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Abstract. To evaluate the mechanical strength of fiber reinforced composites it is necessary to consider singular
stresses at the end of fibers because they cause crack initiation, propagation, and final failure. The singular stress
is expressed by generalized stress intensity factors defined at the corner of fibers. As a 2D model an interaction
between rectangular inclusions under longitudinal tension is treated in this paper. The body force method is
used to formulate the problem as a system of singular integral equations with Cauchy-type or logarithmic-type
singularities, where the unknown functions are the densities of body forces distributed in infinite plates having
the same elastic constants as those of the matrix and inclusions. In order to analyze the problem accurately, the
unknown functions are expressed as piecewize smooth functions using two types of fundamental densities and
power series, where the fundamental densities are chosen to represent the symmetric stress singularity of 1/r1−λ1

and the skew-symmetric stress singularity of 1/r1−λ2. Then, generalized stress intensity factors at the end of
inclusions are systematically calculated for various locations, spacings and elastic modulus of two rectangular
inclusions in a plate subjected to longitudinal tension.

Keywords: Elasticity, composite material, fracture mechanics, fiber, generalized stress intensity factor, end effect,
interaction, rectangular inclusions.

1. Introduction

To evaluate the mechanical strength of fiber reinforced composites it is necessary to consider
singular stresses at the end of fibers because they cause crack initiation, propagation, and final
failure. Recently, the singular stress is found to be controlled by generalized stress intensity
factors defined at the corner of fibers (Chen and Nisitani, 1993). Chen (1992) has analyzed a
rectangular inclusion as a 2D model of fibers using the body force method (Nisitani, 1967).
Then, he has discussed the magnitude of the singular stress around the corner of fibers in detail.
In addition, Noda et al.(1998a) have considered numerical solutions of the singular integral
equations of the body force method when two rectangular inclusions located symmetrically
to y axis are under longitudinal tension. In this analysis the unknown functions are approx-
imated as piecewize smooth functions using ‘fundamental densities’ and power series; then,
the method is found to yield rapidly converging results for various geometrical conditions.
However, it is necessary to treat more general problems to discuss the interaction of fibers
in composites. This paper, therefore, deals with two rectangular inclusions, one of which is
located at origin and the other of which is located at a point (x, y) as shown in Fig. 1. Then,
the interaction will be clarified with varying the location, shape, spacing, and the elastic ratios
of inclusions. The discussion will be useful for considering the mechanical strength of fiber
reinforced composites.
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Figure 1. Two rectangular inclusions in an infinite plate.

Figure 2. Boundary division for Equations (3), (4), (a) rectangular inclusions, (b) square inclusions.
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Table 1. Convergence ofFI,λ1 andFII ,λ2 at the corner D when the center

of inclusion 1 is on O3 in Fig. 6 (lx = 1
3, GI /GM = 102, plane strain

νI = νM = 0.3)

M FI,λ1 (λ1 = 0.7632349) FII ,λ2 (λ2 = 0.6218440)

From From Average From From Average

W I
t (0) W I

n(0) W II
t (0) W II

n (0)

3 0.6963 0.6833 0.6898 1.0437 1.0436 1.0437

4 0.6854 0.6756 0.6805 1.0335 1.0335 1.0335

5 0.6945 0.6863 0.6904 1.0435 1.0434 1.0435

6 0.6839 0.6869 0.6904 1.0434 1.0434 1.0434

Table 2. Convergence ofFI,λ1 andFII ,λ2 at the corner D when the center

of inclusion 1 is on O4 in Fig. 6 (lx = 1
2, GI /GM = 101, plane strain

νI = νM = 0.3)

M FI,λ1 (λ1 = 0.7981112) FII ,λ2 (λ2 = 0.78565474)

From From Average From From Average

W I
t (0) W I

n(0) W II
t (0) W II

n (0)

3 0.5261 0.5053 0.5157 0.9884 0.9881 0.9883

4 0.5243 0.5076 0.5159 0.9887 0.9886 0.9886

5 0.5231 0.5087 0.5159 0.9885 0.9884 0.9884

2. Numerical solution of singular integral equations of body force method

Consider two rectangular inclusions with the same configuration in an infinite plate as shown
in Fig. 1. Here,lx andly are sizes of inclusions,dx anddy is a parameter of distance,σ∞x , σ∞y ,
τ∞xy are stresses at infinity. Denote the shear modulus and Poisson’s ratios of the matrix by
GM and νM and the inclusions byGI and νI . The problem can be expressed as a system
of singular integral equations (1) and (2), where the unknowns are body forces densities
FnM , FtM , FnI , FtI , (i = 1, 2) distributed in the normal and tangential directions along the

Table 3. Convergence ofFI,λ1 andFII ,λ2 at the corner D when the center

of inclusion 1 is on O4 in Fig. 6 (lx = 2
3, GI /GM = 10−5, plane strain

νI = νM = 0.3)

M FI,λ1 (λ1 = 0.54448375) FII ,λ2 (λ2 = 0.90852919)

From From Average From From Average

W I
t (0) W I

n(0) W II
t (0) W II

n (0)

3 0.5165 0.5167 0.5166 1.8491 1.8488 1.8489

4 0.5167 0.5167 0.5167 1.8496 1.8496 1.8496

5 0.5163 0.5163 0.5163 1.8497 1.8497 1.8497
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imaginary boundary in two infinite plates, ‘M’ and ‘I’ (Noda et al., 1996). Here, the infinite
plates ‘M’ has the same elastic constants as those of the matrix, and the infinite plate ‘I’ has
the same elastic constants as those of the inclusions.

−1

2
FnM(si)− 1

2
FnI (si)+

2∑
k=1

[∫
Lk

hFnMnn (rk, si)FnM(rk) drk

+
∫
Lk

hFtMnn (rk, si)FtM(rk) drk −
∫
Lk

hFnInn (rk, si)FnI (rk) drk

−
∫
Lk

hFtInn (rk, si)FtI (rk) drk

]
= −σ∞nM(si)+ σ∞nI (si),

−1

2
FtM(si)− 1

2
FtI (si)+

2∑
k=1

[∫
Lk

h
FnM
nt (rk, si)FnM(rk) drk

+
∫
Lk

h
FtM
nt (rk, si)FtM(rk) drk −

∫
Lk

h
FnI
nt (rk, si)FnI (rk) drk

−
∫
Lk

h
FtI
nt (rk, si)FtI (rk) drk

]
= −τ∞ntM(si)+ τ∞ntI (si) (i = 1,2),

(1)

