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Abstract

Maximum stress intensity factors of a surface crack usually appear at the deepest point of the crack, or a certain point along the crack front

near the free surface depending on the aspect ratio of the crack. However, generally it has been difficult to obtain smooth distributions of

stress intensity factors along the crack front accurately due to the effect of a corner point singularity. It is known that the stress singularity at a

corner point where the front of a three-dimensional (3D) crack intersects a free surface depends on Poisson’s ratio and is different from the

ordinary crack singularity. In this paper, a singular integral equation method is applied to calculate the stress intensity factor along the crack

front of a 3D semi-elliptical surface crack in a semi-infinite body under mode I, II, III loading. The body force method is used to formulate the

problem as a system of singular integral equations with singularities of the form r23 using the stress field induced by a force doublet in a

semi-infinite body as a fundamental solution. In the numerical calculation, unknown body force densities are approximated by using

fundamental density functions and polynomials. The results show that the present method yields smooth variations of mode I, II, III stress

intensity factors along the crack front accurately. Distributions of stress intensity factors are indicated in tables and figures as functions of the

elliptical shape and Poisson’s ratio.
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1. Introduction

Semi-elliptical surface cracks lying perpendicular to the

surface in Fig. 1 have been used as a fundamental model for

actual defects. Here, an elliptical crack is also considered as

an internal defect to clarify the effect of free surface. In

three-dimensional (3D) surface cracks the point where the

crack front intersects a free surface is known as a corner

point. Several researchers discussed that the stress singu-

larity at this point is different from that of an ordinary crack,

that is, r20:5: With r as the distance from the corner point,

the singular stresses associated with the symmetric field

(mode I) become unbounded as r diminishes according to

s/ r2lS while the stresses in the anti-symmetric fields

(modes II and III) satisfy s/ r2lA (see Fig. 2). Fig. 3 and

Tables 1a and 1b indicate the values of the corner point

singularities lS and lA; respectively [1–8]. Then, the

singular indices vary in the range 0:5 $ lS $ 0:332 for

symmetric deformations, and in the range 0:5 # lA #

0:646 for skew-symmetric deformations, depending on

Poisson’s ratio in the range 0 # n # 0:5: Generally, it has

been difficult to obtain smooth distributions of stress

intensity factors along the crack front accurately because

of the effect of the corner point singularity.

In our previous studies, the body force method was used

to formulate 3D crack problems as a system of integral

equations. In the numerical solutions, unknown body force

densities were approximated by using fundamental density

functions and polynomials. Then, the method was found to

yield highly satisfied boundary conditions [9,10]. In this

paper, the method is applied to calculate the stress intensity

factor along the crack front of a 3D semi-elliptical surface

crack under the three types of loading shown in Fig. 1. The

present method is efficient and useful for obtaining accurate

and smooth variations of mode I, II, III stress intensity

factors even very close to the free surfaces where the effect

of the corner point singularities appears. Distributions of

stress intensity factors will be indicated in tables and

figures for varying elliptical shape and Poisson’s ratio.
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Furthermore, the present results will be compared with the

solution of an elliptical crack in Fig. 1(d), which has been

used as a fundamental model for an internal defect.

2. Analysis method

Consider a semi-infinite body with a crack subjected to

shear loading in the y-direction at infinity as shown in

Fig. 1(c). Then, the method of analysis will be explained.

A semi-elliptical crack is on the xy-plane, and the free

surface is the zx-plane. The body force method is used to

formulate the problem as a system of singular integral

equations, where unknowns are body force densities

fzzðj;hÞ; fyzðj;hÞ; fzxðj;hÞ distributed in a semi-infinite

body. Here, ðj;h; zÞ is a ðx; y; zÞ coordinate where the body

force is applied. Eqs. (1a) and (1b) enforce boundary

conditions at the prospective boundary S for the crack.

