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Abstract. In this paper, a singular integral equation method is applied to calculate the stress intensity factor
along crack front of a 3D inclined semi-elliptical surface crack in a semi-infinite body under tension. The stress
field induced by displacement discontinuities in a semi-infinite body is used as the fundamental solution. Then,
the problem is formulated as a system of integral equations with singularities of the formr−3. In the numerical
calculation, the unknown body force doublets are approximated by the product of fundamental density functions
and polynomials. The results show that the present method yields smooth variations of mixed modes stress intens-
ity factors along the crack front accurately for various geometrical conditions. The effects of inclination angle,
elliptical shape, and Poisson’s ratio are considered in the analysis. Crack mouth opening displacements are shown
in figures to predict the crack depth and inclination angle. When the inclination angle is 60 degree, the mode I
stress intensity factorFI has negative value in the limited region near free surface. Therefore, the actual crack
surface seems to contact each other near the surface.

Keywords: Semi-elliptical crack, inclined crack, stress intensity factor, crack opening displacement, singular
integral equation, body force method.

Notation

a major radius of a semi-elliptical crack

b minor radius of a semi-elliptical crack

(x, y′, z′) rectangular coordinate in Figure 1

(x, y, z) rectangular coordinate in Figure 1

(ξ, η, ζ ) (x, y, z) coordinate where body force is applied

(xa, yb) (x/a, y/b)

E Young modulus

G Shear modulus

ν Poisson’s ratio

H (1− 2ν)/4(1− ν)2
fzz(ξ, η), fyz(ξ, η), fzx(ξ, η) unknown density functions of body force doublet

wzz(ξa, ηb), wyz(ξa, ηb), wzx(ξa, ηb) fundamental density function of body force doublet

(ux, uy, uz) displacement in(x, y, x) direction

Uz(xa, yb) crack opening displacement= uz(xa, yb,+0) −
uz(xa, yb,−0)

Ux(xa, yb) crack opening displacement= uy(xa, yb,+0) −
uy(xa, yb,−0)
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Ux(xa, yb) crack opening displacement= ux(xa, yb,+0) −
ux(xa, yb,−0)

Uz′E(xa, yb) crack opening displacement of an elliptical crack

Uy ′E(xa, yb) crack opening displacement of an elliptical crack

Ux ′E(xa, yb) crack opening displacement of an elliptical crack

MI(x
′, y′) Uz(xa, yb)/Uz′E(xa, yb)

MII (x
′, y′) Uy(xa, yb)/Uy ′E(xa, yb)

MIII (x
′, y′) Ux(xa, yb)/Ux ′E(xa, yb)

β eccetric angle of ellipse

KI(β),KII (β),KIII (β) stress intensity factors along the crack front

KIE(β),KIIE(β),KIIIE(β) stress intensity factors of an elliptical crack

MI(β),MII (β),MIII (β) dimensionless stress intensity factorsFi(β) = Ki(β)/
σ
′∞
z

√
πh i = I, II , III

FI(β), FII (β), FIII (β) dimensionless stress intensity factorsMi(β) = Ki(β)/
KiE(β) i = I, II , III

1. Introduction

In most cases, fatigue crack initiation occurs from or near surfaces. Therefore the analysis of
the stress intensity factors of 3D surface cracks has contributed in design and maintenance of
various structures. Most previous studies have treated mode I type 3D surface cracks because
opening type stress intensity factor is known as the dominant parameter controlling final frac-
tures (Nisitani–Murakami, 1974a,b, Isida–Noguchi, 1985a,b, Isids–Tsuru–Noguchi, 1993a,b).
However, several practical problems are closely related to mixed mode stress intensity factors
for inclined surface cracks. For example, it is well-known that initial fatigue cracks, which is
called stage I cracks, are likely to incline about 45 degrees to the loading axis. In addition, in
the surfaces subjected to rolling contact loads initial cracks are likely to incline 15-30 degrees
to the surface. Then, the propagation stage cracks will be influenced by mixed mode stress
intensity factors of those initial-stage-cracks.

Murakami has investigated mixed mode stress intensity factors for inclined semi-elliptical,
rectangular, and triangular shaped cracks using body force method (Nisitani, 1967) with tri-
angular element which takes constant value of unknown body force density (Murakami–Isida,
1984; Murakami, 1985). Isida–Tokumoto–Noguchi (1982, 1990) has shown the variation of
stress intensity factors for inclined semi-elliptical cracks using body force method with rectan-
gular elements. Murakami and Sakae (1992) also have analyzed 3D kinked surface cracks. In
these analyses, however, the weight unknown function has discontinuity along the boundary
of elements; then, final results were obtained using extrapolation method.

In the preceding paper, the numerical solutions of the singular integral equation of the
body force method in 3D mode I crack has been discussed (Noda–Miyoshi, 1995). In the
numerical solutions unknown body force densities have been approximated by the products of
fundamental density functions and polynomials. Then, the results show the analytical method
yields smooth variation of stress intensity factor and crack opening displacement with higher
accuracy compared with other methods. In this study the method will be applied to inclined
semi-elliptical surface cracks.
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Figure 1. An inclined semi-elliptical surface crack in a semi-infinite body.

2. Singular integral equation of the body force method for a mixed mode surface crack

Consider a semi-infinite body under uniform tensionσ ′∞z having an inclined semi-elliptical
crack as shown in Figure 1. Here,z′x-plane is free from stress, and a semi-elliptical crack with
principal diameters 2a and 2b is embedded on thexy plane having an inclination angleψ to the
xy′ plane. The body force method is used to formulate the problem as a system of singular in-
tegral equations, whose unknowns are densities of body forcesfzz(ξ, η), fyz(ξ, η), fzx(ξ, η).
Here, (ξ, η, ζ ) is a (x, y, z) coordinate where the body force is applied. The body force
densities are equivalent to crack opening displacementsUz(xa, yb), (Ux(xa, yb), Ux(xa, yb)

as shown in (1e) (Noda–Oda, 1992).