2∑
k=1

[∫
Lk

hFnMu (rk, si)FnM(rk) drk +
∫
Lk

hFtMu (rk, si)FtM(rk) drk

−
∫
Lk

hFnIu (rk, si)FnI (rk) drk −
∫
Lk

hFtIu (rk, si)FtI (rk) drk

]
= −u∞M,i + u∞I,i ,

2∑
k=1

[∫
Lk

hFnMν (rk, si)FnM(rk) drk +
∫
Lk

hFtMν (rk, si)FtM(rk) drk

−
∫
Lk

hFnIν (rk, si)FnI (rk) drk −
∫
Lk

hFtIν (rk, si)FtI (rk) drk

]
= −ν∞M,i + ν∞I,i (i = 1,2)

(2)

Equations (1) and (2) enforce the boundary conditions along the interface, that is,σnM − σnI = 0,
τntM − τntI = 0, uM − uI = 0, νM − νI = 0. Here,(uM, νM) and (σnM, τntM) are the
displacements and tractions, respectively, on the prospective boundary of rectangular holes in
the infinite plate ‘M’. On the other hand,(uI , νI ) and(σnI , τntI ) are the displacements and
tractions, respectively, on the prospective boundary of rectangular inclusions in the infinite
plate ‘I’. In eqn. (1) and (2),

∑2
k=1 denotes the sum total about the prospective boundary

of each rectangular holes and inclusions, and
∫
Lk

means integrating the body forces on the
boundary of thekth rectangular hole in the plate M, or thekth inclusion in the plate ‘I’.

The notationsσ∞nM(si) andτ∞ntM(si) denote normal and shear stresses, respectively, appear-
ing at the pointsi in plate ‘M’. We assume the infinite plate ‘I’ is also under the stressesσ∞xI
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Table 6. Results for two square inclusions (GI /GM = 102, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

102 → 0 A–D 0.224 0.224 0.224 0.224 0.224±0.385±0.385±0.385±0.385±0.385

λ1 = 0.7632349 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.6218440 1
3 A 0.212 0.216 0.226 0.237 0.237 0.395 0.377 0.377 0.3800.404

α = −0.9801980 (0.946) (0.964) (1.009) (1.058) (1.058) (1.026) (0.979) (0.979) (0.987)(1.049)

β = −0.2800566 B 0.220 0.225 0.218 0.218 0.237−0.390−0.370−0.379−0.395−0.404

(0.982) (1.004) (0.973) (0.973) (1.058) (1.013) (0.961) (0.984) (1.026)(1.049)

C 0.212 0.226 0.224 0.213 0.222−0.395−0.389−0.377−0.373−0.403

(0.946) (1.009) (1.000) (0.951) (0.991) (1.026) (1.010) (0.979) (0.969) (1.047)

D 0.220 0.199 0.228 0.260 0.222 0.390 0.383 0.377 0.393 0.403

(0.982) (0.888) (1.018)(1.161)(0.991) (1.013) (0.995) (0.979) (1.021) (1.047)

1
2 A 0.200 0.212 0.228 0.248 0.254 0.404 0.368 0.369 0.3750.421

(0.893) (0.946) (1.018) (1.107) (1.134) (1.049) (0.956) (0.958) (0.974)(1.094)

B 0.222 0.220 0.212 0.221 0.254−0.372−0.351−0.377−0.418−0.421

(0.991) (0.982) (0.946) (0.987) (1.134) (0.966) (0.912) (0.979) (1.086)(1.094)

C 0.200 0.222 0.225 0.203 0.207−0.404−0.401−0.372−0.354−0.405

(0.893) (0.991) (1.004) (0.906) (0.924) (1.049) (1.042) (0.966) (0.919) (1.052)

D 0.222 0.159 0.236 0.310 0.207 0.372 0.389 0.369 0.416 0.405

(0.991) (0.710) (1.054)(1.384)(0.924) (0.966) (1.010) (0.958) (1.081) (1.052)

2
3 A 0.189 0.209 0.231 0.259 0.273 0.411 0.356 0.359 0.368 0.441

(0.844) (0.933) (1.031) (1.156) (1.219) (1.068) (0.925) (0.932) (0.956) (1.145)

B 0.212 0.211 0.206 0.235 0.273−0.313−0.332−0.382−0.456−0.441

(0.946) (0.942) (0.920) (1.049) (1.219) (0.813) (0.862) (0.992) (1.184) (1.145)

C 0.189 0.210 0.225 0.191 0.188−0.411−0.422−0.368−0.323−0.371

(0.844) (0.938) (1.004) (0.853) (0.839) (1.068) (1.096) (0.956) (0.839) (0.964)

D 0.212 0.125 0.257 0.355 0.188 0.313 0.395 0.3690.453 0.371

(0.946) (0.558) (1.147)(1.585)(0.839) (0.813) (1.026) (0.958)(1.177) (0.964)

σ∞yI τ
∞
xyI , which produceσ∞nI (sI ) andτ∞ntI (si) in Equation (1) at the prospective boundary for

inclusions. As an example, the notationhFnMnn (rk, si) denotes the normal stress induced at the
collocation pointsi on the imaginary boundary of theith rectangular hole when the body force
with unit density is acting at the pointrk on the prospective boundary of thekth rectangular
hole.

Around corners A, B, C, D it is known that the body forces acting in the normal and
tangential directionsFn andFt should be expressed as two types, that is, symmetric mode
I type rλ1−1

A and skew-symmetric mode II typerλ2−1
A to the bisector of the corners (Chen,

1992). Here,rA is a distance measured from the corner A, and the eigenvaluesλ1 and λ2

are given as the roots of eigenequations (Bogy and Wang, 1971; Chen and Nisitani, 1993).
Figure 2 illustrates boundary divisions for numerical solution of Equations (1) and (2). In the
numerical solutions for elliptical inclusions, we do not have to divide the boundaries because
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Table 7. Results for two square inclusions (GI /GM = 101, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

101 → 0 A–D 0.213 0.213 0.213 0.213 0.213±0.493±0.493±0.493±0.493±0.493

λ1 = 0.7981112 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.78565471
3 A 0.204 0.208 0.215 0.224 0.224 0.503 0.486 0.486 0.489 0.512

α = 0.8181818 (0.958) (0.977) (1.009) (1.052) (1.052) (1.020) (0.986) (0.986) (0.992) (1.039)

β = 0.2337662 B 0.211 0.214 0.209 0.209 0.224−0.499−0.478−0.487−0.504−0.512

(0.991) (1.005) (0.981) (0.981) (1.052) (1.012) (0.970) (0.988) (1.022) (1.039)

C 0.204 0.214 0.214 0.205 0.211−0.503−0.961−0.485−0.482−0.514

(0.958) (1.005) (1.005) (0.962) (0.991) (1.020) (0.994) (0.984) (0.978)(1.043)