Fig. 1. Models considered and an elliptical crack. (a) A semi-elliptical crack under tension in the z-direction. (b) A semi-elliptical crack under shear loading in

the x-direction. (c) A semi-elliptical crack under shear loading in the y-direction. (d) An elliptical crack under tension or shear loading in the x- or y-direction.
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Here, Eqs. (1a)–(1d) include singular terms in the form 1=r3
1 ;

1=r5
1 corresponding to those of an elliptical crack in

an infinite body. The notation should be interpreted as

a finite part integral in the region S: The notation

K
fyz
yz ðj;h; x; yÞ refers to a function that satisfies the boundary

condition for a free surface
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In the present analysis, the following expressions have been

used to approximate the unknown functions fzzðj;hÞ;

Fig. 2. Stress singularity at the corner point.

Table 1b

Singular indices at the corner point, lA of mode II, III deformation

n Ref. [2] Ref. [3]

0 0.4999

0.15 0.5668 0.565

0.3 0.6073 0.598

0.4 0.6286 0.604

0.5 0.6462

Table 1a

Singular indices at the corner point, lS of mode I deformation

n Ref. [1] Ref. [2] Ref. [3] Ref. [4]

0 0.5 0.49997 0.5002

0.1 0.4904

0.15 0.4836 0.4835 0.484

0.2 0.4755

0.3 0.4523 0.4519 0.452 0.4523

0.4 0.4132 0.4141 0.413 0.4133

0.5 0.3318 0.3452 0.3316

Fig. 3. Singular indices at the corner point.
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fyzðj;hÞ; fzxðj;hÞ as continuous functions [9]:

fzzðj;hÞ ¼Fzzðja;hbÞwzzðja;hbÞ

fyzðj;hÞ ¼Fyzðja;hbÞwyzðja;hbÞ
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Here, wzzðja;hbÞ; wyzðja;hbÞ; wzxðja;hbÞ are called funda-

mental density functions, which express the stress field due

to an elliptical crack in an infinite body under stresses s1
z ;

t1yz; t
1
zx and lead to solutions with high accuracy. Using

expression (2), Eq. (1b) is reduced to Eq. (3) below, where

unknown functions Fzzðja;hbÞ; Fyzðja;hbÞ; Fzxðja;hbÞ are

called weight functions
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In the previous studies, the problems pzz¼p0; pzx¼p0 were

considered [9,10]. In this study, consider an elliptical crack

subjected to shear loading in the y-direction assuming

pyz¼p0ðy=bÞ; and also pyz¼p0 ðpzz¼pzx¼0Þ in order to

compare with the solution of an elliptical crack subjected to

uniform shear. Since Fig. 1(c) is symmetric with respect

to the y-axis, the expression (4) can be applied to approxi-

mate unknown functions Fzzðja;hbÞ; Fyzðja;hbÞ; Fzxðja;hbÞ:
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The unknown coefficients a0–al; b0–bl; g0–gl are

determined from the boundary conditions at suitably chosen

collocation points [9].

3. Numerical results and discussion

3.1. Convergence of the results and satisfaction of boundary

conditions

Numerical calculations have been carried out with

varying n in Eq. (4) when a=b ¼ 1:0; 1.333, 1.5, 2.0, 4.0

with Poisson’s ratio n ¼ 0; 0.3, 0.45, 0.5. Integrals in Eq. (3)

have been evaluated numerically by applying a scientific

subroutine library called the double-exponential-function-

type formula. In demonstrating the numerical results of

the stress intensity factors KI; KII; KIII the following
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dimensionless factors FI; FII; FIII will be used
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In addition, Murakami’s
ffiffiffiffiffiffi
area

p
parameter is also

applied when we consider the stress intensity factor at

b¼p=2 [12,13]. Here, ‘area’ is defined by Eq. (6)
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It should be noted that for slender cracks such as a=b#0:2 the

crack area should be estimated as area¼20b2 because the

maximum stress intensity factor is almost independent of

the real area of the crack. When Poission’s ratio n¼0:5; the

corner point singular indices are lS¼0:332 and lA¼0:646

most different from the ordinary case 0.5. Therefore in

Table 2, the convergence of the present results are shown

with varying n when Poisson’s ratio n¼0:5 in Fig. 1(c).

