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Stress concentration of an ellipsoidal inclusion
of revolution in a semi-infinite body
under biaxial tension

Nao-Aki Noda, Yasuhiro Moriyama

Summary This paper deals with the stress concentration problem of an ellipsoidal inclusion of
revolution in a semi-infinite body under biaxial tension. The problem is formulated as a system of
singular integral equations with Cauchy-type or logarithmic-type singularities, where unknowns
are densities of body forces distributed in the 7- and z-directions in semi-infinite bodies having the
same elastic constants as the ones of the matrix and inclusion. In order to satisfy the boundary
conditions along the ellipsoidal boundary, four fundamental density functions proposed in [24,
25] are used. The body-force densities are approximated by a linear combination of fundamental
density functions and polynomials. The present method is found to yield rapidly converging
numerical results for stress distribution along the boundaries even when the inclusion is very
close to the free boundary. The effect of the free surface on the stress concentration factor is
discussed with varying the distance from the surface, the shape ratio and the elastic modulus ratio.
The present results are compared with the ones of an ellipsoidal cavity in a semi-infinite body.

Keywords Stress concentration, Body-force method, Ellipsoidal inclusion, Singular integral
equation, Numerical analysis, Semi-infinite body

1

Introduction

Structural materials usually contain some defects in the form of cracks, cavities, and inclusions.
For various metals, the size, shape, and distribution of microdiscontinuities have been inves-
tigated e.g. in [1, 2]. To evaluate their defects on the strength, it is fundamental to know the
stress concentration of elliptical and ellipsoidal inclusions, which cover many particular cases,
such as linear, circular, and spherical defects. In earlier studies, ellipsoidal inclusions have been
studied by several researchers, [3-6]. Also, interactions among elliptical and ellipsoidal
inclusions have been discussed in [7-17]. Several elasticity problems involving a half-space
with a spheroidal inclusion have been studied in [18-22]. However, there has been little dis-
cussion about ellipsoidal inclusions in a half-space.

In this study, therefore, stress concentration of an ellipsoidal inclusion of revolution in a
semi-infinite body under bi-axial tension is considered. An ellipsoidal inclusion can be re-
garded as a general model of the defect because many kinds of defects can be expressed by
changing the elastic modulus ratio and the shape ratio of the inclusion. The body-force method,
[23], is used here to formulate the problem as a system of singular integral equations. Then, the
unknown body-force densities are approximated by a linear combination of fundamental
density functions and polynomials [24-26]. The results will be compared with the ones in [18-
22] by setting the elastic modulus of the inclusion E; = 0, see Fig. 1. It will be shown that the
present method gives smooth variations of interface stresses along the boundary.

2

Analysis and numerical procedure

Consider a semi-infinite body under biaxial tension having an ellipsoidal inclusion as shown in
Fig. 1. The body force method is used to formulate the problem as a system of singular integral
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Fig. 1. An ellipsoidal inclusion in a semi-infinite body under biaxial tension
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equations. In this analysis fundamental solutions are stress (K7, K2 KIT K'2) and dis-

placement fields (KE7, KF2 KFr KF2) at an arbitrary point (r, 0, z) when ring forces are acting in

the r- and z-directions at (p, ¢, {) in a semi-infinite body. Here, (p, ¢, {) is a point in the
(r, 0, z) coordinate system, where ring forces are applied:

p=acosa, {=d+bsina, r=acosyy, z=d+ bsiny.

A semi-infinite body "M" and an infinite body "I" are considered, each of which having the
same elastic constants as those of the matrix (Ey, vy) and the inclusion (Ej, vr). Denote by
OnMs Tntms UM, Uzy the stresses and displacements which appear along the prospective ellip-
tical boundaries in the semi-infinite body "M". In a similar way, denote by 6,1, Tua, s, Uz the
stresses and displacements which appear along the prospective elliptical boundaries in the
infinite body "I". Then, the boundary conditions, that is

oM — 00 =0, Tyt — Tner = 0, Upyg — Uy = 0, Uppyr — Uy = 0,

can be expressed as
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and ), is the angle between the r-axis and the normal direction of an ellipsoidal inclusion at
(r,z). The unknowns are the body force densities p¥, (o), piy (), pi;(a), pi(o) distributed in
the bodies M and I in the r- and z- directions along the circumference, which is specified by the
angle o.