D 0.211 0.194 0.217 0.240 0.211 0.499 0.486 0.484 0.5000.514

(0.991) (0.911) (1.019)(1.127)(0.991) (1.012) (0.986) (0.982) (1.014)(1.043)

1
2 A 0.195 0.204 0.217 0.233 0.238 0.510 0.477 0.477 0.484 0.529

(0.915) (0.958) (1.019) (1.094) (1.117) (1.034) (0.968) (0.968) (0.982) (1.073)

B 0.213 0.210 0.204 0.211 0.238−0.481−0.458−0.486−0.526−0.529

(1.000) (0.986) (0.958) (0.991) (1.117) (0.976) (0.929) (0.986) (1.067) (1.073)

C 0.195 0.213 0.215 0.196 0.198−0.510−0.512−0.479−0.461 -0.518

(0.915) (1.000) (1.009) (0.920) (0.930) (1.034) (1.039) (0.972) (0.935) (1.051)

D 0.213 0.164 0.224 0.282 0.198 0.481 0.495 0.4740.529 0.518

(1.000) (0.770) (1.052)(1.324)(0.930) (0.976) (1.004) (0.961)(1.073) (1.051)

2
3 A 0.185 0.201 0.220 0.242 0.253 0.517 0.466 0.468 0.477 0.547

(0.869) (0.944) (1.033) (1.136) (1.188) (1.049) (0.945) (0.949) (0.968) (1.110)

B 0.207 0.200 0.199 0.221 0.253−0.421−0.441−0.492−0.561−0.547

(0.972) (0.939) (0.934) (1.038) (1.188) (0.854) (0.895) (0.998) (1.138) (1.110)

C 0.185 0.204 0.216 0.192 0.179−0.517−0.527−0.474−0.432−0.485

(0.869) (0.958) (1.014) (0.901) (0.840) (1.049) (1.069) (0.961) (0.876) (0.984)

D 0.207 0.135 0.241 0.320 0.179 0.421 0.502 0.4650.577 0.485

(0.972) (0.634) (1.131)(1.502)(0.840) (0.854) (1.018) (0.943)(1.170) (0.984)

the ‘fundamental densities’ to express an elliptical inclusion exactly are available (Noda and
Matsuo, 1998). On the other hand, the boundary division is introduced for rectangular in-
clusion problems because in this problem the fundamental densities are only useful near the
corner. The body force densities distributed in the regions B2− B− A − A2 and D2 − D − C
− C2 are expressed as follows using fundamental densitiesr

λ1−1
A , rλ2−1

A and weight functions
W I
nM ∼ W II

tM . Here, the following expressions are shown by taking an example for corner A.
Similar expressions of Equations (3) and (4) can be given for corners B, C, D.
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Table 8. Results for two square inclusions (GI /GM = 10−1, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

10−1 → 0 A–D 0.327 0.327 0.327 0.327 0.327±2.361±2.361±2.361±2.361±2.361

λ1 = 0.6601418 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000 ) (1.000)

λ2 = 0.93556391
3 A 0.335 0.326 0.333 0.343 0.324 2.350 2.406 2.399 2.375 2.265

α = 0.8181818 (1.024) (0.997) (1.018) (1.049) (0.991) (0.995) (1.019) (1.016) (1.006) (0.959)

β = 0.2337662 B 0.355 0.333 0.313 0.294 0.324 2.332 2.465 2.397 2.295 2.265

(1.086) (1.018) (0.957) (0.899) (0.991) (0.988) (1.044) (1.015) (0.972) (0.959)

C 0.335 0.346 0.326 0.298 0.288 2.350 2.340 2.412 2.415 2.161

(1.024) (1.058) (0.997) (0.911) (0.881) (0.995) (0.991) (1.022) (1.023) (0.915)

D 0.355 0.321 0.335 0.356 0.288 2.332 2.433 2.452 2.284 2.161

(1.086) (0.982) (1.024)(1.089)(0.881) (0.988) (1.030)(1.039) (0.967) (0.915)

1
2 A 0.343 0.329 0.338 0.356 0.326 2.371 2.448 2.432 2.399 2.226

(1.049) (1.006) (1.034) (1.089) (0.997) (1.004) (1.037) (1.030) (1.016) (0.943)

B 0.388 0.320 0.290 0.263 0.326 2.407 2.588 2.405 2.189 2.226

(1.187) (0.979) (0.887) (0.804) (0.997) (1.019) (1.096) (1.019) (0.927) (0.943)

C 0.343 0.366 0.337 0.291 0.226 2.371 2.360 2.460 2.585 2.045

(1.049) (1.119) (1.031) (0.890) (0.691) (1.004) (1.000) (1.042) (1.095) (0.866)

D 0.388 0.327 0.350 0.397 0.226 2.407 2.494 2.626 2.158 2.045

(1.187) (1.000) (1.070)(1.214)(0.691) (1.019) (1.056)(1.112) (0.914) (0.866)

2
3 A 0.355 0.337 0.346 0.370 0.328 2.411 2.491 2.465 2.430 2.217

(1.086) (1.031) (1.058) (1.131) (1.003) (1.021) (1.055) (1.044) (1.029) (0.939)

B 0.410 0.277 0.255 0.229 0.328 2.572 2.661 2.365 2.044 2.217

(1.254) (0.847) (0.780) (0.700) (1.003) (1.089) (1.127) (1.002) (0.866) (0.939)

C 0.355 0.388 0.357 0.314 0.159 2.411 2.363 2.478 2.693 2.036

(1.086) (1.187) (1.092) (0.960) (0.486) (1.021) (1.001) (1.050) (1.141) (0.862)

D 0.410 0.375 0.375 0.433 0.159 2.572 2.630 2.969 1.690 2.036

(1.254) (1.147) (1.147)(1.324)(0.486) (1.089) (1.114)(1.258) (0.716) (0.862)

FnM(rA) = F I
nM(rA)+ F II

nM(rA) = W I
nM(rA)r

λ1−1
A +W II

nM(rA)r
λ2−1
A ,

FtM(rA) = F I
tM(rA)+ F II

tM(rA) = W I
tM(rA)r

λ1−1
A +W II

tM(rA)r
λ2−1
A ,

FnI (rA) = F I
nI (rA)+ F II

nI (rA) = W I
nI (rA)r

λ1−1
A +W II

nI (rA)r
λ2−1
A ,

FtI (rA) = F I
tI (rA)+ F II

tI (rA) = W I
tI (rA)r

λ1−1
A +W II

tI (rA)r
λ2−1
A ,

(3)
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Table 9. Results for two square inclusions (GI /GM = 10−5, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