Table 2

Convergence of dimensionless stress intensity factors FIIðbÞ; FIIIðbÞ; when a=b ¼ 1:0; n ¼ 0:5 in Fig. 1(c)

bðdegÞ=n 1 2 3 4 5 6 7 8 9 10 15 20 25

FII 17 20.06602 20.04750 20.03541 20.02638 20.01860 20.01127 20.00413 0.00283 0.00957 0.01607 0.04794 0.08367 0.12320

18 20.06652 20.04804 20.03607 20.02704 20.01913 20.01161 20.00430 0.00275 0.00952 0.01601 0.04784 0.08363 0.12317

19 20.06645 20.04815 20.03631 20.02731 20.01935 20.01175 20.00438 0.00269 0.00945 0.01590 0.04781 0.08365 0.12324

20 20.06638 20.04835 20.03667 20.02768 20.01964 20.01194 20.00449 0.00262 0.00938 0.01583 0.04779 0.08367 0.12330

FIII 17 0.07369 0.07273 0.07507 0.07899 0.08340 0.08773 0.09177 0.09551 0.09907 0.10256 0.12025 0.13590 0.14912

18 0.07305 0.07239 0.07503 0.07915 0.08363 0.08795 0.09192 0.09560 0.09912 0.10260 0.12030 0.13586 0.14913

19 0.07361 0.07259 0.07516 0.07927 0.08375 0.08801 0.09192 0.09556 0.09906 0.10255 0.12033 0.13582 0.14917

20 0.07383 0.07278 0.07541 0.07956 0.08399 0.08819 0.09202 0.09560 0.09909 0.10259 0.12037 0.13579 0.14923

bðdegÞ=n 30 35 40 45 50 55 60 65 70 75 80 85 90

FII 17 0.16714 0.21432 0.26395 0.31457 0.36487 0.41345 0.45884 0.49987 0.53509 0.56375 0.58481 0.59759 0.60192

18 0.16713 0.21431 0.26396 0.31454 0.36485 0.41343 0.45887 0.49983 0.53511 0.56373 0.58480 0.59769 0.60199

19 0.16712 0.21432 0.26395 0.31453 0.36487 0.41340 0.45885 0.49980 0.53513 0.56372 0.58478 0.59766 0.60193

20 0.16711 0.21433 0.26392 0.31453 0.36486 0.41341 0.45882 0.49980 0.53512 0.56370 0.58479 0.59760 0.60189

FIII 17 0.15939 0.16597 0.16889 0.16757 0.16224 0.15278 0.13934 0.12227 0.10196 0.07896 0.05382 0.02727 0.00000

18 0.15935 0.16602 0.16887 0.16757 0.16223 0.15276 0.13935 0.12225 0.10197 0.07897 0.05382 0.02723 0.00000

19 0.15934 0.16603 0.16885 0.16763 0.16226 0.15276 0.13933 0.12225 0.10197 0.07896 0.05384 0.02725 0.00000

20 0.15934 0.16604 0.16884 0.16767 0.16229 0.15277 0.13932 0.12225 0.10197 0.07897 0.05383 0.02726 0.00000

Fig. 4. Compliance of boundary condition when a=b ¼ 1:0; n ¼ 20; n ¼ 0:5

in Fig. 1(c).
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As shown in Table 2, the results have good convergence to

about the fourth digit even in the case n¼0:5: Also, Fig. 4

indicates the compliance with the boundary conditions when

n¼0:5; a=b¼1:0; n¼20; and s1
z ¼s0¼1: The boundary

stresses tyz;which should be 0, are less than 3 £ 1023, and the

stresses tzx are less than 5 £ 1023 even in the worst case

n¼0:5; where the effect of the corner point singularity is

large.

3.2. Variations of stress intensity factors

Tables 3 and 4 indicate the results for a semi-elliptical

crack subjected to shear loading in the y-direction. The

results of a semi-elliptical crack subjected to tension or

shear loading in the x-direction are indicated in our previous

studies [9,10].

