10 A 0.522 { 0.494 | 0.491 | 0.488 | 2,066 | 2.008 | 1,971 | 1.968 | 1.965

A 1=0.5583162 (1.066)](1.009)](1.004)|(0.999)| (1.044))|{1.014)}(0.996)](0.994)!(0.993)
12=0.9116800 B s 0.424°| 0.483°| 0.486 | 0,488 | 1.990 | 1,912 | 1.961 | 1.963 .96

: 1/2 0.907)|(0.866)] (0.987}](0.993)|(0.999)|(0.990)] (0.966)| (0.991)|(0.992)} (0.993)
c ¥ 0.473°| 0.469 | 0.475 | 0.482 . 1.934 .93

(0.967)(0.958)](0.971) (0.985) (0.977){(0.977)

o 0.549 | 0.496 .489°| 0.482 1.937°| 1.933

(0.907)|(1.123)| (1.014)| (1.000)] (0.985) (0.979)] (0.977)

N 0.560 | 0.499 | 0.494 | 0.489 . 1.963 | 1.957

(1.146)] (1.020)|(1.011)] (0.999) (0.995)| (0.992)| (0.989)

B . 0.381°{ 0.477 | 0.483 | 0.489 1.949°| 1.952°| 1.957

2/3 0.78231(0.779)1(0.974)}(0.986){ (0.999) 0.985){(0.987)](0.989)

e i 0.567 | 0.430 | 0.445 | 0.466 1.902 .871°| '1.854

(1.160)} (0.879)1(0.909)| (0.953) (0.961)](0.945)](0.937)

D 0.570°| 0.511 | 0.491°| 0.466 .893°| 1,862 | 1.854

(0.782) (1 166)](1.044)] (1.003)[(0.953) (0.956)] (0.941)](0.937)

Table X. Fi», and Fi,s, for two rectangular inclusions at the corners under various geometrical conditions
(Plane strain, vr=vyr=0.3,1,=10-1;, G/ Gy=10").

e/ ld f‘Q‘,\,(F}J./F}A,L-.o) ﬁt.a.(Fu.A:/ﬁm.;u-‘o)
* X0 01 0z 03 04 0s 01 02 03 01 05
0 | a~p | 0-513 [ 0.513 1 0.513 | 0.513 | 0.513 |+1.968 |+1.968 |+1.968 |+1.968 +1.968
(1.00) | (1.00) | (1.00) | (1.00) | (1.00) 1.003] (1.00)] (1.003] (1.00}] (1.00)
a 0.530 0.515 0.514 0.513 1.972 1.964 1.962 1.961
124883 (1.032)} (1.004)] (1.002)(0.999) x(1 002)] (0.998)](0.997)}(0.996)
s 0.517 | 0.488°| 0.510 | 0.512 | 0.513 | 1.956 ] 1.936 | 1.960 | 1.960 | 1.961
1/3 1.0081(0.950)] (0.994)(0.996){(0.999)|(1.015)](0.983)|(0.996)](0.996)] (0.996)
c 8 0.440 | 0.506 | 0.509 | 0.511 1.954 | 1.953'| 1.953°| 1.953
‘ 0.8573| (0.986)] (0.991)[(0.995) 0.993)| (6.992)|(0.992)} (0.952)
D 0.517 0.557 0.516 0.514 0.511 1.999% 1.973 1.957 1,955 1.953
-5 (1.008){(1.084)](1.005)](1.001)}¢0.996)}¢1.015)](1.002)](0.994)](0.993)](0.992)
10 N 0.547 | 0.519 | 0.516 | 0.513 | 2.054 | 2.008 | 1.960 | 1.957 | 1.954
A 1=0.5444838 (1.0663] (1.010)] (1.005)] (0.999)}(1.044)] (1.020)] (0.996}} (0.994)| (0.593)
=0.9085292 B 0.466 0.431 0.506 0.510 8.513 1.976 1.902 1.950 1.951 1.954
A2=0.908 1/2 0.908){(0.840)] (0.986)| (0.992)[(0.999)] (1.004)| (0.966)| (0.991)!(0.991){ (0.993)
0.491 0.491 0.498 0.506 2.054 2.047 1.927 1.922 1.921
¢ (0.956)] (0.956){(0.970)| (0.986)| (1.044)|(1.040)] (6.979)|(0.977)] (0.976)
: 0.563 | 0.521 | 0.514 | 0.506 | 1.976 ' 1.934 | 1.926°| 1.921
p (0.908) (1.096)[ (1.015)] (1.001)](0.986)] (1.004) (0.983)] (0.978)} (0.976)
N 0.593 | 0.525 | 0.520 | 0.514 | 2,086 | 2,031 | 1.960 | 1.953 | 1.946
(1.156)] (1.023)](1.013)| (1.000) (0.992)(0.989)
B ©.398 | 0.382 | 0.499°| 0.506 | 0.514 | 1.940 | 1.946
2/3 0.774)](0.745)} (0.972)](0.986)] (1.000) (0.986)|(0.989)
c 0.609 0.448 0.465 0.490 1.858 1.841
(1.1871}(0.873)} (0.906)1 (0.954) (0.944)] (0.936)
D . .63 .539 0.516 0.490 1.850 1.841
(0.774)](1.228)] (1.049)] (1.006)] (0.954) (0.940)} (0.936)
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Fig. 4. Fi,3, 1,5, at the corner D when G/ Gy = 10%