10−5 → 0 A–D 0.505 0.505 0.505 0.505 0.505±2.139±2.139±2.139±2.139±2.139

λ1 = 0.5444838 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.90852921
3 A 0.525 0.508 0.518 0.538 0.496 2.139 2.194 2.182 2.154 2.025

α = 0.9999800 (1.040) (1.006) (1.026) (1.065) (0.982) (1.000) (1.026) (1.020) (1.007) (0.947)

β = 0.2857086 B 0.555 0.517 0.477 0.439 0.496 2.124 2.264 2.181 2.056 2.025

(1.099) (1.024) (0.945) (0.869) (0.982) (0.993) (1.058) (1.020) (0.961) (0.947)

C 0.525 0.541 0.503 0.447 0.433 2.139 2.158 2.208 2.243 1.885

(1.040) (1.071) (0.996) (0.885) (0.857) (1.000) (1.009) (1.032) (1.049) (0.881)

D 0.555 0.502 0.525 0.564 0.433 2.124 2.224 2.253 2.080 1.885

(1.099) (0.994) (1.040)(1.117)(0.857) (0.993) (1.040)(1.053) (0.972) (0.881)

1
2 A 0.547 0.518 0.532 0.569 0.495 2.174 2.242 2.217 2.183 1.987

(1.083) (1.026) (1.053) (1.127) (0.980) (1.016) (1.048) (1.036) (1.021) (0.929)

B 0.606 0.496 0.435 0.374 0.495 2.228 2.412 2.189 1.921 1.987

(1.200) (0.982) (0.861) (0.741) (0.980) (1.042) (1.128) (1.023) (0.898) (0.929)

C 0.547 0.577 0.518 0.429 0.324 2.174 2.152 2.265 2.425 1.734

(1.083) (1.143) (1.026) (0.850) (0.642) (1.016) (1.006) (1.059) (1.134) (0.811)

D 0.606 0.517 0.554 0.661 0.324 2.228 2.312 2.471 1.916 1.734

(1.200) (1.024) (1.097)(1.309)(0.642) (1.042) (1.081)(1.155) (0.896) (0.811)

2
3 A 0.580 0.543 0.550 0.609 0.494 2.223 2.289 2.252 2.218 1.986

(1.149) (1.075) (1.089) (1.206) (0.978) (1.039) (1.070) (1.053) (1.037) (0.928)

B 0.639 0.425 0.367 0.294 0.494 2.418 2.511 2.142 1.707 1.986

(1.265) (0.842) (0.727) (0.582) (0.978) (1.130) (1.174) (1.001) (0.798) (0.928)

C 0.580 0.618 0.555 0.485 0.212 2.223 2.161 2.293 2.557 1.702

(1.149) (1.224) (1.099) (0.960) (0.420) (1.039) (1.010) (1.072) (1.195) (0.796)

D 0.639 0.622 0.604 0.795 0.212 2.418 2.594 2.943 1.275 1.702

(1.265) (1.232) (1.196)(1.574)(0.420) (1.130) (1.213)(1.376) (0.596) (0.796)

W I
nM(rA) =

M∑
n=1

anr
n−1
A , W I

tM(rA) =
M∑
n=1

bnr
n−1
A , W II

nM(rA) =
M∑
n=1

cnr
n−1
A ,

W II
tM(rA) =

M∑
n=1

dnr
n−1
A , WI

nI (rA) =
M∑
n=1

enr
n−1
A , W I

tI (rA) =
M∑
n=1

fnr
n−1
A ,

W II
nI (rA) =

M∑
n=1

gnr
n−1
A , W II

tI (rA) =
M∑
n=1

hnr
n−1
A ,

(4)

Equations (3) and (4) do not include the terms expressing local uniform streching and shear
distortion at the corner A. Therefore the stressesσ∞xI σ

∞
yI τ

∞
xyI applied in the plate ‘I’ are

decided to express local uniform streching and shear distortion at the corner A.
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Figure 3. Results for a single rectangular inclusion (a)FI,λ1 (b) FII ,λ2 (Plane strainνI = νM = 0.3).

Figure 4. Results for a single cylindrical inclusion, (a)FI,λ1, (b)FII ,λ2.

Except along the boundaries B2 − B − A − A2 and D2 − D − C − C2 in Fig. 2, body
forces are simply distributed in the normal and tangential directions without using symmetric
and skew-symmetric distributions. On the numerical solution as shown in Equation (3), (4),
the singular integral Equations (1), (2) are reduced to algebraic equations for the determination
of the unknown coefficientsan ∼ hn. These coefficients are determined from the boundary
conditions at suitably chosen collocation points. The generalized stress intensity factorsKI,λ1,
KII ,λ2 for angular corners can be obtained from the values ofW I

n(0),W
II
n (0),W

I
t (0),W

II
t (0) at

the corner tip (Noda et al., 1996).
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Figure 5. Two square inclusions in an infinite plate (Plane strainνI = νM = 0.3).

Figure 6. Two rectangular inclusions in an infinite plate (Plane strainνI = νM = 0.3).
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Table 10. Results for two rectangular inclusions (GI /GM = 102, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

102 → 0 A–D 0.673 0.673 0.673 0.673 0.673±1.018±1.018±1.018±1.018±1.018

λ1 = 0.7632349 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.6218440 1
3 A 0.593 0.715 0.684 0.684 0.683 0.903 1.075 1.035 1.036 1.035

α = −0.9801980 (0.881) (1.062) (1.016) (1.016) (1.015) (0.887) (1.056) (1.017) (1.017) (1.017)

β = −0.2800566 B 0.529 0.697 0.681 0.682 0.683−0.754−1.066−1.033−1.035−1.035

(0.786) (1.036) (1.012) (1.013) (1.015) (0.741) (1.047) (1.015) (1.016) (1.017)

C 0.593 0.654 0.680 0.683 0.686−0.903−1.046−1.039−1.042−1.043

(0.881) (0.972) (1.010) (1.015) (1.019) (0.887) (1.027) (1.020) (1.023) (1.025)

D 0.529 0.809 0.690 0.689 0.686 0.7541.132 1.043 1.044 1.043

(0.786)(1.202)(1.025) (1.024) (1.019) (0.741)(1.112) (1.025) (1.026) (1.025)

1
2 A 0.593 0.758 0.698 0.698 0.697 0.912 1.140 1.056 1.057 1.057

(0.881) (1.126) (1.037) (1.037) (1.036) (0.896) (1.119) (1.037) (1.039) (1.038)