(1− 2ν)

8π(1− ν)2
[∫
=
∫
S

=fzz(ξ, η)
r3
1

dξ dη

+
∫
=
∫
S

=Kfzz
zz (ξ, η, x, y, ψ)fzz(ξ, η)dξ dη

]
+ 1

8π(1− ν)
[∫∫

S

K
fyz
zz (ξ, η, x, y, ψ)fyz(ξ, η)dξ dη

+
∫∫

S

Kfzx
zz (ξ, η, x, y, ψ)fzx(ξ, η)dξ dη

]
= −σ ′∞z cos2ψ


(1a)

1

8π(1− ν)
[∫
=
∫
S

=6ν(x − ξ)(y − η)
r5
1

fyz(ξ, η)dξ dη

+
∫
=
∫
S

=
{

2(1− 2ν)

r3
1

+ 6ν(y − η)2
r5
1

}
fzx(ξ, η)dξ dη

+
∫∫

S

Kfzz
yz (ξ, η, x, y, ψ)fzz(ξ, η)dξ dη

+
∫∫

S

K
fyz
yz (ξ, η, x, y, ψ)fyz(ξ, η)dξ dη

+
∫∫

S

Kfzx
yz (ξ, η, x, y, ψ)fzx(ξ, η)dξ dη

]
= −σ ′∞z cosψ sinψ



(1b)
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1

8π(1− ν)
[∫
=
∫
S

=
{

2(1− 2ν)

r3
1

+ 6ν(x − ξ)2
r5
1

}
fyz(ξ, η)dξ dη

+
∫
=
∫
S

=6ν(x − ξ)(y − η)
r5
1

fzx(ξ, η)dξ dη

+
∫∫

S

Kfzz
zx (ξ, η, x, y, ψ)fzz(ξ, η)dξ dη

+
∫∫

S

K
fyz
zx (ξ, η, x, y, ψ)fyz(ξ, η)dξ dη

+
∫∫

S

Kfzx
zx (ξ, η, x, y, ψ)fzx(ξ, η)dξ dη

]
= 0



(1c)

y = y′/ cosψ z = z′/ cosψ

r1 =
√
(x − ξ)2+ (y′ − η′)2+ (z′ − ζ ′)2

S = {(ξ, η)|(ξ/a)2+ (η/b)2 6 1, η > 0
}
 (1d)

Uz(xa, yb) = uz(xa, yb,+0)− uz(xa, yb,−0)

= (1− 2ν)(1+ ν)
E(1− ν) fzz(xa, yb)

Uy(xa, yb) = uy(xa, yb,+0)− uy(xa, yb,−0)

= 2(1+ ν)
E

fyz(xa, yb)

Ux(xa, yb) = ux(xa, yb,+0)− ux(xa, yb,−0)

= 2(1+ ν)
E

fzx(xa, yb)



(1e)

Equations (1a), (1b), (1c) enforce boundary conditions at the prospective boundaryS for
crack; that is,σZ = 0, τyz = 0, τZX = 0. Equation (1) includes singular terms in the form of
1/r3

1,1/r
5
1 corresponding to the ones of an elliptical crack in an infinite body. The notation∫=∫=S should be interpreted as a finite part integral (Hadamard, 1923) in the regionS. The

notationKfzz
zz (ξ, η, x, y, ψ) means a function that satisfies the boundary condition for free

surface.

3. Numerical solution of singular integral equations

In the conventional body force method (Nisitani, 1967), the crack region is divided into sev-
eral elements and unknown functions of the body force densities have been approximated by
using fundamental density functions and step functions. However, the expressions using step
functions give rise to singularities along the element boundaries, and they tend to deteriorate
the accuracy and validity in sophisticated problems. In the present analysis, the following
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Figure 2. Compliance of boundary conditionσz =
0, τyz = 0, τzx = 0 in Figure 1 whenn = 20, b/a =
1.0, ψ = 60◦, ν = 0.3.

Figure 3. Compliance of boundary conditionσz =
0, τyz = 0, τzx = 0 in Figure 1 whenn = 20, b/a =
1.0,9 = 60◦, ν = 0.0.
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expressions have been used to approximate the unknown functions as continuous functions.
First, we put

fzz(ξ, η) = Fzz(ξa, ηb)wzz(ξa, ηb)
fyz(ξ, η) = Fyz(ξa, ηb)wyz(ξa, ηb)
fzx(ξ, η) = Fzx(ξa, ηb)wzx(ξa, ηb)

wzz(ξa, ηb) = 4(1− ν)2bσ∞z
(1− 2ν)E(k)

√
1− ξ2

a − η2
b

wyz(ξa, ηb) =
2b(1− ν)k2τ∞yz

C(k)

√
1− ξ2

a − η2
b

wzx(ξa, ηb) = 2b(1− ν)k2τ∞zx
B(k)

√
1− ξ2

a − η2
b

B(k) = (k2− ν)E(k)+ νk′2K(k)
C(k) = (k2+ νk′2)E(k)− νk′2K(k)
k′ = b/a 6 1 k = √1− (b/a)2 ξa = ξ/a ηb = η/b

K(k) =
∫ π/2

0

dλ√
1− k2 sin2λ

, E(k) =
∫ π/2

0

√
1− k2 sin2 λ dλ



(2)

Here,wzz(ξa, ηb), wyz(ξa, ηb), wzx(ξa, ηb) are called fundamental density functions of body
forces, which express the stress field due to an elliptical crack in an infinite body under uni-
form tensionσZ, τyz, τzx, and leads to solutions with high accuracy. In this calculation, we
put σ∞Z = τ∞yz , τ∞zx = 1. Using the expression (2), equation (1) is expressed as equation (3),
whose unknowns areFzz(ξa, ηb), Fyz(ξa, ηb), Fzx(ξa, ηb), which are called weight functions.
The unknown functions are related to

b

2πE(k)

[∫
=
∫
S

=Fzz(ξa, ηb)
r3
1

√
1− ξ2

a − η2
b dξ dη

+
∫
=
∫
S

=Kfzz
zz (ξ, η, x, y, ψ)Fzz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

]

+bk
2

4π

[
1

C(k)

∫∫
S

K
fyz
zz (ξ, η, x, y, ψ)Fyz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ 1