Equation (1) includes Cauchy-type singular terms, and Eq. (2) includes logarithm-type
singular terms. Therefore for Eq. (1) the integral should be taken in a sense of Cauchy’ s of
principal value when y = «. The first and second terms of Eq. (1) represent the stress due to the
body force distributed on the imaginary boundary, which is composed of the internal or
external points that are infinitesimally apart from the initial boundary, [23]. Taking K27, (o, /)
for example, the notation means the normal stress g, induced at the point where a ring force
in the r-direction is acting on the imaginary boundary in the body "M". These can be derived by
integrating Mindlin’s solution, [27], in the 0-direction. The fundamental stress and displace-
ment fields are shown in the Appendix, where ring forces are acting in the r- and z-directions in
a semi-infinite body.

In previous papers, [24, 25], numerical solutions for the singular integral equations of
the body-force method were discussed. It was found that in the conventional body-force
method, unknown body-force densities sometimes do not converge with increasing the
number of collocation points. To overcome this difficulty, eight fundamental densities were
introduced in [24, 25]. The meaning of the new fundamental densities was discussed in [26].
On the basis of these studies, the unknown body-force densities are approximated in this
analysis as a linear combination of fundamental density functions and weight functions as
follows:

P (%) = Prang () w3 () + prapg () wra(er),

Po() = poap () Wz () + poap () W2 (),

Prr(2) = prag () w3 (00) + pray () wra (),

Po1() = par()wz (o) + por () w2 (). (3)

Here, the fundamental density functions, [24, 25], are defined as

wys (o) = np(or), wpa(a) = n,(o) sin o,

ng(a)

wa (%) == waa(o) = ny(ar), (4)
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with

() = bcosa
' \/a2 sin? o + b2 cos? o
asin o
nz(a) = (5)

\/ a2 sin® o + b? cos? o

In these equations, w,3(a), w, (o) are exact densities to express the stress field due to an
ellipsoidal inclusion in an infinite body.
On the other hand, the weight functions are approximated by polynomials as:

M/2 M2
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M/2 M/2

Pam(®) = Z G I Z Cartn(2
n=1
M/2 M/2
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n=1 n=1
M/2 M/2

Poam (o Z Arnatn(0t), o1 (o Z durty(o
ty(o) = cos{Z(n —1)a}. (6)
where M is the number of the collocation points in the range —7/2 < o < 7/2.

Using the approximation method mentioned above, we obtain the following system of linear
equations for the determination of the coefficients a,u ~ d;:

0, = (L—O.S)—g 2<L<M, (7)
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Table 1. Convergence of the interface stresses at y = —90, comp. Fig. 1, (a/b = 1, b/d = 0.9, E;/Ey = 2,
VM =V = 03)

M oM Oy OnM Onr TntM Tt

8 0.5247 1.5997 0.1448 0.1976 0.0128 0.0132
12 0.5080 1.5539 0.1451 0.1376 0.0132 0.0131
20 0.5024 1.5530 0.1396 0.1395 0.0130 0.0130
22 0.5024 1.5530 0.1396 0.1396 0.0130 0.0130

Table 2. Mismatch of the boundary stresses and displacements at y = —90 (a/b =1, b/d = 0.9,
EI/EM = 2, VM =V = 03)