B 0.457 0.731 0.692 0.695 0.697−0.654−1.120−1.053−1.055−1.057

(0.678) (1.086) (1.028) (1.033) (1.036) (0.642) (1.100) (1.034) (1.037) (1.038)

C 0.593 0.580 0.688 0.698 0.708−0.912−0.828−1.071−1.081−1.088

(0.881) (0.862) (1.022) (1.037) (1.052) (0.896) (0.813) (1.052) (1.062) (1.069)

D 0.456 1.013 0.724 0.718 0.708 0.6541.292 1.089 1.091 1.088

(0.678)(1.505)(1.076) (1.076) (1.052) (0.642)(1.269) (1.069) (1.072) (1.069)

2
3 A 0.593 0.796 0.720 0.720 0.719 0.929 1.186 1.088 1.091 1.091

(0.881) (1.183) (1.070) (1.070) (1.068) (0.913) (1.165) (1.069) (1.072) (1.072)

B 0.386 0.763 0.710 0.715 0.719−0.571−1.177−1.082−1.088−1.091

(0.574) (1.134) (1.055) (1.062) (1.068) (0.561) (1.156) (1.063) (1.068) (1.072)

C 0.595 0.351 0.687 0.716 0.751−0.929−0.665−1.122−1.160−1.187

(0.881) (0.522) (1.021) (1.064) (1.116) (0.913) (0.653) (1.102) (1.140) (1.166)

D 0.386 0.867 0.806 0.783 0.751 0.5710.726 1.187 1.197 1.187

(0.574)(1.288)(1.198) (1.163) (1.116) (0.561)(0.713) (1.166) (1.175) (1.166)

3. Results and discussion

3.1. CONVERGENCE OF THE RESULTS

In Fig. 1, the stress intensity factorsKI,λ1 andKII ,λ2 defined at corners A, B, C, D are analyzed
with varying size, location of inclusions, and elastic ratioGI/GM (see Fig. 5 and Fig. 6). In the
following discussion, dimensionless stress intensity factorsFI,λ1 andFII ,λ2 defined in Equation
(5) are used under plane strain condition withνI = νM = 0.3.

FI,λ1 = KI,λ1/σ
∞√πlI−λ1

x , FII ,λ2 = KII ,λ2/σ
∞√πlI−λ2

x . (5)

Some examples of convergence at corner D in Fig. 3 are shown in Tables 1–3. The results
shown in these tables are obtained using the boundary divisions shown in Fig. 2. In Tables 1–
3,FI,λ1 andFI,λ1 values obtained fromW I

t (0),W
I
n(0) are indicated compared with the average
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Table 11. Results for two rectangular inclusions (GI /GM = 101, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

101 → 0 A–D 0.495 0.495 0.495 0.495 0.495±0.944±0.944±0.944±0.944±0.944

λ1 = 0.7981112 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.7856547 1
3 A 0.466 0.513 0.500 0.499 0.499 0.856 0.974 0.954 0.954 0.954

α = −0.8181818 (0.941) (1.036) (1.010) (1.008) (1.008) (0.907) (1.032) (1.010) (1.010) (1.010)

β = −0.2337662 B 0.416 0.503 0.498 0.498 0.499−0.810−0.971−0.953−0.953−0.954

(0.840) (1.016) (1.006) (1.006) (1.008) (0.858) (1.028) (1.009) (1.010) (1.010)

C 0.466 0.479 0.497 0.499 0.500−0.856−0.961−0.957−0.958−0.959

(0.941) (0.968) (1.004) (1.008) (1.010) (0.907) (1.018) (1.013) (1.015) (1.016)

D 0.416 0.566 0.503 0.502 0.500 0.8101.007 0.959 0.960 0.959

(0.840)(1.143)(1.016) (1.014) (1.010) (0.858)(0.107) (1.016) (1.017) (1.016)

1
2 A 0.470 0.531 0.506 0.503 0.504 0.856 1.004 0.964 0.965 0.965

(0.949) (1.073) (1.022) (1.016) (1.018) (0.906) (1.060) (1.022) (1.022) (1.022)

B 0.372 0.516 0.502 0.503 0.504−0.760−0.999−0.963−0.964−0.965

(0.752) (1.042) (1.014) (1.016) (1.018) (0.805) (1.058) (1.020) (1.022) (1.022)

C 0.470 0.440 0.500 0.505 0.511−0.856−0.854−0.977−0.983−0.987

(0.949) (0.889) (1.010) (1.020) (1.032) (0.906) (0.905) (1.035) (1.042) (1.046)

D 0.372 0.652 0.520 0.516 0.511 0.7601.023 0.986 0.988 0.987

(0.752)(1.317)(1.051) (1.042) (1.032) (0.805)(1.083) (1.045) (1.047) (1.046)

2
3 A 0.473 0.544 0.514 0.514 0.513 0.868 1.028 0.980 0.981 0.982

(0.956) (1.099) (1.038) (1.038) (1.036) (0.919) (1.089) (1.038) (1.040) (1.040)

B 0.325 0.527 0.509 0.511 0.513−0.711−1.020−0.978−0.981−0.982

(0.657) (1.065) (1.009) (1.032) (1.036) (0.753) (1.081) (1.036) (1.039) (1.040)

C 0.473 0.318 0.495 0.511 0.529−0.868−0.776−1.009−1.033−1.049

(0.956) (0.642) (1.000) (1.032) (1.069) (0.919) (0.822) (1.069) (1.094) (1.111)

D 0.325 0.591 0.561 0.548 0.529 0.711 0.711 1.0461.054 1.049

(0.657)(1.194)(1.133) (1.107) (1.069) (0.753) (0.753) (1.108)(1.116) (1.111)

values. The results have good convergence, and the difference between the results and average
values are within about 1%. The values obtained fromW I

t (0), W
I
n(0) and the average value

coincide with each other in about three digits whenM = 4–6. In the following calculation the
generalized stress intensity factors are shown confirming the convergence as shown in Tables
1–3. The values of Dunders’ elastic constantsα, β as shown in Equation (6) are also indicated
in the Tables.

