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Abstract. Maximum stress intensity factors of a surface crack usually appear at the deepest point of the crack, or a
certain point along crack front near the free surface depending on the aspect ratio of the crack. However, generally
it has been difficult to obtain smooth distributions of stress intensity factors along the crack front accurately due to
the effect of corner point singularity. It is known that the stress singularity at a corner point where the front of 3 D
cracks intersect free surface is depend on Poisson’s ratio and different from the one of ordinary crack. In this paper,
a singular integral equation method is applied to calculate the stress intensity factor along crack front of a 3-D
semi-elliptical surface crack in a semi-infinite body under mixed mode loading. The body force method is used to
formulate the problem as a system of singular integral equations with singularities of the form r−3 using the stress
field induced by a force doublet in a semi-infinite body as fundamental solution. In the numerical calculation,
unknown body force densities are approximated by using fundamental density functions and polynomials. The
results show that the present method yields smooth variations of mixed modes stress intensity factors along the
crack front accurately. Distributions of stress intensity factors are indicated in tables and figures with varying the
elliptical shape and Poisson’s ratio.

Key words: Body force method, elasticity, fundamental density, numerical analysis, semi-elliptical surface crack,
singular integral equation, stress intensity factor.

Nomenclature

a, b = radius of a semi-elliptical crack
β = parametric angle of ellipse from free surface
ν = poisson’s ratio
λs = corner point singular index for symmetric deformation
λA = corner point singular index for skew-symmetric deformation
FII(β), FIII(β) = dimensionless stress intensity factors
FIIE, FIIIE(β) = solution of an elliptical crack

1. Introduction

Surface crack solutions are widely used in applications of fracture mechanics to fatigue and
monotonic loadings. Semi-elliptical surface cracks lying perpendicular to the surface in Fig-
ure 1 have been used as a fundamental model for actual defects and cracks appearing at the
surface of structural components (Raju-Newman, 1979). As shown in Figure 2, maximum
stress intensity factors usually appear at the deepest point of the crack, or a certain point near
the free surface along crack front depending on the aspect ratio of the crack (Noda-Miyoshi,
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Figure 1. Problem of analysis (a, b = radius of semi-elliptical crack, β = parametric angle from free surface).

Figure 2. Results of FI = KI /σ∞
z

√
πb for a semi-elliptical crack when σ∞

z = 1, τ∞
zx = 0 and ν = 0.3 in

Figure 1.

1996). However, generally it has been difficult to obtain smooth distributions of stress intensity
factors along the crack front accurately due to the effect of corner point singularity.

In 3 D surface cracks the point where the front intersects free surface is known as a corner
point. Several researchers discussed that the stress singularity at this point is different from
the one of ordinary crack, that is, r−0.5 (Bazant, 1974; Bazant-Estenssoro, 1977; Benthem,
1979; Fujitani, 1980; Barsoum, 1988; Nakamura-Parks, 1988, 1989; Ghahremani-Shih,1992;
Pook, 1992, 1994; Dhondt, 1998). Also, Benthem (1977, 1980), Bazant-Estenssoro (1979),
Takakuda et al. (1985), and Ghahremani (1991) indicated that the corner point singularities are
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expressed as r−λs or r−λA . Then, the singular indexes vary in the range as 0.5 � λs � 0.332
for symmetric deformations, and as 0.5 � λA � 0.646 for skew-symmetric deformations,
depending on Poisson’s ratio in the range 0 � ν � 0.5. Murakami-Natsume (2000) also
clarified that the stress field of surface cracks is affected by the corner point singularity and
therefore the region size controlled by the form r−0.5 becomes smaller especially near the
surface and goes to zero at the corner point. Recent experimental observation shows that
fatigue threshold under mixed mode loading is different from the one under monotonic loading
(John et al., 1996, 1999; Campbell et al., 1999); and therefore, accurate distributions of stress
intensity factors for surface cracks under mixed mode loadings have been required for detail
experimental studies.

In our previous studies, the body force method is used to formulate three-dimensional
crack problems as a system of integral equations. In the numerical solutions, unknown body
force densities are approximated by using fundamental density functions and polynomials.
Then, the method is found to yield highly satisfied boundary conditions within the error
of 3 × 10−3 throughout the crack surface (Noda-Miyoshi, 1996; Noda et al., 1999). In this
paper, the method is applied to calculate the stress intensity factor along crack front of a 3-D
semi-elliptical surface crack under mixed mode loading as shown Figure 1. In previous stud-
ies Tohgo-Otsuka-Yuuki (1986), Otsuka-Togho-Yoshida (1988), He-Hutchinson (2000), and
Murakami-Natsume (2000) analyzed similar surface cracks under shear loading using finite
element methods. The present method is, however, efficient and useful for obtaining accurate
and smooth variations of mixed modes stress intensity factors even near free surfaces where
corner point singularities appears. Distributions of stress intensity factors will be indicated in
tables and figures with varying the elliptical shape and Poisson’s ratio.