HERIZREMIZE LT B (Table N~VID 04),

® IBHEABEF 1, Fiald, EY 1 OF0H
0: 2% 0 2 BOFTEHFIDIZAE A ZNE T, AFC
TRTEIRIREMAET 558, oALA, B, D
TIREBRMNZAET S (Table N~V 0y). @47 L 728
FT, FHIRNIKELSEDNIDIIE S DBANTED
PRDICEE T AHAICAE D IV TTa 5. ML
7HENT, TERORKEINIEHEMIFET
BIBAITHAT + 51%TH 5 (Table NDL/dx=1/2 D
02).

2 G/Gu<1DHE

@ WBHIBKRREEFL,, Fiagld, Y 1 OHGn
03, O4, OslB B L E, DX OHEDIZITHES I
A AZERLE T, A CIRITER SR EMICIEET 2356
Fo/hx kBEHAENCHS (Table I~IXD 03 ~ Os).
® FEWMIOHLD 01~ 0s512hBHEELND
& BIERERIF 10, Field, SiEH 1 002 O,

0: 2% 0 2 [HOAIEMHHERRDIZW A BT, 55
MBI BN TCERAEE &5 (Table I~KXD 01, 02).
BAT L BN, FHRRORABEIZATED A I
GIET 3BT + 35%TH 3 (Table KDL/dy =
2/3 0 0).

Table N~V X0, Gi/Gy > 1 TiZ, FEshRMNKZE
QEDNBDORE L DHE, NEMHFIDIEE T 535
BTHBIENEENEE STz, FTT, ZOKIBH
BRI DT B, THIRNEDKIITREL &
2h % BEIICER L, e 1 ORLREE ()
=(d+1, 10-1), FEW2 DHOAIES (0, 0) £ LTd
AZEAL X BADAE D 1B IS SHERERE Fia,
Frp#% Fig. 4 1R ¥, Fig. 4 DX512d =0 TFy, F
LaeDEX SIS HEINT 5.

4 # E

AT 2 O BHTEATENO x, y IO E
WEAL % BRED f O — LIS FE AR ® & A1
ORIPE 2% 2 TR L, BRENEIST L. G/ Gy
> 1Cl, BHHEREE Fray, Fiaold, AEHseho
CEIET BA, THEIRAKEEDIEZLLD
Motz, ZOXD BIBEITHMEEZILDT B L Fiay, Fiag
X, AWUICRINT B 2 L AVR &N,
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