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Abstract

In this paper the stress intensity factors are discussed for an inclined elliptical crack near a bimaterial interface. The
solution utilizes the body force method and requires Green’s functions for perfectly bonded semi-infinite bodies. The for-
mulation leads to a system of hypersingular integral equation whose unknowns are three modes of crack opening displace-
ments. In the numerical calculation, unknown body force densities are approximated by using fundamental density
functions and polynomials. The results show that the present method yields smooth variations of stress intensity factors
along the crack front accurately. Distributions of stress intensity factors are presented in tables and figures with varying the
shape of crack, distance from the interface, and elastic modulus ratio. It is found that the inclined crack can be evaluated
by the models of vertical and parallel cracks within the error of 24% even for the cracks very close to the interface.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The structural strength of composite materials is controlled to a considerable extent by the size, shape, ori-
entation, and distribution of the flaws and imperfections, which exist in the material. With increasing use of
composite materials in engineering structure, much attention has been paid to the strength of interface.
Although a lot of researches have been made in terms of fracture mechanics approach regarding interface,
most of them generally involve two-dimensional modeling [1–3]. Little work has been carried out on the
three-dimensional model aspect of crack problems except those of specially shaped cracks [4–10]. This is
mainly due to the extreme difficulties of solving such problems in terms of mathematics and mechanics, or
to the substantial computation required in the numerical analyses.

Considering such a situation, the authors previously analyzed an elliptical crack parallel to an interface
using the body force method coupled with hypersingular integral equation formulation. Then, the stress inten-
sity factors were calculated with varying the elastic modulus ratio and geometrical parameters systematically
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Nomenclature

a major radius of an elliptical crack [(x/a)2 + (y/b)2 = 1]
b minor radius of an elliptical crack [(x/a)2 + (y/b)2 = 1]
h distance between crack and interface
u inclination angle of crack (see Fig. 1)
b parametric angle of ellipse [x = acosb, y = bsinb, b = tan�1((ay)/(bx))]
(x,y,z) rectangular coordinate
(n,g,f) rectangular coordinate (x,y,z) where the body force is applied
E1, E2 elastic modulus for space 1 and space 2
l1, l2 shear modulus for space 1 and space 2
m1, m2 Poisson’s ratio for space 1 and space 2
wzz(na,gb), wyz(na,gb), wzx(na,gb) fundamental body force densities to express the stress fields due to an

elliptical crack in an infinite body under uniform tension and shears r1z ; s
1
yz ; s

1
zx

fzz(n,g), fyz(n,g), fzx(n,g) unknown body force densities
(ux,uy,uz) displacement in (x,y,z) direction
Ux(x,y) crack opening displacement = ux(x,y, + 0) � ux(x,y, � 0)
Uy(x,y) crack opening displacement = uy(x,y, + 0) � uy(x,y, � 0)
Uz(x,y) crack opening displacement = uz(x,y, + 0) � uz(x,y, � 0)
KI, KII, KIII stress intensity factors
FI, FII, FIII dimensionless stress intensity factors normalized by r

ffiffiffiffiffiffi
pb
p

F �I dimensionless stress intensity factors normalized by r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
ffiffiffiffiffiffiffiffiffi
area
pp

area pab. However, if b/a 6 0.2, area = 20b2

F̂ IA stress intensity factor at A of an inclined crack defined by Eq. (8)

F 0
IA stress intensity factor at A of a projected crack, u = 0�

F 0
IA stress intensity factor at A of a projected crack, u = 90�
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[11]. Also, they analyzed a rectangular crack terminating a bimaterial interface, and proposed stress intensity
formulas [12–14]. However, since actual cracks or defects are usually inclined to an interface, errors should be
estimated when the crack is approximated as parallel or vertical cracks. In this study, first, the stress intensity
factor will be considered for an elliptical crack vertical to an interface. Second, an inclined elliptical crack near
in interface as shown in Fig. 1 will be analyzed. Third, the results for inclined crack and the ones for the par-
allel and vertical cracks will be compared when the projected area of the inclined crack is equal to the area of
the parallel and vertical cracks.

In the previous studies using the body force method, Noguchi et al. [15] and Oda et al. [16] treated an ellip-
tical crack near a free surface, but the this paper deals with more general case of the crack near an interface
with varying the elastic modulus ratio. Lee et al. [7] analyzed the crack on the interface (h = 0 in Fig. 1) and
the vertical crack near the interface (h 5 0 and u = 0 in Fig. 1), but this paper treat the case of h 5 0 and
u = 0 in Fig. 1.

In the present analysis, the problems will be expressed as a system of hypersingular integral equations on
the idea of the body force method. Then, the unknown body force densities will be approximated as the prod-
ucts of fundamental densities and polynomials. The present solution yields accurate and smooth distributions
of mixed mode stress intensity factors, which is usually difficult to be obtained by using other analyses [11–
13,17,18].

2. Method of analysis

Consider an elliptical crack near a bimaterial interface, under uniform tension r1z ; r1y at infinity as shown
in Fig. 1. Here, the elliptical crack has principal diameters 2a and 2b. The body force method is used to
formulate the problem as a system of singular integral equations (1), whose unknowns are body force densities



Fig. 1. An inclined elliptical crack near a bimaterial interface (x2/a2 + y2/b2 = 1).
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fzz(n,g), fyz(n,g), fzx(n,g). The body force densities are equivalent to crack opening displacements as shown in
Eq. (1e). Here, (n,g,f) is a (x,y,z) coordinate where the body force is applied.
ð1� 2mÞ
8pð1� mÞ2

fzzðn; gÞ
r3

1

dndg

�

þ
R R

s Kfzz
zz ðn; g; x; y;uÞfzzðn; gÞdndg

�
þ 1

8pð1�mÞ
R R

s Kfyz
zz ðn; g; x; y;uÞfyzðn; gÞdndg

�
þ
R R

s Kfzx
zz ðn; g; x; y;uÞfzxðn; gÞdndg

�
¼ �ðr1z cos2 uþ r1y sin2 uÞ

9>>>>>>>>=
>>>>>>>>;

ð1aÞ

1

8pð1� mÞ
6mðx� nÞðy � gÞ

r5
1

fyzðn; gÞdndg

"

þ 2ð1� 2mÞ
r3

1

þ 6mðy � gÞ2

r5
1

( )
fzxðn; gÞdndg

þ
R R

s Kfzz
yz ðn; g; x; y;uÞfzzðn; gÞdndgþ

R R
s Kfyz

yz ðn; g; x; y;uÞfyzðn; gÞdndg

þ
R R

s Kfzx
yz ðn; g; x; y;uÞfzxðn; gÞdndg

#
¼ ðr1y � r1z Þ cos u sin u

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð1bÞ

1

8pð1� mÞ
2ð1� 2mÞ

r3
1

þ 6mðx� nÞ2

r5
1

( )
fyzðn; gÞdndg

"

þ 6mðx� nÞðy � gÞ
r5

1

fzxðn; gÞdndg

þ
R R

s Kfzz
zx ðn; g; x; y;uÞfzzðn; gÞdndgþ

R R
s Kfyz

zx ðn; g; x; y;uÞfyzðn; gÞdndg

þ
R R

s Kfzx
zx ðn; g; x; y;uÞfzxðn; gÞdndg

#
¼ 0

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð1cÞ

y ¼ y�= cos u; z ¼ z�= cos u

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ ðy� � g�Þ2 þ ðz� � f�Þ2

q
S ¼ fðn; gÞðn=aÞ2 þ ðg=bÞ2 6 1g

9>=
>; ð1dÞ
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U zðx; yÞ ¼ uzðx; y;þ0Þ � uzðx; y;�0Þ