α = GM(κI + 1)−GI(κM + 1)

GM(κI + 1)+GI(κM + 1)
, β = GM(κI − 1)−GI(κM − 1)

GM(κI + 1)+GI(κM + 1)
,

κM = 3− 4νM, κI = 3− 4νI

(6)
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Table 12. Results for two rectangular inclusions (GI /GM = 2, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

2 → 0 A–D 0.258 0.258 0.258 0.258 0.258±3.262±3.262±3.262±3.262±3.262

λ1 = 0.9109102 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.9810170 1
3 A 0.255 0.259 0.257 0.257 0.257 3.210 3.301 3.288 3.288 3.288

α = −0.3333333 (0.988) (1.004) (0.996) (0.996) (0.996) (0.984) (1.012) (1.008) (1.008) (1.008)

β = −0.0952381 B 0.245 0.257 0.257 0.257 0.257−3.188−3.301−3.288−3.288−3.288

(0.950) (0.996) (0.996) (0.996) (0.996) (0.977) (1.012) (1.008) (1.008) (1.008)

C 0.255 0.252 0.257 0.257 0.257−3.210−3.293−3.292−3.294−3.295

(0.988) (0.977) (0.996) (0.996) (0.996) (0.984) (1.010) (1.009) (1.010) (1.010)

D 0.245 0.269 0.258 0.258 0.257 3.1883.330 3.294 3.295 3.295

(0.950)(1.042)(1.000) (1.000) (0.996) (0.977) (1.021) (1.010) (1.010) (1.010)

1
2 A 0.258 0.261 0.258 0.258 0.258 3.205 3.319 3.295 3.296 3.296

(1.000) (1.012) (1.000) (1.000) (1.000) (0.983) (1.017) (1.010) (1.010) (1.010)

B 0.237 0.258 0.257 0.257 0.258−3.166−3.321−3.295−3.296−3.296

(0.919) (1.000) (0.996) (0.996) (1.000) (0.971) (1.018) (1.010) (1.010) (1.010)

C 0.258 0.246 0.256 0.257 0.258−3.205−3.200−3.312−3.318−3.322

(1.000) (0.953) (0.992) (0.996) (1.000) (0.983) (0.981) (1.015) (1.017) (1.018)

D 0.237 0.274 0.260 0.259 0.258 3.166 3.249 3.3193.322 3.322

(0.919)(1.062)(1.008) (1.004) (1.000) (0.971) (0.996) (1.017)(1.018) (1.018)

2
3 A 0.260 0.263 0.259 Q.259 0.258 3.208 3.337 3.305 3.306 3.306

(1.008) (1.019) (1.004) (1.004) (1.000) (0.983) (1.023) (1.013) (1.013) (1.013)

B 0.227 0.259 0.258 0.258 0.258−3.145−3.340−3.305−3.306−3.306

(0.880) (1.004) (1.000) (1.000) (1.000) (0.964) (1.024) (1.013) (1.013) (1.013)

C 0.260 0.225 0.254 0.257 0.260−3.208−3.093−3.342−3.367−3.384

(1.008) (0.872) (0.984) (0.996) (1.008) (0.983) (0.948) (1.024) (1.032) (1.037)

D 0.227 0.261 0.267 0.264 0.260 3.145 2.973 3.3773.388 3.384

(0.880) (1.008)(1.035)(1.023) (1.008) (0.964) (0.911) (1.035)(1.039) (1.037)

3.2. RESULTS OF SINGLE RECTANGULAR AND CYLINDRICAL INCLUSIONS

Table 4 and Fig. 3 shows the results of 2D single rectangular inclusion under longitudinal
tension. The results obtained by Chen (1992) are in good agreement with the present results.
Table 5 and Fig. 4 shows the results of 3D single cylindrical inclusion under longitudinal ten-
sion. The 3D results are obtained in a similar way (Noda et al., 1998b). From the comparison
between 2D and 3D results we can see 2D rectangular model has a similar tendency of 3D
model and looks useful as a model of real fibers.

3.3. RESULTS OF INTERACTION BETWEEN TWO SQUARE INCLUSIONS

Tables 6–9 show the intensity factors of two square inclusions at corners A, B, C, D on inclu-
sion 1. As shown in Fig. 5, the location of inclusion 1 is changed from O1 to O5, the size of
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Table 13.Results for two rectangular inclusions (GI /GM = 101, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

10−1 → 0 A–D 0.351 0.351 0.351 0.351 0.351±2.135±2.135±2.135±2.135±2.135

λ1 = 0.6601418 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.93556391
2 A 0.379 0.356 0.351 0.351 0.350 2.189 2.129 2.131 2.130 2.129

α = 0.8181818 (1.079)(1.014) (1.001) (1.000) (0.999)(1.025) (0.997) (0.998) (0.997) (0.997)

β = 0.2337662 B 0.347 0.342 0.349 0.350 0.350 2.165 2.111 2.128 2.129 2.129

(0.990) (0.975) (0.996) (0.997) (0.999) (1.014) (0.989) (0.997) (0.997) (0.997)

C 0.379 0.318 0.347 0.348 0.349 2.189 2.122 2.123 2.122 2.122

(1.079)(0.906) (0.990) (0.993) (0.996)(1.025) (0.994) (0.994) (0.994) (0.994)

D 0.347 0.370 0.351 0.350 0.349 2.165 2.118 2.124 2.123 2.122

(0.990) (1.054) (1.002) (0.999) (0.996) (1.014) (0.992) (0.994) (0.994) (0.994)

1
2 A 0.398 0.363 0.352 0.351 0.350 2.216 2.131 2.126 2.124 2.123

(1.134) (1.036) (1.003) (1.000) (0.997) (1.038) (1.012) (0.996) (0.995) (0.994)

B 0.323 0.330 0.348 0.349 0.350 2.147 2.084 2.121 2.122 2.123

(0.919) (0.940) (0.991) (0.994) (0.997) (1.006) (0.976) (0.993) (0.994) (0.994)

C 0.398 0.347 0.340 0.342 0.346 2.216 2.179 2.100 2.095 2.093

(1.134) (0.988) (0.968) (0.976) (0.986) (1.038) (1.020) (0.984) (0.981) (0.980)

D 0.323 0.399 0.353 0.350 0.346 2.1472.356 2.102 2.096 2.093

(0.919)(1.136)(1.006) (0.996) (0.986) (1.006)(1.103) (0.984) (0.981) (0.980)

2
3 A 0.416 0.375 0.353 0.352 0.350 2.238 2.133 2.123 2.119 2.116

(1.185)(1.070) (1.007) (1.002) (0.996) (1.048) (0.999) (0.994) (0.993) (0.991)

B 0.290 0.314 0.345 0.347 0.350 2.117 2.041 2.112 2.114 2.116

(0.827) (0.895) (0.984) (0.990) (0.996) (0.992) (0.956) (0.989) (0.990) (0.991)

C 0.416 0.376 0.319 0.325 0.335 2.238 2.259 2.067 2.039 2.022

(1.185)(1.071) (0.908) (0.926) (0.956) (1.048) (1.058) (0.968) (0.955) (0.947)

D 0.290 0.398 0.359 0.348 0.335 2.1172.641 2.048 2.025 2.022

(0.827) (1.133) (1.022) (0.991) (0.956) (0.992)(1.237) (0.959) (0.948) (0.947)

inclusion is changed aslx/dx = 1
3, 1

2, 2
3, and the elastic ratio is changed fromGI/GM = 10−5–

102. The maximum stress intensity factorsFI,λ1,FII ,λ2 are indicated inshadow. In those tables,
the ratio of the stress intensity factors to the single inclusion are also shown in the parentheses.
From those tables, we can see the following.