M O — Oy Tt — Tntl Uy — Uy Uz — Ugg
8 —5.3 x 1072 —3.6x107* -39 %107 6.3 x 1073
12 7.6 X 1073 -2.1x107* -1.0 X 107 5.8 x 107*
20 .1x10™* 1.4 x107° -2.7 %1077 53 x 1077
22 —6.1 x 107¢ 1.1 x 107 3.4 %1078 3.7 x 1077

Table 3. Stress concentration factor of two spheroidal cavities in an infinite body (a/b = 1.0), comp. Fig. 2

a/d 00 max KtA KLB
(deg.) Kimax

0 —-90~+90 2.0455 2.0455 2.0455
0.1 -2 2.0455 2.0454 2.0454
0.2 -10 2.0462 2.0448 2.0454
0.3 -14 2.0481 2.0427 2.0456
0.4 -17 2.0521 2.0378 2.0464
0.5 —24 2.0598 2.0307 2.0481
0.6 =31 2.0742 2.0295 2.0512
0.7 —41 2.1022 2.0655 2.0561
0.8 =90 2.2295 2.2295 2.0624
0.9 -90 2.7724 2.7724 2.0713

1 /2
. — —Etn(<p) cos® @, + / K (2, @)ta ()b cos ado. (12)
2

—T

The number of unknown coefficients is 4 M. The collocation points are set as given by Eq. (7).
The stresses at an arbitrary point are represented by a linear combination of the coefficients
AuM, - - - » Ay and the influence coefficients corresponding to Ay, - . ., Pur, [25, 26]. Using the
numerical procedure presented above, we obtain the stress distribution along the interface and
will discuss the maximum stress in Sec 3.

3

Results and discussion

3.1

Convergence and satisfaction of the boundary stresses

Table 1 shows the convergence of interface stresses oy, Gupm, Tnim, Oty Onry Tnu at Y = —90,
comp. Fig. 1, with increasing values of the collocation number M. Table 2 shows the mismatch
of the boundary values: oy — G4, Tuemr — Tuel> Urmt — Usl> Uz — Ugr at Y = —90 with increasing

number M. The present results show good convergence to the fifth digit when M = 20. Also the
boundary mismatch values are confirmed to be less than 10~* in the whole range
—90 < iy < 90. The same examination has been made for other calculations. Good convergence
and high matching of boundary values are confirmed for all results with E;/Ep (0 — c0), and b/
d in the range (0-0.9).

The accuracy of the present analysis can be confirmed in Table 3. Here, two spheroidal
cavities in an infinite body under uniaxial tension, see Fig. 2, were treated by the same method

33



-

B
=N
v/ o
d
A /
0 > }7
/ X d
/ Fig. 2. Two spheroidal cavities in an infinite body

(a/b =1.0)

and compared with the results in [15]. Both results coincide with each other to the fourth digit.
However, the present solution gives the accurate results even for a/d = 0.9 where larger
interaction takes now.

3.2

Results for a spheroidal cavity (E;/Ey =0, a/b=1)

Table 4 shows the maximum stress in comparison with the results in [20] for different ratios
b/d. Here, the maximum stress 6, = gy appearing at the point B (y = —90) is indicated. The
results in [20] coincide with the present results in most cases although they have some error of
about 3% when b/d = 0.9.

3.3

Results of an ellipsoidal cavity (E;/Ey =0)

Table 5 shows the maximum stress when vy = 0.3, for different shape ratios a/b and different
ratios b/d. The results in [21] coincide with the present results in most cases although they
have some errors about 2% when a/b = 1,b/d = 0.667. Table 6 shows the stress (o; = gy) at
points B (¥ = —90) and C () = 90) for different a/b and b/d. It is found that results [21] have
errors within about 11% when b/d = 0.8. The present results are reliable because the boundary
conditions are satisfied as shown in Table 2.