Table 3

Results of FIIðbÞ; FIIIðbÞ for a semi-elliptical crack when n ¼ 0:3 in Fig. 1(c)

bðdegÞ=ða=bÞ 1 2 3 4 5 6 7 8 9 10 15 20 25

FII 1.00 20.0737 20.0540 20.0405 20.0300 20.0207 20.0123 20.0043 0.0031 0.0100 0.0167 0.0490 0.0835 0.1207

1.333 20.0696 20.0512 20.0387 20.0289 20.0202 20.0119 20.0038 0.0041 0.0118 0.0193 0.0566 0.0970 0.1408

1.50 20.0666 20.0486 20.0365 20.0271 20.0187 20.0107 20.0027 0.0051 0.0129 0.0205 0.0591 0.1016 0.1475

2.00 20.0559 20.0398 20.0289 20.0204 20.0129 20.0055 0.0020 0.0096 0.0174 0.0252 0.0659 0.1117 0.1612

4.00 20.0344 20.0227 20.0140 20.0067 0.0001 0.0069 0.0141 0.0216 0.0294 0.0376 0.0806 0.1283 0.1797

FIII 1.00 0.0831 0.0887 0.0957 0.1025 0.1087 0.1142 0.1191 0.1238 0.1283 0.1329 0.1552 0.1744 0.1905

1.333 0.0747 0.0772 0.0822 0.0880 0.0937 0.0990 0.1038 0.1082 0.1124 0.1166 0.1368 0.1534 0.1669

1.50 0.0725 0.0735 0.0774 0.0823 0.0875 0.0923 0.0968 0.1010 0.1050 0.1090 0.1280 0.1436 0.1559

2.00 0.0619 0.0608 0.0630 0.0668 0.0711 0.0756 0.0798 0.0838 0.0876 0.0911 0.1069 0.1197 0.1291

4.00 0.0466 0.0423 0.0421 0.0435 0.0454 0.0476 0.0498 0.0519 0.0540 0.0559 0.0643 0.0706 0.0739

bðdegÞ=ða=bÞ 30 35 40 45 50 55 60 65 70 75 80 85 90

FII 1.00 0.1611 0.2042 0.2491 0.2947 0.3399 0.3835 0.4241 0.4607 0.4922 0.5176 0.5364 0.5479 0.5518

1.333 0.1878 0.2366 0.2863 0.3357 0.3834 0.4284 0.4695 0.5060 0.5370 0.5618 0.5798 0.5906 0.5942

1.50 0.1964 0.2470 0.2981 0.3485 0.3969 0.4424 0.4838 0.5204 0.5514 0.5762 0.5941 0.6051 0.6088

2.00 0.2134 0.2666 0.3201 0.3722 0.4218 0.4682 0.5104 0.5476 0.5790 0.6041 0.6220 0.6330 0.6371

4.00 0.2348 0.2894 0.3446 0.3983 0.4494 0.4969 0.5403 0.5787 0.6112 0.6372 0.6559 0.6672 0.6707

FIII 1.00 0.2024 0.2102 0.2132 0.2112 0.2040 0.1919 0.1748 0.1532 0.1277 0.0988 0.0673 0.0342 0.00000

1.333 0.1762 0.1814 0.1821 0.1786 0.1708 0.1591 0.1436 0.1249 0.1034 0.0796 0.0541 0.0273 0.00000

1.50 0.1641 0.1684 0.1684 0.1645 0.1568 0.1456 0.1311 0.1138 0.0941 0.0723 0.0491 0.0248 0.00000

2.00 0.1348 0.1370 0.1360 0.1319 0.1248 0.1153 0.1034 0.0894 0.0737 0.0565 0.0383 0.0194 0.00000

4.00 0.0766 0.0768 0.0757 0.0731 0.0686 0.0630 0.0563 0.0486 0.0399 0.0304 0.0206 0.0104 0.00000

Table 4

Results of FIIðbÞ; FIIIðbÞ for a semi-elliptical crack when a=b ¼ 1:0 in Fig. 1(c)

bðdegÞ=n 0 1 2 3 4 5 6 7 8 9 10 15 20 25

FII 0.0 20.1092 20.0755 20.0544 20.0401 20.0291 20.0197 20.0112 20.0032 0.0043 0.0113 0.0180 0.0499 0.0822 0.1162

0.30 – 20.0737 20.0540 20.0405 20.0300 20.0207 20.0123 20.0043 0.0031 0.0100 0.0167 0.0490 0.0835 0.1207