B(k)

∫∫
S

Kfzx
zz (ξ, η, x, y, ψ)Fzx(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

]
= − cos2ψ



(3a)
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b

4π

[
k2

C(k)

∫
=
∫
S

=6ν(x − ξ)(y − η)
r5
1

Fyz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ k2

B(k)

∫
=
∫
S

=
{

2(1− 2ν)

r3
1

+ 6ν(y − η)2
r5
1

}
Fzx(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

]
+ 2(1− ν)
(1− 2ν)E(k)

∫∫
S

Kfzz
yz (ξ, η, x, y, ψ)Fzz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ k2

C(k)

∫∫
S

K
fyz
yz (ξ, η, x, y, ψ)Fyz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ k2

B(k)

∫∫
S

Kfzx
yz (ξ, η, x, y, ψ)Fzx (ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

]
= − sinψ cosψ



(3b)

b

4π

[
k2

C(k)

∫
=
∫
S

=
{

2(1− 2ν)

r3
1

+ 6ν(x − ξ)2
r5
1

}
Fyz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

]
+ k2

B(k)

∫
=
∫
S

=6ν(x − ξ)(y − η)
r5
1

Fzx(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ 2(1− ν)
(1− 2ν)E(k)

∫∫
S

Kfzz
zx (ξ, η, x, y, ψ)Fzz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ k2

C(k)

∫∫
S

K
fyz
zx (ξ, η, x, y, ψ)Fyz(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

+ k2

B(k)

∫∫
S

Kfzx
yz (ξ, η, x, y, ψ)Fzx (ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

]
= 0



(3c)

Since the problem is symmetric with respect toy-axis, the expressions (4) can be applied to
approximate symmetric unknown functionsFzz(ξa, ηb), Fyz(ξa, ηb), Fzx(ξa, ηb).

Fzz(ξa, ηb) = α0+ α1ηb + · · · + αn−1η
n−1
b + αnηnb

+αn+1ξ
2×1
a + αn+2ξ

2×1
a ηb + · · · + α2nξ

2×1
a ηn−1

b

· ·· ·
+αl−2ξ

2·(n−1)
a + αl−1ξ

2·(n−1)
a ηb + αlξ2·n

a

=
l∑
i=0

αiGi(ξa, ηb)

Fyz(ξa, ηb) = β0+ β1ηb + · · · + βn−1η
n−1
b + βnηnb

+βn+1ξ
2×1
a + βn+2ξ

2×1
a ηb + · · · + β2nξ

2×1
a ηn−1

b

· ·· ·
+βl−2ξ

2·(n−1)
a + βl−1ξ

2·(n−1)
a ηb + βlξ2·n

a

=
l∑
i=0

βiGi(ξa, ηb) (4)
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Fzx(ξa, ηb) = γ0ξa + γ1ξaηb + · · · + γn−1ξaη
n−1
b + γnξaηnb

+γn+1ξ
2×1+1
a + γn+2ξ

2×1+1
a ηb + · · · + γ2nξ

2×1+1
a ηn−1

b· ·· ·
+γl−2ξ

2·(n−1)+1
a + γl−1ξ

2·(n−1)+1
a ηb + γlξ2·n+1

a

=
l∑
i=0

γiQi(ξa, ηb) l =
n∑
k=0

(k + 1) = (n+ 1)(n+ 2)

2

Figure 4. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 15 degree,ν = 0.3, n = 20.

Figure 5. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 30 degree,ν = 0.3, n = 20.

Figure 6. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 45 degree,ν = 0.3, n = 20.

Figure 7. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 60 degree,ν = 0.3, n = 20.
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G0(ξa, ηb) = 1, G1(ξa, ηb) = ηb, . . . ,Gn+1(ξa, ηb) = ξ2×1
a , . . . ,

Gl(ξa, ηb) = ξ2·n
a

Q0(ξa, ηb) = ξa, Q1(ξa, ηb) = ξaηb, . . . ,Qn+1(ξa, ηb) = ξ2×1+1
a , . . . ,

Ql(ξa, ηb) = ξ2·n+1
a .

Using the approximation method mentioned above, we obtain the following system of al-
gebraic equations for the determination ofFzz(ξa, ηb), Fyz(ξa, ηb), Fzx(ξa, ηb). The unknown
coefficientsα0 ∼ αl, β0 ∼ βl, γ0 ∼ γl[n = 1,2, . . . l, l = (1/2)(n + 1)(n + 2)] are then
determined from (5) by selecting a set of collocation points.

Figure 8. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 15 degree,ν = 0.0, n = 20.

Figure 9. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 30 degree,ν = 0.0, n = 20.

Figure 10. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 45 degree,ν = 0.0, n = 20.

Figure 11. Variation ofFI , FII , FIII along crack front
in Figure 1 when9 = 60 degree,ν = 0.0, n = 20.
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l∑
i=0

[
αi(A

fzz
zz,i + Bfzzzz,i)+ βiBfyzzz,i + γiBfzxzz,i

]
= − cos2ψ

l∑
i=0

[
αiB

fzz
yz,i + βi(Afyzyz,i + Bfyzyz,i)+ γi(Afzxyz,i + Bfzxyz,i)

]
= − cosψ sinψ

l∑
i=0

[
αiB

fzz
zx,i + βi(Afyzzx,i + Bfyzzx,i)+ γi(Afzxzx,i + Bfzxzx,i)

]
= 0


(5a)

The number of unknowns in (5a) are 3(l + 1). As examples,Afzzzz,i, B
fzz
zz,i, B

fyz
z,i , B

fzx
zz,i are ex-

pressed as follows.