¼ ð1� 2m1Þð1þ m1Þ
E1ð1� m1Þ

fzzðx; yÞ;

U yðx; yÞ ¼ uyðx; y;þ0Þ � uyðx; y;�0Þ

¼ 2ð1þ m1Þ
E1

fyzðx; yÞ;

U xðx; yÞ ¼ uxðx; y;þ0Þ � uxðx; y;�0Þ

¼ 2ð1þ m1Þ
E1

fzxðx; yÞ

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

ð1eÞ
In Eq. (1e), E1, E2 are elastic modulus, and m1, m2 are Poisson’s ratio for space 1 and space 2. Eqs. (1a), (1b),
(1c) enforce boundary conditions at the prospective boundary S for crack; that is, rz = 0, syz = 0, szx = 0. Eq.
(1) includes singular terms in the form of 1/r3, 1/r5 corresponding to the ones of an elliptical crack in an infinite

body. Therefore the integration should be interpreted in a sense of a finite part integral [19] in the region S.

As an example, the notation Kfzz
zz ðn; g; x; yÞ refers to a function that satisfies the boundary condition for bima-

terial interface. In the conventional body force method, the crack region is divided into several elements; then,
fundamental density functions and step functions were used to approximate unknown functions. However, the
use of step functions gives rise to singularities along the element boundaries, and it tends to deteriorate the
accuracy and validity in sophisticated problems. In the present analysis, the following expressions have been
used to approximate the unknown functions as continuous functions.
fzzðn; gÞ ¼ F zzðna; gbÞwzzðna; gbÞ

fyzðn; gÞ ¼ F yzðna; gbÞwyzðna; gbÞ

fzxðn; gÞ ¼ F zxðna; gbÞwzxðna; gbÞ

wzzðna; gbÞ ¼
4ð1� mÞ2br1z
ð1� 2mÞEðkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q

wyzðna; gbÞ ¼
2bð1� mÞk2s1yz

CðkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q

wzxðna; gbÞ ¼
2bð1� mÞk2s1zx

BðkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q

BðkÞ ¼ ðk2 � mÞEðkÞ þ mk02KðkÞ

CðkÞ ¼ ðk2 þ mk02ÞEðkÞ � mk02KðkÞ

K 0 ¼ b=a 6 1; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðb=aÞ2

q
; na ¼ n=a; gb ¼ g=b

KðkÞ ¼
R p=2

0
dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�k2 sin2 k
p

EðkÞ ¼
R p=2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 kdk

p

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð2Þ
Here, wzz(na,gb), wyz(na,gb), wzx(na,gb) are called a fundamental density function of body force, which express
the stress field due to an elliptical crack in an infinite body under uniform tension and shears r1x ; s1yz ; s1zx and
leads to solutions with high accuracy [20]. In this calculation, we can put r1z ¼ s1yz ¼ s1zx ¼ 1. Since the prob-
lem is symmetric to the x and y axis, the following expressions (3) can be applied to approximate three un-
known functions Fzz(na,gb), Fyz(na,gb), Fzx(na,gb).



1296 N.-A. Noda et al. / Engineering Fracture Mechanics 73 (2006) 1292–1320
F zzðna; gbÞ ¼ a0n
0
ag

0
b þ a1n

0
ag

1
b þ � � � þ an�1n

0
ag

n�1
b þ ann

0
ag

n
b

þ anþ1n
2
ag

0
b þ anþ2n

2
ag

1
b þ � � � þ a2n�1n

2
ag

n�1
b

: :

þ aln
2�n
a

¼
Pl

i¼0

aiGiðna; gbÞ;

F yzðna; gbÞ ¼ b0n
0
ag

0
b þ b1n

0
ag

1
b þ � � � þ bn�1n

0
ag

n�1
b þ bnn

0
ag

n
b

þ bnþ1n
2
ag

0
b þ bnþ2n

2
ag

1
b þ � � � þ b2nn

2
ag

n�1
b
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þ bln
2�n
a

¼
Pl

i¼0

biGiðna; gbÞ;
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b þ c1nag1

b þ � � � þ cn�1nagn�1
b þ cnnagn

b

þ cnþ1n
3
ag

0
b þ cnþ2n

3
ag

1
b þ � � � þ c2nn

3
ag

n�1
b

: :

þ c1n
2�nþ1
a g0

b

¼
Pl

i¼0

ciQiðna; gbÞ; l ¼
ðnþ 1Þðnþ 2Þ

2
:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð3Þ

G0ðna; gbÞ ¼ 1;G1ðna; gbÞ ¼ gb; . . .

. . . ;Gnþ1ðna; gbÞ ¼ n2
a; . . . ;Glðna; gbÞ ¼ n2�n

a ;

Q0ðna; gbÞ ¼ na;Q1ðna; gbÞ ¼ nagb . . .

. . . ;Qnþ1ðna; gbÞ ¼ n3
a; . . . ;Ql�1ðna; gbÞ ¼ n2�nþ1

a

9>>>>=
>>>>;

ð4Þ
Using the approximation method mentioned above, we obtain the following system of algebraic equations
for the determination of unknown coefficients a0 � ai, b0 � bi, c0 � ci [i = 1,2, . . . , 1,1 = (1/2)(n + 1)(n + 2)],
which can be determined by selecting a set of collocation points.
Pl

i¼0

½aiðAfzz
zz;i þ Bfzz

zz;iÞ þ bib
fyz
zz;i þ ciB

fzx
zz;i� ¼ �ðr1z cos2 uþ r1y sin2 uÞ

Pl

i¼0

½aiB
fzz
yz;i þ biðA

fyz
yz;i þ Bfyz

yz;iÞ þ ciðAfzx
yz;i þ Bfzx

yz;iÞ� ¼ ðr1y � r1z Þ sin u cos u

Pl

i¼0

½aiB
fzz
zx;i þ biðA

fyz
zx;i þ Bfyz

zx;iÞ þ ciðAfzx
zx;i þ Bfzx

zx;iÞ� ¼ 0

9>>>>>>>>=
>>>>>>>>;

ð5aÞ
The number of unknowns in Eq. (5a) is 3 (1 + 1). As examples, Afzz
zz;i; Bfzz

zz;i; Bfyz
zz;i; Bfzx

zz;i are expressed as
follows:
Afzz
zz;i ¼

b
2pEðkÞ

Giðna; gbÞ
r3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q
dndg

Bfzz
zz;i ¼

b
8pEðkÞ

Z Z
s

Kfzz
zz ðn; g; x; yÞGiðna; gbÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q
dndg

Bfyz
zz;i ¼

bk2

8pCðkÞ

Z Z
s

Kfyz
zz ðn; g; x; yÞQiðna; gbÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q
dndg

Bfzx
zz;i ¼

bk2

8pBðkÞ

Z Z
s

Kfzx
zx ðn; g; x; yÞRiðna; gbÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

a � g2
b

q
dndg

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð5bÞ



Fig. 2. Boundary collocation points: (a) 10 · 20, (b) 50 · 100.
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In Eq. (5b) the integral Bfzz
zz;i can be evaluated numerically because of no singularities in the integral. How-

ever Afzz
zz;i cannot be evaluated by ordinary numerical procedure because they have hypersingularities of the

form r�3 when x = n and y = g [19] . Therefore a similar method of as shown in previous papers is applied
[17,18] . Fig. 2 shows boundary collocation points.