2. Singular integral equation of the body force method

Consider a semi-infinite body subjected to stresses at infinity σ∞
z = 0, τ∞

zx = 1. A semi-
elliptical crack is assumed to be on the xy-plane as shown in Figure 1. Here, the zx-plane
is free from stress. The body force method is used to formulate the problem as a system
of singular integral equations, where unknowns are body force densities fyz(ξ, η), fzx(ξ, η)

distributed in a semi-infinite body. Here, (ξ, η, ζ ) is a (x, y, z) coordinate where the body force
is applied. Equations (1a) and (2b) enforce boundary conditions at the prospective boundary
S for crack; that is, τyz = 0, τzx = 0. Equation (1) includes singular terms in the from of 1/r3

1 ,
1/r5

1 corresponding to the ones of an elliptical crack in an infinite body. The notation
�==s

should be interpreted as a finite part integral in the region S. The notation K
fzx
yz (ξ, η, x, y, ψ)

refers to a function that satisfies the boundary condition for free surface.

1

8π(1 − ν)

[�
==s

{
2(1 − 2ν)

r3
1

+ 6ν(y − η)2

r5
1

}
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==s
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+
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fyz
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(1.a)
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(1.b)

r1 =
√

(x − ξ)2 + (y − η)2 + (z − ζ )2

S = {
(ξ, η)|(ξ/a)2 + (η/b)2 � 1, η � 0

}

 (1.c)

xa = x/a, yb = y/b,

Ux (xa, yb) = ux (xa, yb + 0) − ux (xa, yb − 0) = 2(1 − ν)

E
fzx (xa, yb)

Uy (xa, yb) = uy (xa, yb + 0) − uy (xa, yb − 0) = 2(1 − ν)

E
fyz (xa, yb)

Uz (xa, yb) = uz (xa, yb + 0) − uz (xa, yb − 0) = (1 + 2ν)(1 + ν)

E(1 − ν)
fzz (xa, yb) = 0




(1.d)

3. Numerical solutions

In the present analysis, the following expressions have been used to approximate the unknown
functions fyz(ξ, η), fzx(ξ, η) as continuous functions

fyz(ξ, η) = Fyz (ξa, ηb)wyz (ξa, ηb)

fzx(ξ, η) = Fzx (ξa, ηb)wzx (ξa, ηb)

wyz (ξa, ηb) = 2b(1 − ν)k2τ∞
yz0

C(k)

√
1 − ξ 2

a − η2
b, τ∞

yz0 = 1

wzx (ξa, ηb) = 2b(1 − ν)k2τ∞
zx0

B(k)

√
1 − ξ 2

a − η2
b, τ∞

zx0 = 1

B(k) = (
k2 − ν

)
E(k) + νk

′2K(k)

C(k) = (
k2 + νk

′2)E(k) − νk
′2K(k)

k′ = b/a � 1 k = √
1 − (b/a)2 ξa = ξ/aηb = η/b

K(k) =
∫ π/2

0

dλ√
1 − k2 sin2 λ

, E(k) =
∫ π/2

0

√
1 − k2 sin2 λdλ




(2)

Here, wyz (ξa, ηb), wzx (ξa, ηb) are called fundamental density functions, which express the
stress field due to an elliptical crack in an infinite body under the stresses τ∞

yz , τ∞
zx and lead

to solutions with high accuracy. In numerical calculations, we can put τ∞
yz = τ∞

zx = 1. Using
the expression (2), equation (1.a) is reduced to equation (3), where unknowns are Fyz (ξa, ηb),
Fzx (ξa, ηb), which are called weight functions.
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(3)

Since the problem is skew-symmetric with respect to y axis, the expression (4) can be applied
to approximate unknown functions Fyz (ξa, ηb), Fzx (ξa, ηb).
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(4)

Using the approximation method mentioned above, we obtain the following system of algeb-
raic equations for the determination of Fyz (ξa, ηb), Fzx (ξa, ηb). The unknown coefficients
β0 ∼ βl , γ0 ∼ γl [n = 1, 2, . . . 1, 1 = (1/2)(n + 1)(n + 2)] are then determined from
Equation (5) by selecting a set of collocation points.
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(5.a)
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As examples, A
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fzx

yz,i, B
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yz,i are indicated in Equation (5b).
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(5.b)

In Equation (5b) B
fyz

yz,i, B
fzx

yz,i can be evaluated easily because of no singularity. However, A
fyz

yz,i,

A
fzx

yz,i have singularities when the point (x, y) coincides with (ξ, η). In this case the integration
can be evaluated in a similar way shown in the previous paper (Noda and Miyoshi, 1996).