A
fzz
zz,i =

b

2πE(k)

∫
=
∫
S

=Gi(ξa, ηb)

r3
1

√
1− ξ2

a − η2
b dξ dη

B
fzz
zz,i =

b

2πE(k)

∫∫
S

Kfzz
zz (ξ, η, x, y, ψ)Gi(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

B
fyz
zz,i =

bk2

4πC(k)

∫∫
S

K
fyz
zz (ξ, η, x, y, ψ)Gi(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη

B
fzx
zz,i =

bk2

4πB(k)

∫∫
S

Kfzx
zz (ξ, η, x, y, ψ)Qi(ξa, ηb)

√
1− ξ2

a − η2
b dξ dη


(5b)

In (5) the integralBi can be evaluated numerically because of no singularities in the integral.
However,Ai cannot be evaluated by ordinary numerical procedure because they have hyper-
singularites of the formr−3 whenx = ξ andy = η (Hadamard,1923) Therefore the similar
method shown in previous papers is applied (Takakuda et al., 1984, Noda–Miyashi, 1996).

Figure 12. Crack opening displacement
MI(xa, yb)9 = 60 degree,ν = 0.3, n = 20, b/a =
1.0.

Figure 13. Crack opening displacement
MI(xa, yb)9 = 60 degree,ν = 0.0, n = 20, b/a =
1.0.
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Figure 14. Contact zone of crack surface9 = 60
degree,ν = 0.3, n = 20, b/a = 1.0.

Figure 15. Contact zone of crack surface9 = 60
degree,ν = 0.0, n = 20, b/a = 1.0.

Figure 16. Definition of crack mouth opening displacement at free surface.
.

Figure 17. Crack mouth opening displacement at free surface in Figure 1 whenν = 0.3, n = 20. (a) Crack
mouth opening displacement in thez′ direction in Figure 16. (b) Crack mouth opening displacement in they′
direction in Figure 16.
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Figure 18. Crack mouth opening displacement at free surface in Figure 1 whenν = 0.0, n = 20. (a) Crack
mouth opening displacement in thez′ direction in Figure 16. (b) Crack mouth opening displacement in they′
direction in Figure 16.

Figure 19. Uy′(0,0)/Uz′(0, 0) vs.9 relation.
.

4. Numerical results and discussion

Numerical calculations have been carried out for changingn in (4) andψ in (1) for b/a =
0.5,1.0 andν = 0.0, 0.3. Numerical integrals have been performed using scientific subroutine
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library (FACOM SSL II DAQE etc.). In demonstrating the numerical results of stress intensity
factorsKI,KII ,KIII the following dimensionless factorsFI, FII , FIII will be used.

FI(β) = KI(β)

σ ′∞z
√
πb
= Fzz

E(k)

[
sin2 β +

(
b

a

)2

cos2 β

]1/4

FII (β) = KII (β)

σ ′∞z
√
πb
=
(
Fzx

k′ cosβ

B(k)
+ Fyz sinβ

C(k)

)
k2

(1− k2 cos2 β)1/4

FIII (β) = KIII (β)

σ ′∞z
√
πb
=
(
−Fzx sinβ

B(k)
+ Fyz k

′ cosβ

C(k)

)
(1− ν)k2

(1− k2 cos2 β)1/4

MI(xa, yb) = Uz(xa, yb)

Uz′E(xa, yb)
= Fzz(xa, yb)

MII (xa, yb) = Uy(xa, yb)

Uy ′E(xa, yb)
= Fyz(xa, yb)

MIII (xa, yb) = Ux(xa, yb)

Ux ′E(xa, yb)
= Fzx(xa, yb)

Uz′E(xa, yb) = 4(1− ν2)

E

bσ ′∞z
E(K)

√
1− x2

a − y2
b

Uy ′E(xa, yb) = 4(1− ν2)

E

bk2σ ′∞z
C(K)

√
1− x2

a − y2
b

Ux ′E(xa, yb) = 4(1− ν2)

E

bk2σ ′∞z
C(K)

√
1− x2

a − y2
b

Fzz = Fzz(ξa, ηb)|ξa=cosβ,ηb=sinβ

Fyz = Fyz(ξa, ηb)|ξa=cosβ,ηb=sinβ

Fzx = Fzx(ξa, ηb)|ξa=cosβ,ηb=sinβ



(6)

In previous studies, the stress intensity factors are obtained when9 6 45 degree. In general,
as the inclination angle9 approaches 90 degree, accurate analysis is difficult because the
effect of free surface on the stress intensity factors becomes larger. Similarly, the variations of
stress intensity factors along the crack front are difficult to be obtained near the free surface.
Considering those facts, the accuracy of present results is confirmed in detail especially for
9 > 45 degree.

Figures 2 and 3 indicate the compliance of the boundary conditions along the prospective
crack surface forb/a = 1.0, 9 = 60◦ andn = 20. The remaining stressσz is less than
5 × 10−3 when ν = 0.3 and less than 2× 10−3 when ν = 0.0. Similarly, the remaining
stressesτyz andτzx are less than 8×10−3 whenν = 0.3 and less than 3×10−3 whenν = 0.0.
Accuracy the numerical results forν = 0.0 is better than that forν = 0.3.

Tables 1 and 2 shows the convergence ofFI, FII , FIII along the crack front whenb/a =
1.0,9 = 60 degree with increasing the order of polynomialsn in (4). Table 1 indicates the
present results forν = 0.3 with accuracy to the third digit whenβ = 0 ∼ 9 degree and
with accuracy to the fourth digit whenβ = 10∼ 90 degree. Table 2 indicates the results for
ν = 0.0 with accuracy to the third or fourth digit whenβ = 0 ∼ 9 degree and with accuracy
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Table 1. Convergence of dimensionless stress intensity factorsFI , FII , FIII with incleasing the polynomial

exponentn in (4) whenb/a = 1.0,9 = 60 degree,ν = 0.3 in Figure 1.