The boundary conditions are considered at the intersection of themeshonthe (xa,yb) plane in the region of
x2

a þ y2
a < 1; xa P 0, where xa = x/a, yb = y/b. Fig. 2(a) shows 10 · 20 mesh whose width is 0.1, and Fig. 2(b)

shows 50 · 100 mesh whose width is 0.02.

3. Numerical results and discussion

3.1. Dimensionless stress intensity factors

Numerical calculations have been carried out for various n in Eqs. (3), (4) when a/b = 1,2,1 and m1,
m2 = 0.3. Numerical integrals have been performed using scientific subroutine library (FACOM SSL II DAQE
etc.). In demonstrating the numerical results of stress intensity factors KI, KII, KIII the following dimensionless
factors FI, FII, FIII will be used.
F IðbÞ ¼
KIðbÞ

r1z
ffiffiffiffiffiffi
pb
p ¼ F zz

EðkÞ sin2 bþ b
a

� �2

cos2 b

" #1=4

F IIðbÞ ¼
KIIðbÞ
r1z

ffiffiffiffiffiffi
pb
p ¼ F zx

k0 cos b
BðkÞ þ F yz

sin b
CðkÞ

� �
k2

ð1� k2 cos2 bÞ1=4

F IIIðbÞ ¼
KIIIðbÞ
r1z

ffiffiffiffiffiffi
pb
p ¼ �F zx

sin b
BðkÞ þ F yz

k0 cos b
CðkÞ

� �
ð1� mÞk2

ð1� k2 cos2 bÞ1=4

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð6Þ
3.2. Convergence and accuracy of the results

Tables 1 and 2 show convergence of stress intensity factors FI(b), FII(b) at b = p/2, 3p/2 when a/b = 2,
the elastic shear modulus ratio l2/l1 = 0, 1, Poisson’s ratio m1, m2 = 0.3 and u = 15�, 75�. Table 1 has



Table 1
Convergence of the results FIA, FIIA, FIB, FIIB when l2/l1 = 0, 1, b = p/2, 3p/2, m1, m2 = 0.3 with the collocation points 10 · 20 (see
Fig. 2(a)): (a) u = 15�, (b) u = 75�

h/b n FIA FIIA FIB FIIB

l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1
(a)

8 0.9677 0.5488 0.2853 0.1357 0.9358 0.4672 0.2020 0.1899
1.2 9 0.9680 0.5483 0.2853 0.1352 0.9354 0.4676 0.2020 0.1896

10 0.9685 0.5398 0.2854 0.1349 0.9357 0.4674 0.2021 0.1897
8 0.8740 0.6351 0.2494 0.1408 0.8596 0.5955 0.2047 0.1985

1.4 9 0.8741 0.6350 0.2493 0.1408 0.8596 0.5956 0.2047 0.1985
10 0.8741 0.6350 0.2494 0.1408 0.8596 0.5956 0.2047 0.1985
8 0.8010 0.7243 0.2277 0.2034 0.7972 0.7165 0.2136 0.2421

2.0 9 0.8010 0.7243 0.2277 0.2034 0.7972 0.7165 0.2136 0.2421
10 0.8010 0.7243 0.2277 0.2034 0.7972 0.7165 0.2136 0.2421

(b)

8 1.0168 0.5480 �0.2847 �0.1193 0.9826 0.5613 0.2931 0.1204
1.2 9 1.0171 0.5476 �0.2848 �0.1190 0.9823 0.5616 0.2931 0.1203

10 1.0174 0.5471 �0.2848 �0.1188 0.9821 0.5616 0.2932 0.1203
8 0.9511 0.6297 �0.2624 �0.1210 0.9407 0.6354 0.2754 0.1296

1.4 9 0.9512 0.6296 �0.2623 �0.1210 0.9407 0.6353 0.2754 0.1296
10 0.9512 0.6296 �0.2624 �0.1210 0.9406 0.6354 0.2754 0.1296
8 0.8528 0.7229 �0.2353 �0.1645 0.8482 0.7125 0.2486 0.1632

2.0 9 0.8528 0.7229 �0.2353 �0.1645 0.8482 0.7125 0.2486 0.1632
10 0.8528 0.7229 �0.2353 �0.1645 0.8482 0.7125 0.2486 0.1632

Table 2
Convergence of the results FIA, FIIA, FIB, FIIB when l2/l1 = 0,1, b = p/2, 3p/2, m1, m2 = 0.3 with the collocation points 50 · 100 (see
Fig. 2(b)): (a) u = 15�, (b) u = 75�

h/b n FIA FIIA FIB FIIB

l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1
(a)

13 1.2346 0.4066 0.3022 0.0974 1.1235 0.3895 0.2543 0.1186
1.05 14 1.2350 0.4062 0.3021 0.0973 1.1234 0.3896 0.2544 0.1184

15 1.2354 0.4059 0.3021 0.0972 1.1237 0.3899 0.2543 0.1185
13 1.1176 0.4631 0.2942 0.1126 0.9852 0.4124 0.2402 0.1372

1.1 14 1.1180 0.4627 0.2943 0.1128 0.9854 0.4126 0.2403 0.1372
15 1.1182 0.4624 0.2942 0.1129 0.9855 0.4126 0.2403 0.1374

(b)

13 1.3970 0.3768 �0.3247 �0.0873 1.1762 0.3597 0.3646 0.1076
1.05 14 1.3975 0.3770 �0.3247 �0.0872 1.1765 0.3599 0.3645 0.1077

15 1.3979 0.3771 �0.3248 �0.0873 1.1767 0.3541 0.3645 0.1076
13 1.1728 0.4506 �0.3020 �0.1097 1.0038 0.4368 0.3397 0.1381

1.1 14 1.1731 0.4509 �0.3021 �0.1098 1.0040 0.4370 0.3398 0.1380
15 1.1734 0.4512 �0.3021 �0.1098 1.0041 0.4371 0.3398 0.1381
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convergence to the fourth digit when h/b P 1.2 with 10 · 20 boundary collocation points as shown in
Fig. 2(a). Table 2 has convergence to the fourth digit when h/b = 1.05 with 50 · 100 boundary collocation
points as shown in Fig. 2(b). In the following calculation, therefore, the collocation points of 10 · 20 will
be used when h/b P 1.2, and the ones of 50 · 100 will be used when h/b 6 1.1. In the previous papers [11–
13,17,18], more detail discussions may be found for the accuracy of the numerical solutions using polynomial
and fundamental density approximations.