34

Results for an ellipsoidal inclusion

If E;/Ey < 1, interface stresses gy in the matrix need to be considered because they are larger
than other stresses. Also, if E;/Ey > 1, interface stresses g, have to be discussed because they
may cause interface debonding. Figures 3-5 show interface stresses gy (E;/Ey = 0;0.5) and g,
(E;/Em = 2; 00) for different ratios a/b and b/d. It is seen that when E;/Ey = 0.5 the effect of

Table 4. Maximum stress due to a spheroidal cavity at B, comp. Fig. 1 (E;/Ey =0, vyy = 0.25, a/b =1,
¥ = —90)

b/d Present Ref [20]
0 2.087 2.087
0.2 2.092 2.092
0.4 2.145 2.145
0.6 2.332 2.332
0.7 2.506 2.506
0.8 2.759 2.760

0.9 3.173 3.270




Table 5. Maximum stress due to ellipsoidal cavities at B, comp. Fig. 1 (E;/Ey = 0, vyy = 0.3, y = —90)

b/d a/b 0.286 0.333 0.4 0.5 0.667 1.0
0.333 Present 2.713 2.679 2.624 2.545 2.420 2.216
Ref [21] 2.712 2.671 2.624 2.544 2.425 2.227
0.4 Present 2.715 2.680 2.629 2.552 2.434 2.245
Ref [21] 2.714 2.674 2.627 2.550 2.434 2.245
0.5 Present 2.732 2.690 2.643 2.575 2.471 2.326
Ref [21] 2.724 2.689 2.648 2.583 2.488 2.350
0.667 Present 2.755 2.731 2.701 2.663 2.620 2.581
Ref [21] 2.753 2.740 2.716 2.686 2.651 2.618

Table 6. Maximum stress due to ellipsoidal cavities at B, comp. Fig. 1 (y = —90) and C (Y = 90)
(EI/EM = 0, VM = 03)

b/d a/b 0.25 0.5
Y(deg.)
—-90° 90° -90° 90°
0 Present 2.737 2.737 2.536 2.536
Ref. [21] - - - -
0.2 Present 2.738 2.737 2.538 2.537
Ref. [21] 2.741 2.740 2.539 2.538
04 Present 2.749 2.729 2.552 2.540
Ref. [21] 2.744 2.741 2.553 2.541
0.6 Present 2.808 2.687 2.617 2.541
Ref. [21] 2.758 2.742 2.615 2.544
0.8 Present 3.169 2.429 2.829 2.539
Ref. [21] 2.810 2.743 2.829 2.547
0.9 Present 4.777 1.210 3.104 2.535
Ref. [21] - - - -

free surface is comparatively smaller than the case of E;/Ey = 0. With increasing b/d, the
stress o, generally increases near y = —90; however, when b/d — 1, stress distribution near
¥ = —90 becomes complicated due to the effect of free surface, S. e.g., b/d = 0.9 in Fig. 4 (b).
Also, it is found that the maximum stress o, at iy = 0 is almost independent of b/d, although
the stress in the range < —30 varies largely, depending on b/d.

Table 7 shows the magnitude and position of the maximum stress in the matrix . As shown
in Table 7, the maximum stresses oy appear at iy = £90 in most cases. On the other hand, the
maximum stresses g, appear at y = 0. With increasing value of b/d, the maximum stresses
increases when E;/Ey = 0, 0.5. However, when b/d — 1, the maximum stresses sometimes
become smaller. Also maximum stress sometimes appears near |y = —70, instead y = —90.
When E;/Ey < 1, the maximum stress oy varies more than twice in the range b/d = 0 — 0.9.
On the other hand, when E;/Ey > 1, the variation of the maximum stress oy is only 8% at the
most. When E;/Ey > 1, the effect of the free surface is comparatively small because the
maximum stress appears at iy = 0.