(1) For anyGI/GM , maximumFI,λ1 values appear at the corner D when the location of
inclusion 1 is on O4, that is, when the inclusion 1 is a bit transversely shifted from the position
just above inclusion 2.

(2) WhenGI/GM > 1, maximumFII ,λ2 values appear when inclusion 1 is on O5 or O4.
WhenGI/GM < 1, maximumFII ,λ2 values appear when inclusion 1 is on O3.
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Table 14.Results for two rectangular inclusions (GI /GM = 10−2, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

10−2 → 0 A–D 0.489 0.489 0.489 0.489 0.489±1.979±1.979±1.979±1.979±1.979

λ1 = 0.5583162 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.91168001
3 A 0.550 0.504 0.491 0.490 0.489 2.030 1.981 1.975 1.973 1.972

α = 0.9801980 (1.124)(1.029) (1.003) (1.001) (0.999)(1.026) (1.001) (0.998) (0.997) (0.997)

β = 0.2800566 B 0.490 0.467 0.486 0.487 0.489 2.010 1.948 1.971 1.971 1.972

(1.002) (0.955) (0.994) (0.996) (0.999) (1.007) (0.984) (0.996) (0.996) (0.997)

C (0.550)0.424 0.483 0.485 0.487 2.030 1.964 1.964 1.964 1.964

(1.124)(0.866) (0.987) (0.991) (0.996)(1.026) (0.993) (0.993) (0.992) (0.993)

D 0.490 0.528 0.491 0.489 0.487 2.010 1.979 1.968 1.966 1.964

(1.002) (1.080) (1.004) (1.000) (0.996) (1.007) (1.000) (0.994) (0.993) (0.993)

1
2 A 0.585 0.522 0.494 0.491 0.488 2.066 2.008 1.971 1.968 1.965

(1.196)(1.066) (1.009) (1.004) (0.999) (1.044) (1.014) (0.996) (0.994) (0.993)

B 0.444 0.424 0.483 0.486 0.488 1.990 1.912 1.961 1.963 1.965

(0.907) (0.866) (0.987) (0.993) (0.999) (0.990) (0.966) (0.991) (0.992) (0.993)

C 0.585 0.473 0.469 0.475 0.482 2.066 2.044 1.939 1.934 1.933

(1.196)(0.967) (0.958) (0.971) (0.985) (1.044) (1.033) (0.980) (0.977) (0.977)

D 0.444 0.549 0.496 0.489 0.482 1.9902.348 1.945 1.937 1.933

(0.907) (1.123) (1.014) (1.000) (0.985) (0.990)(1.186) (0.983) (0.979) (0.977)

2
3 A 0.617 0.560 0.499 0.494 0.489 2.096 2.028 1.970 1.963 1.957

(1.260)(1.146) (1.020) (1.011) (0.999) (1.059) (1.025) (0.995) (0.992) (0.989)

B 0.382 0.381 0.477 0.483 0.489 1.942 1.845 1.949 1.952 1.957

(0.782) (0.779) (0.974) (0.986) (0.999) (0.981) (0.932) (0.985) (0.987) (0.989)

C 0.617 0.567 0.430 0.445 0.466 2.096 2.069 1.902 1.871 1.854

(1.260)(1.160) (0.879) (0.909) (0.953) (1.059) (1.045) (0.961) (0.945) (0.937)

D 0.382 0.570 0.511 0.491 0.466 1.9422.660 1.893 1.862 1.854

(0.782) (1.166) (1.044) (1.003) (0.953) (0.981)(1.344) (0.956) (0.941) (0.937)

3.4. RESULTS OF INTERACTION BETWEEN TWO RECTANGULAR INCLUSIONS

Tables 10–15 show the intensity factors at the corners A, B, C, D on inclusion 1 when two
rectangular inclusions has the same aspect ratioly/ lx = 10. As shown in Figure 6, the location
of inclusion 1 is changed from O1 to O5, the size of inclusion is changed aslx/dx = 1

3, 1
2, 2

3,
and the elastic ratio is changed fromGI/GM = 10−5 ∼ 102 . The maximum stress intensity
factorsFI,λ1, FII ,λ2 are indicated inshadow. In those tables, the ratio of the stress intensity
factors to the single inclusion are also shown in the parentheses. From tables 9–14 we can see
the following.

(1) WhenGI/GM > 1 in Fig. 6:
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Table 15.Results for two rectangular inclusions (GI /GM = 10−5, plane strainνI = νM = 0.3)

GI /GM Ix/dx FI,λ1 (FI,λ1/FI,λ1

∣∣
lx→0) FII ,λ2 (FII ,λ2/FII ,λ2

∣∣
lx→0)

O1 O2 O3 O4 O5 O1 O2 O3 O4 O5

10−5 → 0 A–D 0.513 0.513 0.513 0.513 0.513±1.968±1.968±1.968±1.968±1.968

λ1 = 0.5444838 (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

λ2 = 0.90852921
3 A 0.583 0.530 0.515 0.514 0.513 2.017 1.972 1.964 1.962 1.961

α = 0.9999800 (1.135)(1.032) (1.004) (1.002) (0.999)(1.025) (1.002) (0.998) (0.997) (0.996)

β = 0.2857086 B 0.517 0.488 0.510 0.512 0.513 1.999 1.936 1.960 1.960 1.961

(1.008) (0.950) (0.994) (0.996) (0.999) (1.015) (0.983) (0.996) (0.996) (0.996)

C 0.583 0.440 0.506 0.509 0.511 2.017 1.954 1.953 1.953 1.953

(1.135)(0.857) (0.986) (0.991) (0.996)(1.025) (0.993) (0.992) (0.992) (0.992)

D 0.517 0.557 0.516 0.514 0.511 1.999 1.973 1.957 1.955 1.953

(1.008) (1.084) (1.005) (1.001) (0.996) (1.015) (1.002) (0.994) (0.993) (0.992)

1
2 A 0.621 0.547 0.519 0.516 0.513 2.054 2.008 1.960 1.957 1.954

(1.211)(1.066) (1.010) (1.005) (0.999) (1.044) (1.020) (0.996) (0.994) (0.993)