Fig. 3. Variations of stress intensity factors for parallel, penny-shaped crack, under internal shear and normal loading when a/b = 1,
l2 = 3, m1, m2 = 0.3, szx = � p, rzz = � p in Fig. 1: (a) K1 vs. b, (b) KII vs. b, (c) KIII vs. b.
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Table 3

Dimensionless stress intensity factors F IA; F IB; F �IA; F �IB when m1, m2 = 0.3 in Fig. 4

h/b a/b FIA F �IA FIB F �IB

l2/l1 = 0 l2/l1 = 0.5 l2/l1 = 2 l2/l1 =1 l2/l1 = 0 l2/l1 = 0.5 l2/l1 = 2 l2/l1 =1 l2/l1 = 0 l2/l1 = 0.5 l2/l1 = 2 l2/l1 =1 l2/l1 = 0 l2/l1 = 0.5 l2/l1 = 2 l2/l1 =1

1.05 1 0.9066 0.7120 0.5680 0.4381 0.6810 0.5348 0.4266 0.3291 0.6560 0.6423 0.6314 0.6213 0.4927 0.4824 0.4743 0.4667

2 1.3781 0.9654 0.7070 0.4999 0.8704 0.6098 0.4466 0.3157 0.8935 0.8439 0.8095 0.7797 0.5644 0.5330 0.5113 0.4925

1 2.1551 1.2334 0.8212 0.5387 1.0194 0.5830 0.3883 0.2547 1.2544 1.0562 0.9552 0.8803 0.5930 0.4994 0.4517 0.4163

(a/b = 1)/

(a/b =1)

0.4207 0.5773 0.6917 0.8133 0.6680 0.9173 1.0986 1.2921 0.5230 0.6081 0.6610 0.7058 0.8309 0.9660 1.0500 1.1211

1.1 1 0.8071 0.6863 0.5901 0.4989 0.6062 0.5155 0.4432 0.3747 0.6535 0.6416 0.6320 0.6229 0.4909 0.4819 0.4747 0.4679

2 1.1859 0.9230 0.7394 0.5799 0.7490 0.5830 0.4670 0.3663 0.8842 0.8419 0.8111 0.7838 0.5585 0.5318 0.5123 0.4951

1 1.7583 1.1712 0.8616 0.6283 0.8313 0.5537 0.4074 0.2971 1.2111 1.0503 0.9590 0.8883 0.5726 0.4965 0.4535 0.4201

(a/b = 1)/

(a/b =1)

0.4590 0.5860 0.6849 0.7940 0.7292 0.9310 1.0879 1.2612 0.5396 0.6109 0.6590 0.7012 0.8573 0.9706 1.0467 1.1138

1.2 1 0.7331 0.6653 0.6094 0.5550 0.5507 0.4997 0.4577 0.4169 0.6500 0.6406 0.6329 0.6255 0.4882 0.4812 0.4754 0.4698

2 1.0408 0.8866 0.7699 0.6627 0.6574 0.5600 0.4863 0.4186 0.8715 0.8388 0.8137 0.7909 0.5505 0.5298 0.5139 0.4995

1 1.4621 1.1136 0.9029 0.7278 0.6914 0.5266 0.4270 0.3442 1.1659 1.0411 0.9654 0.9033 0.5513 0.4923 0.4565 0.4271

(a/b = 1)/

(a/b =1)

0.5014 0.5974 0.6749 0.7626 0.7965 0.9489 1.0719 1.2112 0.5575 0.6153 0.6556 0.6925 0.8855 0.9775 1.0414 1.1000

1.25 1 0.7135 0.6596 0.6147 0.5709 0.5359 0.4954 0.4617 0.4288 0.6487 0.6402 0.6332 0.6265 0.4873 0.4809 0.4756 0.4706

2 1.0016 0.8761 0.7791 0.6886 0.6326 0.5534 0.4921 0.4349 0.8669 0.8376 0.8148 0.7939 0.5476 0.5290 0.5146 0.5014

1 1.3847 1.0983 0.9153 0.7605 0.6548 0.5194 0.4328 0.3596 1.1467 1.0375 0.9676 0.9086 0.5422 0.4906 0.4575 0.4297

(a/b = 1)/

(a/b =1)

0.5153 0.6006 0.6716 0.7507 0.8184 0.9538 1.0668 1.1924 0.5657 0.6171 0.6544 0.6895 0.8987 0.9802 1.0396 1.0952

1.3 1 0.6994 0.6554 0.6187 0.5826 0.5253 0.4923 0.4647 0.4376 0.6476 0.6399 0.6335 0.6274 0.4864 0.4806 0.4758 0.4713

2 0.9729 0.8683 0.7861 0.7087 0.6145 0.5484 0.4965 0.4476 0.8630 0.8317 0.8157 0.7965 0.5451 0.5253 0.5152 0.5031

1 1.3297 1.0855 0.9251 0.7866 0.6288 0.5133 0.4375 0.3720 1.1326 1.0346 0.9697 0.9138 0.5356 0.4892 0.4585 0.4321

(a/b = 1)/

(a/b =1)

0.5260 0.6038 0.6688 0.7407 0.8354 0.9591 1.0622 1.1763 0.5718 0.6185 0.6533 0.6866 0.9081 0.9824 1.0377 1.0907
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1.4 1 0.6806 0.6499 0.6239 0.5985 0.5112 0.4882 0.4686 0.4495 0.6457 0.6393 0.6340 0.6289 0.4850 0.4802 0.4762 0.4724

2 0.9337 0.8573 0.7961 0.7379 0.5897 0.5415 0.5028 0.4661 0.8566 0.8347 0.8173 0.8010 0.5410 0.5272 0.5162 0.5059

1 1.2535 1.0676 0.9399 0.8264 0.5927 0.5048 0.4445 0.3908 1.1118 1.0299 0.9734 0.9233 0.5257 0.4870 0.4603 0.4366

(a/b = 1)/

(a/b =1)

0.5430 0.6087 0.6638 0.7242 0.8625 0.9671 1.0542 1.1502 0.5808 0.6207 0.6513 0.6811 0.9226 0.9860 1.034S 1.0820

1.6 1 0.6615 0.6441 0.6295 0.6152 0.4969 0.4838 0.4728 0.4621 0.6431 0.6386 0.6348 0.6311 0.4830 0.4797 0.4768 0.4740

2 0.8904 0.8449 0.8077 0.7719 0.5624 0.5337 0.5102 0.4875 0.8478 0.8322 0.8196 0.8077 0.5355 0.5256 0.5177 0.5102

1 1.1670 1.0460 0.9683 0.8774 0.5518 0.4946 0.4579 0.4149 1.0840 1.0231 0.9790 0.9384 0.5126 0.4838 0.4629 0.4437

(a/b = 1)/

(a/b =1)

0.5668 0.6158 0.6501 0.7012 0.9005 0.9782 1.0325 1.1138 0.5933 0.6242 0.6484 0.6725 0.9423 0.9915 1.0300 1.0683

1.8 1 0.6522 0.6413 0.6322 0.6232 0.4899 0.4817 0.4749 0.4681 0.6414 0.6381 0.6352 0.6325 0.4818 0.4793 0.4771 0.4751

2 0.8681 0.8383 0.8138 0.7901 0.5483 0.5295 0.5140 0.4990 0.8421 0.8306 0.8212 0.8122 0.5319 0.5246 0.5187 0.5130

1 1.1200 1.0336 0.9691 0.9082 0.5296 0.4888 0.4583 0.4295 1.0661 1.0185 0.9830 0.9495 0.5041 0.4816 0.4648 0.4490

(a/b = 1)/

(a/b =1)

0.5823 0.6205 0.6524 0.6862 0.9250 0.9855 1.0362 1.0899 0.6016 0.6265 0.6462 0.6661 0.9558 0.9952 1.0265 1.0581

2.0 1 0.6470 0.6397 0.6336 0.6277 0.4860 0.4805 0.4759 0.4715 0.6403 0.6377 0.6356 0.6335 0.4809 0.479 0.4774 0.4758

2 0.8551 0.8345 0.8174 0.8010 0.5401 0.5271 0.5163 0.5059 0.8382 0.8294 0.8222 0.8153 0.5294 0.5239 0.5193 0.5150

1 1.0909 1.0258 0.9761 0.9285 0.5159 0.4851 0.4616 0.4391 1.0536 1.0152 0.9859 0.9579 0.4982 0.4801 0.4662 0.4530