β(deg) 1 2 3 4 5 6 7 8 9 10 15 20 25

n

FI 17 −0.04288 −0.03693 −0.02526 −0.00898 0.01016 0.03045 0.05053 0.06949 0.08690 0.10267 0.16312 0.20414 0.23160

18 −0.03655 −0.03372 −0.02316 −0.00712 0.01200 0.03218 0.05196 0.07052 0.08752 0.10295 0.16328 0.20407 0.23152

19 −0.03863 −0.03542 −0.02425 −0.00744 0.01240 0.03308 0.05306 0.07157 0.08835 0.10353 0.16344 0.20386 0.23171

20 −0.03533 −0.03387 −0.02329 −0.00651 0.01343 0.03413 0.05400 0.07229 0.08883 0.10380 0.16352 0.20381 0.23191

FII 17 −0.19024 −0.23392 −0.26426 −0.28302 −0.29258 −0.29536 −0.29342 −0.28837 −0.28130 −0.27287 −0.21904 −0.15737 −0.09715

18 −0.18999 −0.23395 −0.26444 −0.28317 −0.29261 −0.29526 −0.29327 −0.28825 −0.28125 −0.27291 −0.21900 −0.15753 −0.09717

19 −0.18990 −0.23362 −0.26407 −0.28283 −0.29231 −0.29504 −0.29314 −0.28823 −0.28132 −0.27304 −0.21900 −0.15760 −0.09709

20 −0.18860 −0.23295 −0.26368 −0.28253 −0.29206 −0.29485 −0.29305 −0.28822 −0.28140 −0.27325 −0.21903 −0.15753 −0.09690

FIII 17 0.33593 0.30927 0.29632 0.29111 0.28948 0.28902 0.28860 0.28784 0.28682 0.28573 0.28300 0.27971 0.27371

18 0.33298 0.30773 0.29615 0.29174 0.29041 0.28989 0.28921 0.28815 0.28688 0.28565 0.28302 0.27969 0.27375

19 0.33273 0.30674 0.29517 0.29107 0.29003 0.28967 0.28900 0.28789 0.28655 0.28531 0.28302 0.27972 0.27385

20 0.33384 0.30730 0.29583 0.29184 0.29072 0.29012 0.28917 0.28783 0.28640 0.28515 0.28300 0.27974 0.27401

β(deg) 30 35 40 45 50 55 60 65 70 75 80 85 90

n

FI 17 0.25140 0.26493 0.27457 0.28141 0.28623 0.28959 0.29200 0.29376 0.29474 0.29550 0.29603 0.29655 0.29695

18 0.25141 0.26493 0.27458 0.28145 0.28623 0.28960 0.29204 0.29366 0.29483 0.29563 0.29609 0.29630 0.29630

19 0.25153 0.26494 0.27465 0.28142 0.28625 0.28957 0.29207 0.29366 0.29486 0.29564 0.29608 0.29621 0.29606

20 0.25162 0.26492 0.27464 0.28141 0.28625 0.28958 0.29201 0.29368 0.29485 0.29562 0.29606 0.29613 0.29606

FII 17 −0.03914 0.01438 0.06378 0.10841 0.14844 0.18378 0.21432 0.24030 0.26141 0.27802 0.28977 0.29672 0.29915

18 −0.03917 0.01434 0.06371 0.10832 0.14841 0.18362 0.21433 0.24023 0.26147 0.27799 0.28974 0.29693 0.29927

19 −0.03924 0.01434 0.06366 0.10827 0.14837 0.18359 0.21431 0.24020 0.26147 0.27793 0.28970 0.29669 0.29886

20 −0.03926 0.01435 0.06362 0.10833 0.14834 0.18361 0.21424 0.24024 0.26144 0.27788 0.28972 0.29678 0.29920

FIII 17 0.26490 0.25286 0.23844 0.22132 0.20221 0.18105 0.15827 0.13407 0.10864 0.08237 0.05529 0.02773 0.00000

18 0.26483 0.25296 0.23843 0.22144 0.20222 0.18101 0.15828 0.13404 0.10868 0.08234 0.05530 0.02770 0.00000

19 0.26480 0.25302 0.23843 0.22148 0.20223 0.18102 0.15827 0.13402 0.10869 0.08235 0.05531 0.02771 0.00000

20 0.26480 0.25303 0.23843 0.22148 0.20219 0.18104 0.15823 0.13406 0.10868 0.08234 0.05531 0.02771 0.00000

to the fourth or fifth digit whenβ = 10∼ 90 degree. Convergence of the results whenν = 0.0
is better than that whenν = 0.3.

Tables 3, 4, 5 show the values ofFI, FII , FIII along the crack front whenb/a = 1.0,0.5
and9 = 15, 30, 45, 60 degree. When9 = 60 degree,FI has negative value near free surface.
The actual crack surfaceφs when9 = 60 degree, therefore, seems to contact each other near
the free surface.

Figures 4–7 show the valuesFI, FII , FIII for ν = 0.3 along the crack front in comparison
with Ishida et al. (1990). The result of Ishida et al. is analyzed when9 6 45◦. The results
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Table 2. Convergence of dimensionless stress intensity factorsFI , FII , FIII with incleasing the polynomial

exponentn in (4) whenb/a = 1.0,9 = 60 degree,ν = 0.0 in Figure 1.

β(deg) 0 1 2 3 4 5 6 7 8 9 10 15 20 25

n

FI 17 −0.14739−0.06333−0.00347 0.03956 0.07120 0.09528 0.11439 0.13022 0.14380 0.15575 0.16641 0.20532 0.22755 0.24050

18 −0.14821−0.06360−0.00357 0.03944 0.07101 0.09504 0.11415 0.13001 0.14365 0.15566 0.16637 0.20535 0.22756 0.24046

19 −0.14637−0.06118−0.00143 0.04107 0.07217 0.09584 0.11471 0.13040 0.14392 0.15582 0.16645 0.20539 0.22751 0.24035

20 −0.14027−0.05600 0.00270 0.04417 0.07432 0.09722 0.11551 0.13082 0.14409 0.15587 0.16645 0.20543 0.22749 0.24035

FII 17 −0.21442−0.27297−0.30678−0.32164−0.32310−0.31593−0.30383−0.28936−0.27409−0.25884−0.24390−0.17271−0.10825−0.05209

18 −0.21318−0.27350−0.30790−0.32268−0.32379−0.31627−0.30394−0.28939−0.27415−0.25895−0.24404−0.17249−0.10825−0.05205

19 −0.20716−0.27039−0.30650−0.32206−0.32345−0.31600−0.30370−0.28921−0.27405−0.25893−0.24404−0.17236−0.10830−0.05177

20 −0.21023−0.26876−0.30375−0.31975−0.32198−0.31525−0.30340−0.28913−0.27403−0.25890−0.24400−0.17246−0.10842−0.05175