0.45 – 20.0681 20.0496 20.0374 20.0281 20.0199 20.0121 20.0046 0.0026 0.0094 0.0158 0.0482 0.0837 0.1226

0.50 – 20.0664 20.0484 20.0367 20.0277 20.0196 20.0119 20.0045 0.0026 0.0094 0.0158 0.0478 0.0837 0.1233

FIII 0.0 0.0680 0.0882 0.1050 0.1186 0.1294 0.1382 0.1457 0.1524 0.1587 0.1648 0.1708 0.1982 0.2214 0.2403

0.30 – 0.0831 0.0887 0.0957 0.1025 0.1087 0.1142 0.1191 0.1238 0.1283 0.1329 0.1552 0.1744 0.1905

0.45 – 0.0773 0.0776 0.0812 0.0860 0.0908 0.0953 0.0994 0.1033 0.1070 0.1108 0.1297 0.1461 0.1603

0.50 – 0.0738 0.0728 0.0754 0.0796 0.0840 0.0882 0.0920 0.0956 0.0991 0.1026 0.1204 0.1358 0.1492

bðdegÞ=n 30 35 40 45 50 55 60 65 70 75 80 85 90

FII 0.0 0.1526 0.1909 0.2304 0.2703 0.3097 0.3475 0.3826 0.4143 0.4414 0.4634 0.4796 0.4895 0.4929

0.30 0.1671 0.2042 0.2491 0.2947 0.3399 0.3835 0.4241 0.4607 0.4922 0.5176 0.5364 0.5479 0.5518

0.45 0.1656 0.2117 0.2600 0.3093 0.3582 0.4054 0.4495 0.4893 0.5235 0.5513 0.5717 0.5841 0.5882

0.50 0.2134 0.2143 0.2639 0.3145 0.3649 0.4134 0.4588 0.4998 0.5351 0.5637 0.5848 0.5976 0.6019

FIII 0.0 0.2542 0.2629 0.2658 0.2627 0.2532 0.2377 0.2163 0.1894 0.1577 0.1220 0.0832 0.0422 0.00000

0.30 0.2024 0.2102 0.2132 0.2112 0.2040 0.1919 0.1748 0.1532 0.1277 0.0988 0.0674 0.0342 0.00000

0.45 0.1709 0.1779 0.1808 0.1794 0.1736 0.1633 0.1489 0.1307 0.1090 0.0844 0.0575 0.0291 0.00000

0.50 0.1593 0.1660 0.1688 0.1677 0.1623 0.1528 0.1393 0.1223 0.1020 0.0790 0.0538 0.0273 0.00000
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Figs. 5 and 6 indicate the results for a semi-elliptical

crack under tension as shown in Fig. 1(a) for different

Poisson’s ratio and several elliptical ratios a=b in compari-

son with the results of an elliptical crack. In Fig. 5, KI values

of a semicircular crack at b ¼ 908 are 8–10% larger than

the values of a circular crack. The peak values of KI

appearing at b ¼ 3–58 are 17–20% larger than the values of

a circular crack. The KI values at b ¼ 08 should be zero

except for the case of n ¼ 0 because lS is less than 0.5. In

Fig. 6, when a=b $ 1:5; KI has a maximum value at b ¼ 908:

With increasing a=b as a=b ¼ 1 !1; KI values at b ¼ 908

are 3–12% larger than the values of an elliptical crack.

Figs. 7 and 8 indicate the results of a semi-elliptical crack

under shear in the x-direction for different Poisson’s ratio

and several elliptical ratios a=b in comparison with the

results of an elliptical crack. In this case, with increasing a=b

as a=b ¼ 1 !1; FIII values at b ¼ 908 are 3–0% larger

than the values of an elliptical crack. As b! 08; KII !1

because lA is larger than 0.5. As b! 08; KIII values should

go to zero because tyz ¼ 0 at the free surface. However, KIII

values do not go to zero smoothly as b! 08 probably

because of the effect of the corner point singularity

lA $ 0:5: The value of Poisson’s ratio n has a large effect

on KIII values near the free surface.

Fig. 5. Results for a semicircular crack a=b ¼ 1:0 when n ¼ 0:0; 0.3, 0.45,

0.5 in Fig. 1(a).