(a/b = 1)/

(a/b =1)

0.5931 0.6236 0.6491 0.6760 0.9420 0.9905 1.0310 1.0738 0.6077 0.6282 0.6447 0.6613 0.9653 0.9977 1.0240 1.0503

1 1 0.6366 0.6366 0.6366 0.6366 0.4782 0.4782 0.4782 0.4782 0.6366 0.6366 0.6366 0.6366 0.4782 0.4782 0.4782 0.4782

2 0.8257 0.8257 0.8257 0.8257 0.5215 0.5215 0.5215 0.5215 0.8257 0.8257 0.8257 0.8257 0.5215 0.5215 0.5215 0.5215

1 1.0000 1.0000 1.0000 1.0000 0.4729 0.4729 0.4729 0.4729 1.0000 1.0000 1.0000 1.0000 0.4729 0.4729 0.4729 0.4729

(a/b = 1)/

(a/b =1)

0.6366 0.6366 0.6366 0.6366 1.0112 1.0112 1.0112 1.0112 0.6366 0.6366 0.6366 0.6366 1.0112 1.0112 1.0112 1.0112
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Fig. 4. An elliptical crack vertical to a bimaterial interface (x2/a2 + (y � h)2/b2 = 1).

Fig. 5. FIB, FIA vs. h/b in Fig. 4 with m1, m2 = 0.3: (a) when l2/l1 = 0, (b) when l2/l1 =1.
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3.3. Results of an elliptical crack parallel to an interface

In this study, first, the stress intensity factors for a parallel crack to an interface are analyzed. Then, it is
confirmed that the present results are coincide with the previous ones [11]. Another examples of a parallel
crack are examined in Fig. 3. Fig. 3(a)–(c) show the distributions of the stress intensity factors of an elliptical
crack parallel to an interface under internal shear and normal loading when a/b = 1, l2, l1 = 3, m1, m2 = 0.3.
The results of Lee–Farris–Keer [7] are indicated as dotted lines. If the results of h/a = c1 and h/a = � c1 (c1 is a
positive constant) are compared, the absolute values are always larger when h/a = � c1, that is, when the crack
is in material 2, whose shear modulus l2 = 3. However, FII values in [7] have different tendency. It is found
that the results of [7] have the largest error by 16% when b = � 90� in Fig. 3(b). The results of Lee et al.
[7] have about 16% deviations at most when b = � 90� in Fig. 3(b). It is seen that the present results are indi-
cated as smooth curves because unknown functions are approximated as polynomials . The detail results for a
parallel crack are indicated in [11].

3.4. Results of an elliptical crack vertical to an interface

Table 3 indicates mode I stress intensity factors for a crack vertical to an interface at b = p/2, b = 3p/2
when l2/l1 = 0, 0.5, 2,1, a/b = 1, 2,1, and h/b = 1.05 to1 (see Fig. 4). Here, the following dimensionless
stress intensity factor is also indicated [21].
F �I ¼
KI

r1z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
ffiffiffiffiffiffiffiffiffi
area
pp ¼ b

pa

� �1=4

� F I ð7Þ
Fig. 6. F �IB; F �IA vs. h/b in Fig. 4 when l2/l1 = 0 with m1, m2 = 0.3: (a) when l2/l1 = 0, (b) when l2/l1 =1.
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Here, area = pab. However, if b/a 6 0.2, area = 20b2. The notation (a/b = 1)/(a/b =1) denotes the ratio of
the results of a/b = 1 to the ones of a/b =1. It is seen that when h/b = 1.05 the ratio of FI is in the range
0.45–0.78, but the ratio of F �1, is in the range 0.71–1.241 ffi 1. In other words, the effect of aspect ratio is small
for F �1, and therefore the expression may be useful for engineering applications. Fig. 5 shows the relationship
between FIB, FIA and h/b when l2/l1 = 0, 1, and Fig. 6 shows the relationship between F �IB; F �IA and h/b
when l2/l1 = 0, 1. It is seen that F �IB; F �IA are insensitive to the crack aspect ratio.

Fig. 7 shows the distributions of FI when a/b = 1, 2, h/b = 1.2, m1, m2 = 0.3 with varying l2, l1 = 0 to 1.
Fig. 8 is the ones when a/b = 1, l2/l1 = 0, 1, m1, m2 = 0.3, with varying h/b = 1.05 to 1. Also, Fig. 9 is the
ones when a/b = 2, l2/l1 = 0, 1, m1, m2 = 0.3 with varying h/b = 1.05 to 1. As shown in Fig. 7(a),
compared with the homogeneous case l2/l1 = 1, FI value of l2/l1 = 0 is larger by 15.2%, but FI value of
l2/l1 =1 is smaller by 12.8%. Similarly, FI value of l2/l1 = 0.5 is larger by 4.5%, but FI, value of
l2/l1 = 2 is smaller by 4.3%. Similar trends can be seen in Figs. 7(b), 8, 9. The results in Figs. 7–9 indicate
that the FI shows a non-regular behavior at b = 270� as h/b! 1 because the elliptical crack is touching the
interface at this point. The present numerical solution gives sooth distributions of stress intensity factors
because unknown body forces densities are approximated as polynomial forms instead of step-functions
[17].
Fig. 7. Variation of FI(b) in Fig. 4 with h/b = 1.2, ml, m2 = 0.3: (a) when a/b = 1, (b) when a/b = 2.



Fig. 8. Variation of FI(b) in Fig. 4 with a/b = 1, m1, m2 = 0.3: (a) when l2/l1 = 0, (b) when l2/l1 =1.
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3.5. Results of an inclined elliptical crack near an interface

In this study, an inclined crack is considered under remote tension parallel or vertical to the interface as
shown in Fig. 10.

Tables 4–7 show the results at b = 3p/2 when l2/l1 = 0, 1, and a/b = 1, 2, 1 with varying h/b = 1.05
to 1. In these Tables, F IA; F IIA; F̂ IA are indicated, where F̂ IA is defined by the following equations
[22–24].
K̂IA ¼
3

4
cos

h
2
þ 1

4
cos

3

2
h

� �
KIA þ

3

4
sin

h
2
þ 3

4
sin

3

2
h

� �
KIIA;

h ¼ �u; F̂ IA ¼ K̂I=ðr1z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pb cos u
p

Þ in Fig. 10(a),

h ¼ u; F̂ IA ¼ K̂I=ðr1y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pb sin u

p
Þ in Fig. 10(b)

9>>>>=
>>>>;

ð8Þ
In Eq. (8), KIA and KIIA are mode I and mode II stress intensity factors at A of an inclined crack (see
Fig. 1). Tables 4–7 indicate the results for the projected cracks, F 0

IA and F 90
IA, whose inclination angles are

u = 0�, u = 90�. Here, the projected crack in the xy* plane has dimensions (a,bcosu), and the projected crack



Fig. 9. Variation of FI(b) in Fig. 4 with a/b = 2, m1, m2 = 0.3: (a) when l2/l1 = 0, (b) when l2/l1 =1.
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in the xz* plane has dimensions (a,bsinu). Then the following dimensionless factors are indicated and com-
pared with F̂ IA.
F 0
IA ¼ KIA=ðr1z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pb cos u
p

Þ

F 90
IA ¼ KIA=ðr1y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pb sin u

p
Þ

9=
; ð9Þ
In Figs. 11 and 12, F̂ IA vs. h/b relations are shown when l2/l1 = 0,1. The difference between F̂ IA and F̂ 0
IA

(or F 90
IA) becomes large as the crack approaches the interface. However, in the range 1.05 6 h/b < 1.2, the dif-

ference is within 24% for remote tension parallel to the interface, and the difference is within 15% for remote
tension vertical to the interface. In the range h/b P 1.2, the difference is within 15% for remote tension parallel
to the interface, and the difference is within 11% for remote tension vertical to the interface. For the case of
slightly inclined cracks when u = 15�, 75, the difference is small even when h/b = 1.05. It may be concluded
that the intensity of the stress singularity vertical to the tensile direction for an inclined crack can be estimated
as the projected crack except for the case of very close to the interface.