FIII 17 0.21498 0.21670 0.22541 0.23735 0.25000 0.26190 0.27238 0.28126 0.28868 0.29486 0.30006 0.31598 0.32021 0.31723

18 0.21688 0.21721 0.22557 0.23758 0.25037 0.26235 0.27280 0.28160 0.28891 0.29500 0.30014 0.31594 0.32019 0.31728

19 0.21469 0.21531 0.22424 0.23687 0.25019 0.26252 0.27316 0.28202 0.28930 0.29532 0.30037 0.31593 0.32025 0.31729

20 0.21027 0.21186 0.22172 0.23515 0.24911 0.26189 0.27281 0.28183 0.28920 0.29527 0.30035 0.31595 0.32033 0.31735

β(deg) 30 35 40 45 50 55 60 65 70 75 80 85 90

n

FI 17 0.24832 0.25289 0.25540 0.25671 0.25719 0.25722 0.25699 0.25657 0.25619 0.25585 0.25551 0.25524 0.25513

18 0.24833 0.25288 0.25541 0.25673 0.25718 0.25725 0.25697 0.25657 0.25620 0.25584 0.25551 0.25514 0.25495

19 0.24835 0.25287 0.25542 0.25671 0.25718 0.25724 0.25696 0.25657 0.25620 0.25585 0.25555 0.25538 0.25537

20 0.24838 0.25287 0.25543 0.25671 0.25720 0.25723 0.25695 0.25659 0.25617 0.25585 0.25555 0.25543 0.25550

FII 17 −0.00136 0.04341 0.08350 0.11897 0.15038 0.17776 0.20143 0.22135 0.23752 0.25016 0.25915 0.26460 0.26647

18 −0.00135 0.04340 0.08346 0.11894 0.15036 0.17775 0.20144 0.22131 0.23754 0.25017 0.25915 0.26456 0.26633

19 −0.00129 0.04350 0.08346 0.11899 0.15037 0.17776 0.20144 0.22131 0.23757 0.25015 0.25915 0.26444 0.26612

20 −0.00129 0.04349 0.08347 0.11898 0.15037 0.17777 0.20142 0.22133 0.23757 0.25016 0.25914 0.26438 0.26607

FIII 17 0.30834 0.29505 0.27810 0.25816 0.23557 0.21080 0.18405 0.15577 0.12623 0.09546 0.06413 0.03217 0.00000

18 0.30833 0.29508 0.27813 0.25821 0.23559 0.21079 0.18408 0.15581 0.12620 0.09548 0.06410 0.03210 0.00000

19 0.30832 0.29504 0.27815 0.25816 0.23559 0.21080 0.18409 0.15582 0.12615 0.09555 0.06410 0.03224 0.00000

20 0.30832 0.29505 0.27813 0.25817 0.23558 0.21081 0.18409 0.15578 0.12616 0.09557 0.06417 0.03234 0.00000

are in agreement with the present result in 30◦ 6 β 6 45◦ except near the free surface. When
ν = 0.0, the values ofFI, FII , FIII are shown in Figures 8–11.

Figures 12 and 13 show the crack opening displacementMI(x
′, y′) for 9 = 60 degree

andb/a = 1.0. It is found thatMI(x
′, y′) has negative value in the limited region near free

surface. Actual crack surface seems to contact each other near the free surface. Figures 14 and
15 indicates the contact zone for Poission’s ratioν = 0.0, 0,3.

Crack mouth opening displacements defined in Figure 16 were shown in Figures 17 and 18
for b/a = 1.0, 0.5 andφ = 15, 30, 45, 60 degrees. By measuring the displacements and using
Figures 17 and 18, we can roughly estimate the crack depth. The ratioUy′(0,0)/Uz′(0,0)
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Table 3. Dimensionless stress intensity factorsFI , FII , FIII along crack front in Figure 1 whenb/a =
1.0,ν = 0.3

β(deg) 1 2 3 4 5 6 7 8 9 10 15 20 25

9(deg)

FI 15 0.673 0.688 0.096 0.699 0.698 0.695 0.692 0.688 0.686 0.683 0.6724 0.6635 0.6560

30 0.479 0.517 0.542 0.557 0.565 0.569 0.570 0.570 0.570 0.570 0.5701 0.5668 0.5624

45 0.198 0.262 0.304 0.331 0.349 0.360 0.370 0.376 0.382 0.387 0.4081 0.4174 0.4211

60 −0.035 −0.034 −0.023 −0.007 0.013 0.034 0.054 0.072 0.089 0.103 0.1635 0.2038 0.2316

FII 15 −0.179 −0.137 −0.113 −0.099 −0.089 −0.082 −0.075 −0.068 −0.061 −0.055 −0.0282 −0.0051 +0.0156

30 −0.335 −0.266 −0.226 −0.201 −0.183 −0.168 −0.154 −0.140 −0.127 −0.114 −0.0633 −0.0193 +0.0192

45 −0.418 −0.362 −0.327 −0.302 −0.280 −0.260 −0.239 −0.220 −0.201 −0.184 −0.1148 −0.0544 −0.0026

60 −0.188 −0.233 −0.264 −0.282 −0.292 −0.295 −0.293 −0.288 −0.281 −0.273 −0.2190 −0.1575 −0.0970

FIII 15 0.162 0.149 0.140 0.133 0.130 0.128 0.127 0.126 0.124 0.124 0.1186 0.1149 0.1104

30 0.283 0.262 0.248 0.240 0.236 0.233 0.230 0.229 0.227 0.225 0.2163 0.2093 0.2012

45 0.335 0.311 0.299 0.296 0.293 0.291 0.289 0.287 0.285 0.283 0.2747 0.2662 0.2565

60 0.334 0.307 0.296 0.292 0.291 0.289 0.289 0.288 0.286 0.285 0.2830 0.2797 0.2740

β(deg) 30 35 40 45 50 55 60 65 70 75 80 85 90

9(deg)