4. Results and discussion

4.1. CONVERGENCE OF THE RESULTS

Numerical calculations have been carried out with varying n in equation (4) when b/a = 1.0,
0.75, 2/3, 0.5, 0.25 with Poisson’s ratio ν = 0, 0.3, 0.45, 0.5. Numerical integrals (3) and
(5) have been evaluated using scientific subroutine library using double-exponential-function-
type formula (FACOM SSL II DAQE etc.). In demonstrating the numerical results of stress
intensity factors of mode II and mode III the following dimensionless factors will be used. The
solution of an elliptical crack, FIIE(β) and FIIIE(β) in equation (6b), is used for comparison
(Kassir-Sih, 1966).
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4

Fyz = Fyz (ξa, ηb) |ξa=cos β,ηb=sin β

Fzx = Fzx (ξa, ηb) |ξa=cos β,ηb=sin β




(6.a)
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(
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B(k)

)
k2(

1 − k2 cos2 β
) 1

4

FIIIE(β) =
(

sin β

B(k)
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) 1

4




(6.b)

Figures 3 and 4 indicates the compliance of the boundary conditions along the prospective
crack surface when b/a = 1.0 and Poisson’s ratio ν = 0.3 with varying n in equation (4). With
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Figure 3. Compliance of boundary condition for τyz � 0 when b/a = 1.0, and ν = 0.3 in Figure 1 when
(a) n = 5, (b) n = 10, (c) n = 15.

increasing n the remaining stresses τyz and τzx becomes small and less than 1.5 × 10−3 when
n = 15. Figure 5 also indicates the compliance of the boundary conditions when b/a = 1.0
and n = 20 with varying r Poisson’s ratio ν. With increasing the value of Poisson’s ratio,
the remaining stress becomes larger due to the strong effect of the corner point singularity.
However, the stresses are still less than 2 × 10−3 even in the worst case ν = 0.5 where the
corner point singular indexes are λs = 0.332 and λA = 0.646, which are much different from
the ones of ordinary cracks, λ = 0.5.

Table 1 shows the convergence of the present analysis for the worst case of Poisson’s ratio
ν = 0.5. As shown in Table 1, the results have good convergence to about fourth digit even in
the case ν = 0.5.

4.2. RESULTS OF A SEMICIRCULAR CRACK UNDER SHEAR

Table 2 and Figure 6 indicate the results of a semicircular crack for different poisson’s ratio in
comparison with the results of a penny-shaped crack in an infinite body under shear. As shown
in these Table and Figure, FII values are not very different except for the cases β � 1, but FIII

values are much different when β � 30 due to the effect of the corner point singularity. With
increasing the value of Poisson’s ratio, the difference becomes larger due to the strong effect of
the corner point singularity because singular index λA changes from 0.5 to 0.646 as poisson’s
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Figure 4. Compliance of boundary condition for τzx � 0 when b/a = 1.0, and ν = 0.3 in Figure 1 when
(a) n = 5, (b) n = 10, (c) n = 15.

ratio changes from 0 to 0.5. As shown in Figure 7 the present results and He-Hutchinson’s
FEM results are in very good agreement when ν = 0.

4.3. RESULTS OF A SEMI-ELLIPTICAL CRACK UNDER SHEAR

Tables 3 and 4 indicate the results of semi-elliptical crack under shear for several elliptical
ratio b/a when ν = 0, 0.3. When ν = 0.3 the results are plotted in Figure 8. In this case also
the solution of an elliptical crack embedded in an infinite body under shear may be used for
approximation except near the surface. As shown in Figure 7(b) the mode III stress intensity
factor KIII does not go to zero smoothly as β → 0 when ν �= 0 although KIII value should
be zero at β = 0 (Murakami-Natsume, 2000). In Figure 9, for ν = 0.3 present results and
He-Hutchinson’s FEM results are also in very good agreement except for FII in the case of
β � 10.