B 0.466 0.431 0.506 0.510 0.513 1.976 1.902 1.950 1.951 1.954

(0.908) (0.840) (0.986) (0.992) (0.999) (1.004) (0.966) (0.991) (0.991) (0.993)

C 0.621 0.491 0.491 0.498 0.506 2.054 2.047 1.927 1.922 1.921

(1.211)(0.956) (0.956) (0.970) (0.986) (1.044) (1.040) (0.979) (0.977) (0.976)

D 0.466 0.563 0.521 0.514 0.506 1.9762.384 1.934 1.926 1.921

(0.908) (1.096) (1.015) (1.001) (0.986) (1.004)(1.211) (0.983) (0.978) (0.976)

2
3 A 0.656 0.593 0.525 0.520 0.514 2.086 2.031 1.960 1.953 1.946

(1.278)(1.156) (1.023) (1.013) (1.000) (1.060) (1.032) (0.996) (0.992) (0.989)

B 0.398 0.382 0.499 0.506 0.514 1.930 1.829 1.937 1.940 1.946

(0.774) (0.745) (0.972) (0.986) (1.000) (0.981) (0.929) (0.984) (0.986) (0.989)

C 0.656 0.609 0.448 0.465 0.490 2.086 2.048 1.890 1.858 1.841

(1.278)(1.187) (0.873) (0.906) (0.954) (1.060) (1.040) (0.960) (0.944) (0.936)

D 0.398 0.630 0.539 0.516 0.490 1.9302.672 1.882 1.850 1.841

(0.774) (1.228) (1.049) (1.006) (0.954) (0.981)(1.353) (0.956) (0.940) (0.936)

(a) Stress intensity factorsFI,λ1, FII ,λ2 appear larger than the ones of a single inclusion
when inclusion 1 is on O3, O4, O5, that is, when two inclusion are in longitudinal tensile
direction.

(b) Stress intensity factorsFI,λ1, FIIλ2 appear smaller than the ones of a single inclusion
when inclusion 1 is on O1, that is, when two inclusion are in transverse direction.

(c) Stress intensity factorsFI,λ1, FII ,λ2 appear largest when inclusion 1 is on O2, that
is, when the two inclusions are in the skew direction. Within the analysis in this paper the
maximum interaction appears+51%.

(2) WhenGI/GM < 1 in Fig. 6:
(d) Stress intensity factorsFI,λ1, FII ,λ2 appear smaller than the ones of a single inclusion

when inclusion 1 is on O3, O4, O5, that is, when two inclusion are almost in longitudinal
tensile direction.
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Figure 7. (a)FI,λ1 atD vs.d relation (b)FII ,λ2 at D vs. d relation (GI /GM = 102, Plane strainνI = νM = 0.3).

(e) Stress intensity factorsFI,λ1, FII ,λ2 appear largest when inclusion 1 is on O1 or O2, that
is, when two inclusion are in transverse and skew directions. Within the analysis in this paper
the maximum interaction appears 35%.

3.5. STRESS INTENSITY FACTORS WHEN TWO RECTANGULAR INCLUSIONS BECOMES

CLOSER

From the previous discussion, Stress intensity factorsFI,λ1, FII ,λ2 at D appear largest when
the two inclusions are in the skew direction whenGI/GM > 1. In this cases, as shown in
Figure 7, the stress intensity factorsFI,λ1 andFII ,λ2 increase significantly with decreasing the
x-distance between the two inclusions. However, if the two inclusions are situated in they-
direction, that is,l = 10 in Figure 7,FI,λ1 andFII ,λ2 decrease asd → 0. In Table 16 the stress
intensity factors are compared with each other when the width of inclusionslx = 1 andlx = 2.
Here,F ∗I,λ1

andF ∗II ,λ are defined in the following equation.

F ∗I,λ1
= KI,λ1/σ

∞√π,F ∗II ,λ = KII ,λ2/σ
∞√π. (7)

The difference between the results forlx = 1 andlx = 2 are less than 15% in Table 16. The
stress intensity factors seem to be insensitive to the width of inclusions. Figure 8 indicates that
FI,λ1 andFII ,λ2 increase until the peak values neard ′ = 0 and finally decrease with decreasing
they-distanced ′.
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Figure 8. (a) FI,λ1 at D vs. d ′ relation (b) FII ,λ2 at D vs. d ′ relation (GI /GM = 102, Plane strain
νI = νM = 0.3).

4. Conclusions

In this paper, an interaction between two rectangular inclusions under longitudinal tension
as shown in Figure 1 is considered. Generalized stress intensity factors at the corners of
inclusions were discussed and tabulated for various geometrical conditions and elastic ratios.
The conclusions can be made as follows.

(1) In the numerical solution of the singular integral equations of the body force method,
the unknown body force densities are approximated by piecewise smooth functions using
power series and two types of fundamental density functions. The calculation shows that the
present method yields rapidly converging results for the wide range of geometrical and elastic
conditions.

(2) WhenGI/GM > 1 in Figure 6:
(a) Stress intensity factorsFI,λ1, FII ,λ2 appear larger than the ones of a single inclusion

when inclusion 1 in on O3, O4, O5, that is, when two inclusion are in longitudinal tensile
direction.

(b) Stress intensity factorsFI,λ1, FII ,λ2 appear smaller than the ones of a single inclusion
when inclusion 1 in on O1, that is, when two inclusion are in transverse direction.
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(c) Stress intensity factorsFI,λ1, FII ,λ2 appear largest when inclusion 1 in on O2, that is,
when two inclusion are in the skew direction. Within the analysis in this paper the maximum
interaction appears+51%.

(3) WhenGI/GM < 1 in Figure 6:
(d) Stress intensity factorsFI,λ1, FII ,λ2 appear smaller than the ones of a single inclusion

when inclusion 1 is on O3, O4, O5, that is, when two inclusion are in the longitudinal tensile
direction.

(e) Stress intensity factorsFI,λ1, FII ,λ2 appear largest when inclusion 1 in on O1 or O2, that
is, when the two inclusions are in transverse or skew direction. Within the analysis in this
paper the maximum interaction appears 35%.

(4) Stress intensity factors are investigated in detail when two rectangular inclusions be-
comes closer andGI/GM > 1.

(a) If the two inclusions are situated in the skew-direction, the stress intensity factorsFI,λ1

andFII ,λ2 increase significantly with decreasing thex-distanced.
(b) If the two inclusions are situated in thex-direction,FI,λ1 andFII ,λ2 decrease asd → 0.
(c) If the two inclusions are situated in they-direction,FI,λ1 andFII ,λ2 increase until the

peak values neard ′ = 0 and finally decrease with decreasing they-distance between the two
inclusions.
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