4. Conclusion

The structural strength of composite materials is controlled to a considerable extent by the size, shape, ori-
entation, and distribution of the flaws and imperfections, which exist in the material. Usually these flaws and



Fig. 10. Crack projected on the plane perpendicular to the tensile stress: (a) crack vertical to a bimaterial interface. (b) crack parallel to a
bimaterial interface.
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imperfections exhibit themselves in the form of entrapped gas or weak impurities on the interface, ruptured
bonds, cracks, inclusions, and geometric singularities arising from the particular shape of the constituent
materials. In this study, therefore, an inclined elliptical crack near a bimaterial interface was considered.
The stress intensity factors were calculated systematically with varying the aspect ratio of crack, elastic mod-
ulus ratio, and distance from the interface. The conclusion can be made as follows.

(1) The results show that the present method has convergence to the fourth digit when a/b = 1, 2,1 and
h/b P 1.05 in Fig. 1 (see Tables 1 and 2). The present method gives smooth variations of stress intensity
factors along the crack front because unknown body force densities are approximated by using funda-
mental densities and polynomials. The results of Lee et al. [7] have about 16% deviations at most (when
b = � 90� in Fig. 3(b)).

(2) The results for the vertical crack show that
ffiffiffiffiffiffiffiffiffi
area
p

parameter F �1 may be useful for engineering applica-
tions because the value of F �1 is insensitive to a/b. In other words, different shaped cracks have nearly the
same values of F �1 (see Table 3, Figs. 5 and 6).

(3) It may be concluded that the stress intensity factors of an inclined crack F̂ IA can be evaluated from the
results of the projected crack F 0

IA (or F 90
IA). In the range of 1.05 6 h/b < 1.2 0 the difference is within 24%,

and in the range of h/b P 1.2 0 the difference is within 15% involving the case of inclination angle u = 45�
(see Table 4, Figs. 11 and 12).



Table 4
Dimensionless stress intensity factors F IA; F IIA; F̂ IA; F 0

IA; F̂ IA=F 0
IA at b = 3p/2 when u = 15�, m1, m2 = 0.3 in Fig. 1 when r1z ¼ r; r1y ¼ 0

(see Fig. 10(a))

h/b a/b FIA FIIA F̂ IA F 0
IA F̂ IA=F 0

IA

l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1
1.05 1 0.8151 0.3190 0.2556 0.0926 0.9084 0.3526 0.7952 0.4012 1.1495 0.8789

2 1.2354 0.4059 0.3021 0.0972 1.3433 0.4406 1.2172 0.5102 1.1036 0.8636
1 1.8611 0.5056 0.4231 0.1075 2.0112 0.5435 1.7534 0.6146 1.1470 0.8843

1.1 1 0.7404 0.3599 0.2301 0.1031 0.8243 0.3973 0.7751 0.4456 1.0635 0.8916
2 1.1182 0.4624 0.2942 0.1129 1.2240 0.5027 1.1293 0.5634 1.0839 0.8922
1 1.6156 0.5896 0.3831 0.1212 1.7521 0.6321 1.6181 0.6752 1.0828 0.9362

1.2 1 0.6780 0.4293 0.2251 0.1135 0.7605 0.4701 0.7362 0.5071 1.0330 0.9270
2 0.9685 0.5398 0.2854 0.1349 1.0722 0.5881 1.0262 0.6351 1.0448 0.9260
1 1.3690 0.6781 0.3632 0.1468 1.4997 0.7299 1.4436 0.7557 1.0389 0.9659

1.4 1 0.6347 0.5240 0.2019 0.1387 0.7084 0.5739 0.6885 0.5919 1.0289 0.9696
2 0.8741 0.6350 0.2494 0.1408 0.9644 0.6848 0.9301 0.7254 1.0369 0.9440
1 1.1777 0.7675 0.3047 0.1916 1.2871 0.8361 1.2444 0.8417 1.0343 0.9933

1.6 1 0.6179 0.5542 0.1943 0.1626 0.6888 0.6132 0.6703 0.6124 1.0276 1.0013
2 0.8347 0.6831 0.2365 0.1817 0.9203 0.7485 0.8893 0.7647 1.0349 0.9788
1 1.0970 0.8141 0.2823 0.2124 1.1983 0.8904 1.1675 0.8847 1.0264 1.0264

2.0 1 0.6046 0.5772 0.1894 0.1785 0.6737 0.6423 0.6585 0.6264 1.0231 1.0254
2 0.8010 0.7243 0.2277 0.2034 0.8835 0.7979 0.8588 0.7879 1.0288 1.0127
1 1.0244 0.8621 0.2646 0.2309 1.1114 0.9453 1.0833 0.9339 1.0259 1.0122

1 1 0.5940 0.5940 0.1872 0.1872 0.6623 0.6623 0.6476 0.6476 1.0227 1.0227
2 0.7704 0.7704 0.2239 0.2239 0.8516 0.8516 0.8331 0.8331 1.0222 1.0222
1 0.9330 0.9330 0.2500 0.2500 1.0231 1.0231 1.0000 1.0000 1.0231 1.0231

Table 5
Dimensionless stress intensity factors F IA; F IIA; F̂ IA; F 0

IA; F̂ IA=F 0
IA at b = 3p/2 when u = 45�, m1, m2 = 0.3 in Fig. 1 when r1z ¼ r; r1y ¼ 0

(see Fig. 10(a))

h/b a/b FIA FIIA F̂ IA F 0
IA F̂ IA=F 0

IA

l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1
1.05 1 0.4139 0.2533 0.5156 0.2642 0.9890 0.5454 0.8631 0.6095 1.1459 0.8948

2 0.6436 0.2751 0.7149 0.2801 1.4367 0.5844 1.1564 0.6806 1.2423 0.8587
1 1.1662 0.2881 0.8749 0.2917 2.1132 0.6101 1.7002 0.7214 1.2429 0.8457

1.1 1 0.3471 0.2768 0.5012 0.2787 0.9096 0.5689 0.8224 0.6287 1.1060 0.9049
2 0.5666 0.2903 0.6608 0.2960 1.3014 0.6172 1.0923 0.7056 1.1914 0.8747
1 0.9419 0.3085 0.8349 0.3106 1.8562 0.6512 1.5856 0.7472 1.1707 0.8715

1.2 1 0.3019 0.2855 0.4836 0.2916 0.8467 0.6075 0.7825 0.6584 1.0820 0.9227
2 0.4747 0.3025 0.6316 0.3374 1.1812 0.6769 1.0305 0.7408 1.1462 0.9137
1 0.7004 0.3353 0.7813 0.3602 1.5673 0.7342 1.3936 0.7961 1.1246 0.9222

1.4 1 0.3134 0.2978 0.4335 0.3371 0.7991 0.6721 0.7636 0.6890 1.0465 0.9755
2 0.4564 0.3590 0.5475 0.3728 1.0660 0.7711 0.9516 0.7860 1.1202 0.9810
1 0.6296 0.3761 0.6650 0.4112 1.3654 0.8319 1.2444 0.8407 1.0972 0.9895