4.4. RESULTS OF A SEMI-ELLIPTICAL CRACK UNDER TENSION

In the previous paper (Noda-Miyoshi, 1996), a semi-elliptical crack under tension (see Fig-
ure 1 with σ∞

z = 1, τ∞
zx = 0) has been already treated. However, in order to demonstrate

solutions under mixed mode loading, the tensile results are indicated again for the same
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Figure 5. Compliance of boundary condition τyz � 0 when b/a = 1.0, n = 20 in Figure 1 when (a) ν = 0,
(b) ν = 0.3 (c) ν = 0.5.

aspect ratio and poisson’s ratio shown in Tables 2–4. In demonstrating the mode I results
the following dimensionless factors will be used.

FI(β) = KI(β)

σ∞
z

√
πb

(7.a)

FIE(β) =
(

1

E(k)

)(
sin2 β +

(
b

a

)2

cos2 β

)1/4

(7.b)

Table 5 and Figure 10 indicate the results of a semicircular crack for different poisson’s
ratio in comparison with the results of a penny-shaped crack in an infinite body under tension.
As shown in these Table and Figure, FI value decreases rapidly and goes to zero as β → 0.
With increasing the value of Poisson’s ratio ν from 0 to 0.5, the decrease of FI becomes more
rapidly because singular index λs changes from 0.5 to 0.332. Tables 6 and 7 indicate the results
of a semi-elliptical crack under tension for the same b/a in Table 3, 4.
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Figure 6. Results of a semicircular crack b/a = 1.0 when ν = 0.0, 0.3, 0.45, 0.5 in Figure 1. (a) FII(β) (b) FIII(β).

Figure 7. Results of a semicircular crack b/a = 1.0 when ν = 0.0 in Figure 1.
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Figure 8. Results of a semi-elliptical crack when ν = 0. 0 and b/a = 1.0, 0.75, 2/3, 0.5, 0.25 in Figure 1.
(a) FII(β) (b) FIII(β).

Figure 9. Results of a semi-elliptical crack when ν = 0.3 and a/b = 1.0, 1.5, 2.0 in Figure 1. (a) FII(β)

(b) FIII(β).
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Figure 10. Results of FI = KI/σ
∞
z

√
πb for a semicircular crack b/a = 1.0 when σ∞

z = 1, τ∞
zx = 0 in Figure 1.

Figure 11. Surface crack aligned obtusely to the remote tensile field.

4.5. RESULTS OF A SEMI-ELLIPTICAL CRACK ALIGNED OBTUSELY TO THE REMOTE

TENSILE FIELD

As an example, the results of a semicircular crack aligned obtusely to the remote tensile field
in Figure 11 are indicated in Figure 12. Similar results for different aspect ratio b/a and
different Poisson’s ratio can be obtained from Tables 2–7.

5. Conclusion

In this paper, a singular integral equation method is applied to calculate the stress intensity
factor along crack front of a 3-D semi-elliptical surface crack in a semi-infinite body under
mixed mode loading as shown in Figure 1. The body force method is used to formulate the
problem as a system of singular integral equations with singularities of the form r−3 using the
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Figure 12. Results of a semicircular crack b/a = 1.0 in Figure 10 (a) FI = KI/σ
∞
z

√
πb (b) FII = KII/τ

∞
zx

√
πb

(c) FIII = KIII/τ
∞
zx

√
πb.
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stress field induced by a force doublet in a semi-infinite body as the fundamental solution. The
conclusions can be made as follows.

(1) In the numerical calculation, unknown body force densities are approximated by using
fundamental density functions and polynomials. The results show that the present method
yields highly satisfied boundary conditions throughout the crack boundary.

(2) The present results have good convergence to about fourth digit even when Poisson’s
ratio ν = 0.5 where the corner point singular indexes are λs = 0.332, λA = 0.646, which are
very different from the one of ordinary cracks, λ = 0.5.

(3) Distributions of stress intensity factors are indicated in tables and figures with varying
the elliptical shape and Poisson’s ratio for shear, tension, and mixed mode loadings.

(4) The distributions of stress intensity factors of a semi-elliptical crack under shear are
very close to the ones of an elliptical crack when ν = 0. However, the deference becomes
larger as Poisson’s ratio ν becomes large especially near the free surfaces due to the effect of
the corner point singularity.

(5) The mode III stress intensity factor KIII does not go to zero smoothly as β → 0 when
ν �= 0. The present results and He-Hutchinson’s FEM results are in very good agreement
when ν = 0. For ν = 0.3 present results and He-Hutchinson’s FEM results are also in very
good agreement except for FII in the case of β � 10.
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