Recently, in paper [28] by using inclusion models of MnS and Al,O; in the matrix it was
explained why the S-N curve for high-strength steels consists of two straight lines. The FEM
analysis indicated that in rotating-fatigue tests fracture is likely to occur from a surface origin
at high stress level and from an internal inclusion at low stress level. Figure 6 shows the stress
concentration due to a spheroidal inclusion in an infinite body under uniaxial and biaxial
tension. Also, Table 8 with Fig. 7 shows the maximum stress due to the inclusions in a semi-
infinite body under biaxial tension. In Figs. 6, 7 and Table 8 we assume the following data, [29]:
matrix of high strength steel: Ey; = 210 GPa, v=0.3; MnS : E; = 100 GPa, v; = 0.3; Al,O3 :
E; = 400 GPa, v; = 0.25; aspect ratio of the inclusion: a/b =1

As shown in Table 8, it is seen that the variation of the maximum stress is less than 7% in the
range b/d = 0 — 0.9. The effect of the free surface is not very large in this region under uniform
biaxial tension.
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Fig. 3a, b. Interface stress for a/b =1/2 (a) oy for E;/Ey < 1; (b) 6, for E;/Ey > 1

4

Conclusions

In this study, an ellipsoidal inclusion of revolution in a semi-infinite body under biaxial tension
is considered using the body-force method. The following conclusions can be made:

1) The problem is solved using the body-force method coupled with a singular integral
equations formulation. In order to satisfy the boundary conditions, the unknown functions
are approximated by a linear combination of fundamental density functions and polyno-
mials. The present method is found to yield rapidly converging numerical results and
smooth stress distribution along the boundary (s. Tables 1, 2).

2) Expressions for stresses and displacements ring forces acting in the r- and z-directions in a
semi-infinite body can be used as a fundamental solution for the body-force method and
boundary element method (s. Appendix).

3) For spheroidal inclusions of MnS and Al,Oj3 in high strength steel, the effect of free surface on
the stress concentration is found to be not very large (s. Table 8). For ellipsoidal cavities
(Er/Epm = 0), the present results coincide with those of [20] in most cases (s. Tables 4-6).

4) When E;/E)y < 1, the maximum stress is gy appearing at y = £90, which in most cases
varies more than twice in the range b/d = 0 — 0.9. On the other hand, when E;/Ey > 1, the
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Fig. 4a, b. Interface stress for a/b =1 a gy for E;/Ey < 1; b 0, for Ej/Ep>1

maximum stresses is ¢, appearing at iy = 0, which varies only 8% at the most. In the latter
case, the effect of the free surface is comparatively small (s. Table 7, Fig. 4).

Appendix

The fundamental stress and displacement fields are given by the following equations when ring
forces are acting in the r- and z-directions in a semi-infinite body:

Kir = 6t = 65 cos® Y + o&" sin® y + 2757 cos  sin ),

K2 = g% = 6™ cos®  + 65 sin® Y + 2¢%% cos Y sin ),

Ky =1 = (of — 0.") cos Y sinyy + 211 (cos*  — sin® ),

Ki =1 = (GFZ — O'fz) cosy sinyy + 277 (cos2 W — sin’ l,b) (A1)

z
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K5; = Ufr =4 [";(3 - 4")11,1 - {7;013,0 - (7’2 + ,02)13,1 + 7,013,2}
+ 72— (3— 4"){7',0]3,0 — (?’2 + 92)13,1 + TP]s,z} +22(J3,
6z(
7 {rplso — (©* + p*)]51 + 1‘)015,2}]
m

T4(1—v)(1—2v) [ _ (rcosg —p)(r — pcos o)
+A/0 Ro+z+0) |07 R4z )47

Kl =U"=A [—(z -0 (013,0 - 7’13,1) -—B3-4)(z—0 (P]s,o - 7’]3.,1)

"4(1—v)(1 —2v)(p —rcos o)
] _A/o Ry(Ry +z+() 49

+6r—§c (2 + 0 (pls0 = 1J51)

m

K:=UF=A4A {(Z - (7’13,0 — 913,1) + (3 —4v)(z— C)(”]s,o - P]a,l)