Fig. 6. Results for a semi-elliptical crack when n ¼ 0:3 and a=b ¼ 1:0;

1.333, 1.5, 2.0, 4.0 in Fig. 1(a).

Fig. 7. Results for a semi-circular crack a=b ¼ 1:0 when n ¼ 0:0; 0.3, 0.45,

0.5 in Fig. 1(b) [(a) FIIðbÞ; (b) FIIIðbÞ].

Fig. 8. Results for a semi-elliptical crack when n ¼ 0:3 and a=b ¼ 1:0;

1.333, 1.5, 2.0, 4.0 in Fig. 1(b) [(a) FIIðbÞ; (b) FIIIðbÞ].
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Figs. 9 and 10 indicate the results of a semi-elliptical

crack under shear in the y-direction for different Poisson’s

ratio and several elliptical ratio a=b in comparison with the

results of an elliptical crack under pyz ¼ p0: In the case of a

semi-elliptical crack under pyz ¼ p1ðy=bÞ; the KII and KIII

values are comparatively small because pyz ! 0 as b! 08:

In particular, because tyz ¼ 0 at y ¼ 0; KIII values are very

different from the values of an elliptical crack.

3.3. Stress intensity factors at b ¼ 908

Tables 5a–5c indicate the results for stress intensity

factors at b ¼ 908 for an elliptical crack, a semi-elliptical

crack, and a rectangular crack [12,13]. As shown in

Fig. 9. Results for a semi-circular crack a=b ¼ 1:0 when n ¼ 0:0; 0.3, 0.45,

0.5 in Fig. 1(c) [(a) FIIðbÞ; (b) FIIIðbÞ].

Fig. 10. Results for a semi-elliptical crack when n ¼ 0:3 and a=b ¼ 1:0;

1.333, 1.5, 2.0, 4.0 in Fig. 1(c) [(a) FIIðbÞ; (b) FIIIðbÞ] (Results for a/b ! 1

are indicated in [11]).

Table 5a

Results of KI for an elliptical crack, a semi-elliptical crack, and a

rectangular crack at A ðn ¼ 0:3Þ

b=a

pzz ¼ p0;

pyz ¼ pzx ¼ 0

pzz ¼ p0;

pyz ¼ pzx ¼ 0

pzz ¼ p0;

pyz ¼ pzx ¼ 0

KIA

pzz

ffiffiffiffi
pb

p 1 0.6366 0.753 0.6585

0.75 0.7239 – 0.7598

2/3 0.7563 – 0.7983

0.5 0.8257 0.906 0.8835

0.25 0.9326 0.976 1.0234

! 0 1 1 1.1215

KIA

pzz

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

pp 1 0.4781 0.533 0.5882

0.75 0.5060 – 0.6315

2/3 0.5133 – 0.6444

0.5 0.5215 0.539 0.6636

0.25 0.4953 0.489 0.6463

! 0 0.4728 0.472 0.6306

Table 5b

Results of KII for an elliptical crack, a semi-elliptical crack, and a

rectangular crack at A ðn ¼ 0:3Þ

b=a

pzx ¼ p0;

pzz ¼ pyz ¼ 0

pzx ¼ p0;

pzz ¼ pyz ¼ 0

pzx ¼ p0;

pzz ¼ pyz ¼ 0

KIIIA

pzx

ffiffiffiffi
pb

p 1 0.5243 0.654 0.5370

0.75 0.6194 – 0.6348

2/3 0.6571 – 0.6730

0.5 0.7429 0.840 0.7566

0.25 0.8915 0.953 0.8910

! 0 1 1 1

KIIIA

pzx

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

pp 1 0.3938 0.462 0.4796

0.75 0.4329 – 0.5276

2/3 0.4460 – 0.5432

0.5 0.4692 0.499 0.5683

0.25 0.4734 0.476 0.5627

! 0 0.4728 0.473 0.5623
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Tables 5a–5c, the normalized results by the root area

parameter of an elliptical crack and rectangular crack are

in good agreement independent of b=a. Therefore it

may be concluded that the stress intensity factor at

b ¼908 can be expressed as shown in Eq. (7) in the

range b=a # 1:

1:Under tension

Inside crack :Fp
I ¼KI=p0

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

p
q

¼ 0:50 ð0, a=b,1Þ

Surface crack :Fp
I ¼KI=p0

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

p
q

¼ 0:65 ða=b. 1Þ

2:Under shear in the x-direction

Inside crack :Fp
III ¼KIII=p0

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

p
q

¼ 0:45 ða=b. 1Þ

Surface crack :Fp
III ¼KIII=p0

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

p
q

¼ 0:54 ða=b. 1Þ

3:Under shear in the y-direction

Inside crack :Fp
II ¼KII=p0

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

p
q

¼ 0:54 ða=b. 1Þ

Surface crack :Fp
II ¼KII=p1

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

p
q

¼ 0:46 ða=b. 1Þ

9>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>;
ð7Þ

Eq. (7) are useful for evaluating the stress intensity

factors of cracks with various shapes [14,15].

4. Conclusion

In this paper, a singular integral equation method is

applied to calculate the stress intensity factor along the

crack front of a 3D semi-elliptical surface crack in a semi-

infinite body under tension in the z-direction and shear in the

x- and y-directions as shown in Fig. 1. The body force

method is used to formulate the problem as a system of

singular integral equations with singularities of the form r23

using the stress field induced by a force doublet in a semi-

infinite body as the fundamental solution. The conclusions

are as follows.

(1) For the tension problem as shown in Fig. 1(a), the

mode I stress intensity factor KI of a semicircular

crack has a maximum value at b ¼ 3–58 if

Poisson’s ratio n – 0: For semi-elliptical cracks in

the range a=b $ 1:333; the maximum KI appears at

b ¼ 908: The value of KI always goes to zero at

b ¼ 08 because the singular index lS at the corner

point is less than 0.5 if Poisson’s ratio n – 0 (see

Figs. 5 and 6).

(2) For the shear problem as shown in Fig. 1(b),

the mode III stress intensity factors KIII of a

semi-elliptical crack near the free surface are

strongly affected by the corner point singularity if

n – 0: The distributions of stress intensity factors

become large especially near the free surface due to

the effect of the corner point singularity. As b! 08;

KIII values should go to zero because tyz ¼ 0 at the

free surface (see Figs. 7 and 8). However, the KIII

values do not go to zero smoothly as b! 08 even

if n – 0:

(3) For the shear problem as shown in Fig. 1(c), since

tyz ¼ 0 at y ¼ 0; KIII values are very different from

the values of an elliptical crack (see Fig. 9). In the

case of a semi-elliptical crack under pyz ¼ p1ðy=bÞ;

the KII and KIII values are comparatively small

because pyz ! 0 at b! 08 (see Figs. 9 and 10).

(4) Eq. (7) is useful for evaluating the stress intensity

factors of a surface crack with arbitrary shape at the

deepest point by using the
ffiffiffiffiffiffi
area

p
parameter.

Table 5c

Results of KIII for an elliptical crack, a semi-elliptical crack, and a rectangular crack at A ðn ¼ 0:3Þ

b=a

pyz ¼ p0; pzx ¼ pzz ¼ 0 pyz ¼ p0; pzx ¼ pzz ¼ 0 pyz ¼ p0; pzx ¼ pzz ¼ 0 pyz ¼ p1ðy=bÞ; pzx ¼ pzz ¼ 0

KIIA

pyz

ffiffiffiffi
pb

p 1 0.7490 0.841 0.8572 0.5517

0.75 0.8202 – – 0.5942

2/3 0.8457 – – 0.6088

0.5 0.8956 0.955 – 0.6370

0.25 0.9636 0.991 – 0.6706

! 0 1 1 1.1215* 0.6829*

KIIA

pyz

ffiffiffiffiffiffiffiffiffiffi
p

ffiffiffiffiffiffi
area

pp 1 0.5625 0.594 0.7656 0.4928

0.75 0.5733 – – 0.4939

2/3 0.5740 – – 0.4914

0.5 0.5656 0.567 – 0.4785

0.25 0.5117 0.495 – 0.4236

! 0 0.4728 0.473 0.6306 0.3840
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