FI 15 0.6495 0.6446 0.6404 0.6370 0.6341 0.6318 0.6298 0.6282 0.6270 0.6261 0.6255 0.6252 0.6253

30 0.5578 0.5538 0.5500 0.5468 0.5439 0.5415 0.5394 0.5377 0.5363 0.5353 0.5354 0.5339 0.5337

45 0.4223 0.4220 0.4208 0.4192 0.4176 0.4160 0.4144 0.4131 0.4119 0.4111 0.4105 0.4103 0.4105

60 0.2516 0.2649 0.2746 0.2814 0.2862 0.2895 0.2920 0.2936 0.2948 0.2956 0.2960 0.2961 0.2960

FII 15 0.0345 0.5217 0.0684 0.0831 0.0964 0.1082 0.1185 0.1273 0.1345 0.1401 0.1441 0.1465 0.1472

30 0.0543 0.0867 0.1163 0.1431 0.1673 0.1887 0.2074 0.2232 0.2362 0.2464 0.2537 0.2579 0.2593

45 0.0446 0.0873 0.1262 0.1611 0.1925 0.2201 0.2442 0.2646 0.2813 0.2943 0.3037 0.3092 0.3111

60 −0.0392 0.0143 0.0636 0.1083 0.1483 0.1836 0.2143 0.2402 0.2614 0.2779 0.2897 0.2967 0.2991

FIII 15 0.1059 0.1004 0.0941 0.0872 0.0794 0.0709 0.0619 0.0524 0.0425 0.0321 0.0216 0.0107 0.0000

30 0.1924 0.1823 0.1707 0.1579 0.1436 0.1282 0.1119 0.0964 0.0767 0.0580 0.0390 0.0194 0.0000

45 0.2449 0.2319 0.2168 0.2004 0.1821 0.1625 0.1417 0.1198 0.0969 0.0739 0.0493 0.0247 0.0000

60 0.2648 0.2530 0.2384 0.2215 0.2022 0.1810 0.1582 0.1341 0.1087 0.0823 0.0553 0.0277 0.0000

vs. φ relations are shown in Figure 19. We can easily estimate the inclination angleφ by
measuringUy′(0,0)/Uz′(0,0) and using Figure 19.

5. Conclusion

In this paper, a singular integral equation method is applied to calculate the variation of the
stress intensity factor along the crack front of a 3D inclined semi-elliptical surface crack. The
conclusions can be made as follows.
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Table 4. Dimensionless stress intensity factorsFI , FII , FIII along crack front in Figure 1 whenb/a =
0.5,ν = 0.3

β(deg) 1 2 3 4 5 6 7 8 9 10 15 20 25

9(deg)

FI 15 0.647 0.646 0.647 0.651 0.653 0.653 0.653 0.652 0.651 0.651 0.6567 0.6685 0.6845

30 0.0460 0.475 0.491 0.505 0.516 0.523 0.528 0.531 0.533 0.536 0.5495 0.5651 0.5824

45 0.162 0.209 0.247 0.277 0.300 0.316 0.328 0.338 0.345 0.352 0.3810 0.4047 0.4264

60 −0.093 −0.046 −0.011 +0.014 0.034 0.051 0.065 0.079 0.091 0.102 0.1486 0.1861 0.2182

FII 15 −0.177 −0.142 −0.115 −0.094 −0.079 −0.068 −0.059 −0.051 −0.045 −0.038 −0.0437 +0.0226 +0.0460

30 −0.335 −0.271 −0.223 −0.118 −0.162 −0.142 −0.126 −0.111 −0.098 −0.084 −0.0226 +0.0279 +0.0714

45 −0.425 −0.351 −0.301 −0.268 −0.242 −0.221 −0.202 −0.183 −0.165 −0.417 −0.0664 −0.0007 +0.0582

60 −0.218 −0.221 −0.228 −0.234 −0.235 −0.233 −0.227 −0.218 −0.207 −0.196 −0.1357 −0.0742 −0.0163

FIII 15 0.142 0.140 0.136 0.131 0.127 0.124 0.122 0.121 0.120 0.120 0.1160 0.1114 0.1062

30 0.257 0.249 0.241 0.234 0.228 0.244 0.222 0.220 0.220 0.219 0.2132 0.2057 0.1967

45 0.326 0.306 0.292 0.284 0.280 0.278 0.277 0.278 0.278 0.278 0.2745 0.2684 0.2589

60 0.318 0.289 0.272 0.264 0.263 0.264 0.266 0.269 0.272 0.275 0.2847 0.2901 0.2898

β(deg) 30 35 40 45 50 55 60 65 70 75 80 85 90

9(deg)

FI 15 0.7024 0.7214 0.7403 0.7585 0.7755 0.7911 0.8049 0.8168 0.8267 0.8344 0.8400 0.8433 0.8444

30 0.6007 0.6194 0.6375 0.6549 0.6711 0.6858 0.6987 0.7099 0.7191 0.7264 0.7317 0.7348 0.7357

45 0.4470 0.4668 0.4854 0.5028 0.5188 0.5332 0.5458 0.5567 0.5656 0.5725 0.5776 0.5805 0.5816

60 0.2473 0.2739 0.2986 0.3211 0.3416 0.3599 0.3758 0.3894 0.4006 0.4093 0.4156 0.4192 0.4204

FII 15 0.659 0.0830 0.0977 0.1103 0.1210 0.1302 0.1377 0.1440 0.1491 0.1529 0.1555 0.1571 0.1577

30 +0.1085 0.1404 0.1678 0.1913 0.2112 0.2282 0.2424 0.2541 0.2635 0.2707 0.2756 0.2786 0.2797

45 +0.1077 0.1503 0.1871 0.2188 0.2460 0.2691 0.2885 0.3046 0.3175 0.3273 0.3343 0.3384 0.3399

60 +0.0374 0.0861 0.1301 0.1694 0.2039 0.2340 0.2599 0.2816 0.2992 0.3128 0.3225 0.3284 0.3303

FIII 15 0.1000 0.0932 0.0858 0.0780 0.0700 0.0617 0.0531 0.0445 0.0357 0.0269 0.0180 0.0092 0.0000

30 0.1857 0.1735 0.1601 0.1459 0.1310 0.1156 0.0997 0.0836 0.0672 0.0505 0.0338 0.0170 0.0000

45 0.2465 0.2318 0.2152 0.1972 0.1778 0.1575 0.1364 0.1146 0.0923 0.0695 0.0464 0.0233 0.0000

60 0.2847 0.2750 0.2614 0.2443 0.2242 0.2015 0.1766 0.1499 0.1217 0.0921 0.0619 0.0310 0.0000

(1) The analysis of mixed mode 3D cracks is more difficult than the analysis of mode I 3D
cracks because of triple number of unknown functions and boundary conditions. In par-
ticular, to obtain accurate stress intensity factors near the free surface for large inclination
angles (ψ > 45 degrees) is difficult because the effect of free surface on the results is
complicated.