62¢ T4(1-v)(1-2
+é(z + ) ()50 — p]s,l)} - A/O 1(22(sz2|—(2+ C‘))) (r—pcos@)do,

(A2)



Table 7. Position and maximum stress in the matrix due to an ellipsoidal inclusion, comp. Fig. 1

a/b b/d E[/EMZO E[/EMZO.S E]/EMZZ EI/EM:OO
Y (deg.) o7 Y (deg.) o7 Y (deg.) O Y (deg.) O
1/2 0 +90 2.537 +90 1.449 0 1.208 0 1.533
1/3 -90 2.545 -90 1.450 -0.1 1.207 -0.1 1.532
1/2 -90 2.575 -90 1.454 -0.1 1.207 —0.1 1.529
2/3 -90 2.663 -90 1.468 0 1.206 0 1.524
0.8 -90 2.832 -90 1.508 0.4 1.205 0.7 1.518
0.9 =90 3.076 -90 1.549 1.0 1.204 1.2 1.511
1 0 +90 2.182 +90 1.384 0 1.275 0 1.775
1/3 -90 2.216 -90 1.388 0.1 1.274 0.2 1.770
1/2 =90 2.326 -90 1.404 0.3 1.274 0.7 1.761
2/3 =90 2.579 -90 1.448 0.6 1.273 1.3 1.752
0.8 -90 2.948 -90 1.468 0.8 1.268 1.7 1.732
0.9 =90 3.385 -90 1.405 0.8 1.261 1.9 1.716
2 0 +90 1.773 +90 1.279 0 1.392 0 2.288
1/3 -90 1.890 -90 1.296 0.3 1.390 0.2 2.259
1/2 -90 2.137 -90 1.335 0.5 1.387 0.4 2.227
2/3 -90 2.519 =90 1.349 0.7 1.380 0.5 2.184
0.8 -90 3.014 =70 1.318 0.9 1.373 0.8 2.151
0.9 -90 3.669 -90 1.387 1.0 1.369 1.0 2.134

KE:=UF =4 [@(3 — 4o+ (z— O)’Lo + r{8(1 - v)> — (3 — 4v) Hio

—(B3—{(B - ) (z+ 0’22} )50 + i—jg (z+ 05|, (A5)

m
Gfr =B [_(1 —2v)(pho +1l31 — 2pl3 )
3
+ = {PpLso — r(r* +2p°)Is1 + p (2 + p*) L5, — rp*I5 3}

— (1 =20){(3—4)plso — (5 — 4V)1T5, +2pJ5, )}

3

+ 2, (3 —a){rp’Jso — r(r* +20%)]Js1 4+ p (27 + p*)Js2 — 10°]55}
6 12

+r_§i{(1 —2v)(z+0) = {}(plso — 7J51) — ﬁzé (51 = pJ5.2)

30
by {Pplro —r(r* +20°)I71+p (217 + p*)]72 — T’p2]7,3}]

m

T4(1—v)(1—2v) 2
+B 5 |2p — 3rcos @ + pcos’p
0o Ry(Rp+2z+Y)

R
1253(1222%% (r—pcos@)’(rcos ¢ — p)} do, (A6)

3
05’ =B |:—(1 — 2V)(p1370 — 7’13’1) + TT(Z — C)Z (p15’0 — 7‘1571) + (1 — 2\)) (p]370 — 7’13‘1)

+ riz (3—4v)(z+ 0)? (P]s,o — 7’]5,1) - f—f{C +(1—=2v)(z+ C)}(,Dfs,o - 7‘]5,1)

m

30z(

4
T

(z+()? (P]7,0 — 7’]7,1) , (A7)
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Fig. 7. A spheroidal inclusion of MnS or Al,O; in the matrix of a high-strength steel