1.6 1 0.3181 0.3034 0.4124 0.3512 0.7789 0.6938 0.7529 0.7044 1.0345 0.9850
2 0.4463 0.3822 0.5146 0.4075 1.0182 0.8333 0.9177 0.8168 1.1095 1.0202
1 0.5982 0.4043 0.6141 0.4325 1.2766 0.8832 1.1675 0.8739 1.0934 1.0106

2.0 1 0.3210 0.3104 0.3931 0.3615 0.7591 0.7124 0.7488 0.7247 1.0138 0.9830
2 0.4354 0.3927 0.4832 0.4148 0.9704 0.8516 0.9032 0.8440 1.0744 1.0090
1 0.5662 0.4397 0.5657 0.4530 1.1902 0.9402 1.0913 0.9268 1.0906 1.0145

1 1 0.3183 0.3183 0.3745 0.3745 0.7349 0.7349 0.7404 0.7404 0.9926 0.9926
2 0.4129 0.4129 0.4478 0.4478 0.9090 0.9090 0.8892 0.8892 1.0223 1.0223
1 0.5000 0.5000 0.5000 0.5000 1.0516 1.0516 1.0000 1.0000 1.0516 1.0516
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Table 6
Dimensionless stress intensity factors F IA; F IIA; F̂ IA; F 0

IA; F̂ IA=F 90
IA at b = 3p/2 when u = 45�, m1, m2 = 0.3 in Fig. 1 when r1z ¼ 0; r1y ¼ r

(see Fig. 10(b))

h/b a/b FIA FIIA F̂ IA F 90
IA F̂ IA=F 90

IA

l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1
1.05 1 0.4139 0.4024 �0.5156 �0.1442 0.9890 0.5454 1.1522 0.5821 0.8584 0.9370

2 0.6436 0.4703 �0.7149 �0.1230 1.4367 0.5844 1.6713 0.6371 0.8596 0.9173
1 1.1662 0.4081 �0.8749 �0.1951 2.1132 0.6101 2.4013 0.6814 0.8800 0.8954

1.1 1 0.3471 0.3815 �0.5012 �0.1812 0.9096 0.5689 1.0226 0.6031 0.8894 0.9433
2 0.5666 0.4601 �0.6608 �0.1594 1.3014 0.6172 1.5027 0.6653 0.8660 0.9277
1 0.9419 0.4209 �0.8349 �0.2201 1.8562 0.6512 2.1165 0.7162 0.8770 0.9092

1.2 1 0.3019 0.3780 �0.4836 �0.2171 0.8467 0.6075 0.9094 0.6301 0.9311 0.9641
2 0.4747 0.4557 �0.6316 �0.2142 1.1812 0.6769 1.3024 0.7024 0.9069 0.9637
1 0.7004 0.4227 �0.7813 �0.2899 1.5673 0.7342 1.7091 0.7771 0.9170 0.9448

1.4 1 0.3134 0.3521 �0.4335 �0.2934 0.7991 0.6721 0.8204 0.6569 0.9740 1.0231
2 0.4564 0.4418 �0.5475 �0.3061 1.0660 0.7711 1.1097 0.7597 0.9606 1.0150
1 0.6296 0.4406 �0.6650 �0.3593 1.3654 0.8319 1.4385 0.8323 0.9492 0.9995

1.6 1 0.3181 0.3361 �0.4124 �0.3249 0.7789 0.6938 0.7634 0.6569 1.0203 1.0562
2 0.4463 0.4267 �0.5146 �0.3536 1.0182 0.8333 1.0097 0.7597 1.0084 1.0969
1 0.5982 0.4492 �0.6141 �0.3964 1.2766 0.8832 1.2995 0.8323 0.9824 1.0612

2.0 1 0.3210 0.3228 �0.3931 �0.3516 0.7591 0.7124 0.7404 0.6762 1.0253 1.0535
2 0.4354 0.4121 �0.4832 �0.3991 0.9704 0.8516 0.9397 0.7997 1.0327 1.0649
1 0.5662 0.4603 �0.5657 �0.4364 1.1902 0.9402 1.1629 0.8731 1.0235 1.0768

1 1 0.3183 0.3183 �0.3745 �0.3745 0.7349 0.7349 0.7404 0.7404 0.9926 0.9926
2 0.4129 0.4129 �0.4478 �0.4478 0.9090 0.9090 0.8892 0.8892 1.0223 1.0223
1 0.5000 0.5000 �0.5000 �0.5000 1.0516 1.0516 1.0000 1.0000 1.0516 1.0516

Table 7
Dimensionless stress intensity factors F IA; F IIA; F̂ IA; F 0

IA; F̂ IA=F 90
IA at b = 3p/2 when u = 75�, m1, m2 = 0.3 in Fig. 1 when r1z ¼ 0; r1y ¼ r

(see Fig. 10(b))

h/b a/b FIA FIIA F̂ IA F 90
IA F̂ IA=F 90

IA

l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1 l2/l1 = 0 l2/l1 =1
1.05 1 0.8464 0.2697 �0.2486 �0.0834 0.9366 0.3001 1.0998 0.3246 0.8516 0.9245

2 1.3979 0.3771 �0.3248 �0.0873 1.5134 0.4081 1.6822 0.4484 0.8997 0.9101
1 1.9457 0.4695 �0.4386 �0.1087 2.1011 0.5081 2.4098 0.5642 0.8719 0.9006

1.1 1 0.7605 0.3357 �0.2286 �0.0943 0.8436 0.3698 0.9413 0.4127 0.8962 0.8961
2 1.1734 0.4512 �0.3021 �0.1098 1.2818 0.4904 1.4158 0.5467 0.9054 0.8970
1 1.5966 0.5737 �0.3842 �0.1196 1.7336 0.6157 1.9315 0.6801 0.8975 0.9053

1.2 1 0.6891 0.4196 �0.2144 �0.1068 0.7673 0.4579 0.8154 0.4871 0.9410 0.9401
2 1.0174 0.5471 �0.2848 �0.1188 1.1204 0.5890 1.2070 0.6268 0.9283 0.9397
1 1.3155 0.6828 �0.3527 �0.1374 1.4426 0.7309 1.5313 0.7756 0.9421 0.9424

1.4 1 0.6612 0.5211 �0.2042 �0.1383 0.7356 0.5709 0.7676 0.5793 0.9583 0.9855
2 0.9512 0.6296 �0.2624 �0.1210 1.0460 0.6800 1.0931 0.6895 0.9569 0.9862
1 1.2432 0.7706 �0.2941 �0.1861 1.3479 0.8370 1.3942 0.8447 0.9668 0.9909

1.6 1 0.6431 0.5609 �0.1983 �0.1544 0.7154 0.6166 0.7354 0.6121 0.9728 1.0074
2 0.9066 0.6765 �0.2490 �0.1403 0.9965 0.7358 1.0153 0.7266 0.9815 1.0127
1 1.1823 0.8118 �0.2794 �0.2054 1.2818 0.8854 1.3040 0.8751 0.9830 1.0118

2.0 1 0.6224 0.5840 �0.1923 �0.1569 0.6925 0.6405 0.6775 0.6232 1.0221 1.0278
2 0.8528 0.7229 �0.2353 �0.1645 0.9378 0.7814 0.9259 0.7630 1.0129 1.0238
1 1.1049 0.8440 �0.2613 �0.2191 1.1979 0.9227 1.1958 0.9076 1.0018 1.0166

1 1 0.5940 0.5940 �0.1872 �0.1872 0.6623 0.6623 0.6476 0.6476 1.0227 1.0227
2 0.7704 0.7704 �0.2239 �0.2239 0.8516 0.8516 0.8331 0.8331 1.0222 1.0222
1 0.9330 0.9330 �0.2500 �0.2500 1.0231 1.0231 1.0000 1.0000 1.0231 1.0231
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Fig. 11a. F̂ IA; F 0
IA vs. h/b in Fig. 1 with u = 15�, m1, m2 = 0.3: (1) when l2/l1 = 0, (2) when l2/l1 =1.
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Appendix A. Stress and displacement fields due to a point force in a bimaterial

Consider a bimaterial whose interface is in x1x2 plane as shown in Fig. A.1. Then, the displacement and
stress fields due to a point force P, which is vertical to the interface, can be expressed as the following equa-
tions [25,26].