(2) In the numerical calculation, the unknown body force densities are approximated by us-
ing fundamental density functions and polynomials. Then, the calculations show that the
present method yields good convergence of the results and highly satisfied boundary con-
ditions. Smooth variations of stress intensity factors along the crack front were indicated
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Table 5. Dimensionless stress intensity factorsFI , FII , FIII along crack front in Figure 1 whenb/a =
1.0, ν = 0.0 in

β(deg) 0 1 2 3 4 5 6 7 8 9 10 15 20 25

υ(deg)

FI 15 0.7007 0.6932 0.6879 0.6835 0.6791 0.6747 0.6703 0.6659 0.6618 0.6580 0.6545 0.6411 0.6316 0.6246

30 0.5007 0.5231 0.5406 0.5525 0.5595 0.5625 0.5629 0.5617 0.5599 0.5579 0.5560 0.5485 0.5415 0.5354

45 0.1851 0.2559 0.3074 0.3426 0.3652 0.3789 0.3868 0.3913 0.3941 0.3962 0.3980 0.4046 0.4052 0.4033

60 −0.1403−0.0560 0.0027 0.0442 0.0743 0.0972 0.1155 0.1308 0.1441 0.1559 0.1665 0.2054 0.2275 0.2404

FII 15 −0.1731−0.1253−0.0959−0.0777−0.0658−0.0571−0.0499−0.0435−0.0374−0.0317−0.0264−0.0046+0.0138+0.0300

30 −0.3556−0.2625−0.2055−0.1702−0.1467−0.1292−0.1145−0.1011−0.0887−0.0770−0.0663−0.0228+0.0133+0.0443

45 −0.4870−0.3811−0.3171−0.2764−0.2474−0.2238−0.2026−0.1828−0.1642−0.1471−0.1313−0.0674−0.0152+0.0283

60 −0.2102−0.2688−0.3038−0.3198−0.3220−0.3153−0.3034−0.2891−0.2740−0.2589−0.2440−0.1725−0.1084−0.0518

FIII 15 0.1385 0.1417 0.1404 0.1375 0.1347 0.1327 0.1316 0.1311 0.1311 0.1312 0.1314 0.1305 0.1284 0.1252

30 0.2299 0.2424 0.2460 0.2454 0.2435 0.2417 0.2407 0.2403 0.2403 0.2406 0.2408 0.2393 0.2352 0.2289

45 0.2436 0.2688 0.2837 0.2923 0.2972 0.3000 0.3018 0.3032 0.3045 0.3056 0.3065 0.3069 0.3021 0.2939

60 0.2103 0.2119 0.2217 0.2352 0.2491 0.2619 0.2728 0.2818 0.2892 0.2953 0.3004 0.3160 0.3203 0.3174

β(deg) 30 35 40 45 50 55 60 65 70 75 80 85 90

υ(deg)

FI 15 0.6191 0.6150 0.6117 0.6091 0.6071 0.6054 0.6041 0.6031 0.6023 0.6018 0.6013 0.6011 0.6010

30 0.5299 0.5255 0.5217 0.5185 0.5159 0.5138 0.5119 0.5105 0.5093 0.5085 0.5079 0.5075 0.5074

45 0.4004 0.3973 0.3942 0.3914 0.3889 0.3867 0.3847 0.3831 0.3817 0.3808 0.3801 0.3796 0.3796

60 0.2484 0.2529 0.2554 0.2567 0.2572 0.2572 0.2570 0.2566 0.2562 0.2559 0.2556 0.2554 0.2555

FII 15 0.0449 0.0586 0.0712 0.0827 0.0931 0.1025 0.1107 0.1176 0.1234 0.1280 0.1312 0.1334 0.1341

30 0.0723 0.0978 0.1212 0.1423 0.1614 0.1784 0.1933 0.2059 0.2164 0.2246 0.2305 0.2343 0.2357

45 0.0672 0.1017 0.1329 0.1608 0.1859 0.2080 0.2272 0.2435 0.2569 0.2673 0.2748 0.2796 0.2813

60 −0.0013 0.0435 0.0835 0.1190 0.1504 0.1778 0.2014 0.2213 0.2376 0.2502 0.2591 0.2644 0.2661

FIII 15 0.1211 0.1157 0.1091 0.1014 0.0927 0.0832 0.0728 0.0618 0.0501 0.0380 0.0255 0.0128 0.0000

30 0.2206 0.2103 0.1978 0.1837 0.1677 0.1502 0.1314 0.1114 0.0903 0.0684 0.0459 0.0231 0.0000

45 0.2824 0.2686 0.2521 0.2335 0.2127 0.1903 0.1661 0.1406 0.1139 0.0863 0.0579 0.0292 0.0000

60 0.3083 0.2951 0.2781 0.2582 0.2356 0.2108 0.1841 0.1558 0.1262 0.0956 0.0642 0.0323 0.0000

in Tables 1–5 and Figures 2–11 with varying the inclination angle, elliptical shape, and
Poisson’s ratio.

(3) Crack mouth opening displacements were shown in Figures 17, 18, and 19 for several
inclination angles and crack depths. By measuring the displacements and using these
figures it is possible to predict the crack depth and inclination angle.

(4) When the inclination angle9 = 60 degree, the mode I stress intensity factorFI has
negative value in the limited region near free surface. The crack surface seems to contact
each other near the surface.
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