F 3
oy =B|(1 —=2v)(pho+ 13 — 2ph;,) + "y (,015,0 —rlsy — plsy + 1’15,3)

m

—(1— 2V){(5 —4v)pJzo — (3 —4v)151 — 2P]3,2}

3 6
+ =3 (3 —4v)p? (ﬂ]s,o —1Js1— plsa+ 7’]5,3) + %C (3,0]5,0 —1]s1 — 2P]5,2)

12 30
- % (z+ ) (pJs0 — 1J51)— apZZC(p]m —1J7a0 — plr2 + 1173)

T4(1 —v)(1—2v) )
+ B 5 |3p +1rcosp+2pcos” @
0 Rz(R2+Z+C)

3R2+Z+C 2 2
S L —p)(1- A
R%(R2+Z+C)p (rcoso p)( cos (p) do, (A8)

;=B {_(1 =) (z— ) + % (z— O {rplsg — (* + p*)Is1 + rplsy }

m

+(1=2v)(z—OJsa + riz (3—4v)(z+ O){rplso — (* + p*)Js1 +1pl52}

6 6
- é (1 —=2v){rpJso — (©* + p*)Js1 + 1pls2} — r—gmz (z+ 0I5
30
- rTZC (z+ C){Tph,o - ("2 + Pz)]m + TP]7,2} ) (A9)

m
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Table 8. Position and maximum stress due to a spheroidal inclusion of MnS or Al,O; in the matrix of a
high-strength steel, comp Fig. 7

b/d MnS A1203
Y (deg.) ) Y (deg.) oy

0 +90 1.408 0 1.217
0.1 -90 1.408 0 1.217
0.3 -90 1.412 0.1 1.217
0.4 -90 1.418 0.2 1.216
0.5 -90 1.431 0.3 1.216
0.8 -90 1.503 0.8 1.216
0.9 90 1.431 0.9 1.210

3
O'fZ—B|:(1—2V)( C)I30—r— z— {rISO—er151—|—p 152}

m

+ (1 —2v){3(z — )—4v(z+C)}]30——(3—4v z—0O{r’Js0 — 2rpJs1 + pJsp }

(e D = 2+ OV so= 2 (e + {0 = 2101 + 152}]
4(1—v)(1 —2v) 1 5
+B/0 Ro(Ry 42+ 0) [1 - {R(RZ—i—z—i—C) }(r pCos Q) }dcp, (A10)
oy = B[—(l —2v)(z =)Ly —%(z —O’Lo+ (1= 2v)(z— OJs0
+riz{(3 —4V)Z(Z+ C)Z_ (Z—I—C SZ— }]50—%%(24—4/) ]7():|7 (All)

ok — B [(1 —2v)(z — O)Ls — 3%2 (2= O(Is0 — Is2) + (1 = 20){3(z = {) = 4v(z + O }s0

— (3= 4= D)0 ~Js2) + - -+ Dz = 20(z-+ Do

30,0 2z(

: <z+c>(170—172)]

_ 3/0“4121(;2v1§1212;) [1 _ {M—ké}pz(l — cos? (p)]d(p, (A12)

3
=B [(1 —2v) (7’13,0 - P13,1) -y (z— ¢)? (7’15,0 - ,015,1)+(1 —2v) (7’]3,0 — P]3,1)

3 3
_r_z{(3 —)z(z+ ) — LBz 4+ )} (50 — pls1) — —ZC(Z—F 0)? (T7.0 — P]7,1)} , (A13)
where
n/2 m
Lym :/ L(pquo,
o (e —cos )
/2 cos™ @
nm — ——d s
I /0 (e — cos )"/ ¢
p

" 81G(1 — w3’



B=——+
4nG(1 — v)r

p

m

2 2
N ) ach o

2rp

2 2
N () aCaa s

2rp
Tm = \/21p,
R =1+ p* 4 (z+ {)*—2rpcos o.

Here, I, and J, ., (n =3, 5, 7, m =0, 1, 2, 3) can be expressed by using complete elliptic
integrals, [30, 31].
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