Fig. 11b. F̂ IA; F 0
IA vs. h/b in Fig. 1 with u = 45�, m1, m2 = 0.3: (1) when l2/l1 = 0, (2) when l2/l1 =1.
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Fig. 12a. F̂ IA; F 90
IA vs. h/b in Fig. 1 with u = 45�, m1, m2 = 0.3: (1) when l2/l1 = 0, (2) when l2/l1 =1.
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Fig. 12b. F̂ IA; F 90
IA vs. h/b in Fig. 1 with u = 75�, m1, m2 = 0.3: (1) when l2/l1 = 0, (2) when l2/l1 =1.
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On the other hand, the displacement and stress fields due to a point force Q, which is parallel to the inter-
face, can be expressed as the following equations [25,26].
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2ðr2 þ x3 þ cÞ2

" #)

rQ
231 ¼

Qx1x2

2pðj1 þ 1Þ

(
� 3ðx3 � cÞ

r5
1

� 3Aj1ðx3 þ cÞ � 3Aðj3 � 1Þc
r5

2

þ 30Ax3cðx3 þ cÞ
r7

2

þ Sðj1 þ 1Þ½Aðj1 � 1Þ � 4T �2ðr2 þ x3 þ cÞ
4r3

2ðr2 þ x3 þ cÞ2

)
ðA:6Þ
For space 2
uQ
12 ¼

CQ
4l2pðj2 þ 1Þ

(
½2j1ð1� �AÞ � ASðj1 � 1Þðj2 þ 1Þ�

2r1

þ ð1�
�AÞx2

1

r3
1

� �T Sðj2 þ 1Þx3

1

r1ðr1 � x3 þ cÞ �
x2

1ð2r1 � x3 þ cÞ
r3

1ðr1 � x3 þ cÞ2

" #

þ Sðj2 þ 1Þ½Aðj1 � 1Þ � 2T �
2

1

r1 � x3 þ c
� x2

1

r1ðr1 � x3 þ cÞ2

" #)

uQ
22 ¼

CQx1x2

4l2pðj2 þ 1Þ
ð1� �AÞ

r3
1

þ
�T Sðj2 þ 1Þx3ð2r1 � x3 þ cÞ

r3
1ðr1 � x3 þ cÞ2

� Sðj2 þ 1Þ½Aðj1 � 1Þ � 2T �
2r1ðr1 � x3 þ cÞ2

( )

uQ
32 ¼

CQx1

4l1pðj2 þ 1Þ
ð1� �AÞðx3 þ cÞ � �T Sðj2 þ 1Þx3

r3
1

þ TSðj2 þ 1Þ
r1ðr1 � x3 þ cÞ

	 

ðA:7Þ

rQ
112 ¼

CQx1

2pðj2 þ 1Þ

(
ðj2 � 3Þð1� �BÞ þ 2ð2� j1Þð1� �AÞ þ ASðj1 � 1Þðj2 þ 1Þ

2r3
1

� 3ð1� �AÞx2
1

r5
1

� Sðj2 þ 1Þ½Aðj1 � 1Þ � 2T �
2

3

r1ðr1 � x3 þ cÞ2
� x2

1ð3r1 � x3 þ cÞ
r3

1ðr1 � x3 þ cÞ3

" #

þ �T Sðj2 þ 1Þx3

3ð2r1 � x3 þ cÞ
r3

1ðr1 � x3 þ cÞ2
� 3x2

1ð2r1 � x3 þ cÞ
r5

1ðr1 � x3 þ cÞ2
� 2x2

1

r3
1ðr1 � x3 þ cÞ3

" #)
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rQ
222 ¼

CQx1

2pðj2 þ 1Þ

(
ðj2 � 3Þð1� �BÞ þ 2ð1� �AÞ

2r3
1

� 3ð1� �AÞx2
2

r5
1

� Sðj2 þ 1Þ½Aðj1 � 1Þ � 2T �
2

1

r1ðr1 � x3 þ cÞ2
� x2
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r3
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ð2r1 � x3 þ cÞ
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1

)

rQ
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2pðj2 þ 1Þ

(
2ð1� j1Þð1� �AÞ þ ASðj1 � 1Þðj2 þ 1Þ

4r3
1

� 3ð1� �AÞx2
1

r5
1

� Sðj2 þ 1Þ½Aðj1 � 1Þ � 2T �
2

1

r1ðr1 � x3 þ cÞ2
� x2

1ð3r1 � x3 þ cÞ
r3

1ðr1 � x3 þ cÞ3

" #

þ �T Sðj2 þ 1Þx3

ð2r1 � x3 þ cÞ
r3
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� 3x2

1ð2r1 � x3 þ cÞ
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� 2x2
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r3
1ðr1 � x3 þ cÞ3

" #)

rQ
132 ¼

CQ
2pðj2 þ 1Þ
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½2ð1� j1Þð1� �AÞ þ ASðj1 � 1Þðj2 þ 1Þ�ðx3 � cÞ � 4�T Sðj2 þ 1Þx3

4r3
1

� 3ð1� �AÞx2
1ðx3 � cÞ � 3�T Sðj2 þ 1Þx2

1x3

r5
1

þ Sðj2 þ 1Þ½Aðj1 � 1Þ � 2�T �
4

1

r1ðr1 � x3 þ cÞ �
x2

1ð2r1 � x3 þ cÞ
r3

1ðr1 � x3 þ cÞ2

" #)

rQ
232 ¼

CQx1x2

2pðj2 þ 1Þ

(
3ð1� �AÞðx3 � cÞ � 3�T Sðj2 þ 1Þx3

r5
1

� Sðj2 þ 1Þ½Aðj1 � 1Þ � 2�T ð2r1 � x3 þ cÞ�
4r3

1ðr1 � x3 þ cÞ2

)

ðA:8Þ
where
j1 ¼ 3� 4m1; j2 ¼ 3� 4m2

C ¼ l2

l1

; S ¼ 2

1þ C

A ¼ 1� C
1þ Cj1

; �B ¼ C� 1

j2 þ C

T ¼ 1

4

j1 � 1

1þ Cj1

� ðj2 � 1ÞC
j2 þ C

� �

r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þ x2
2 þ ðx3 þ cÞ2

q
�A ¼ Cj1 � j2

1þ Cj1

; B ¼ j2 � Cj1

j2 þ C

�T ¼ 1

2

j2 � 1

j2 þ C
� ðj1 � 1ÞC

1þ Cj1

� �

9>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>;

ðA:9Þ
Here l1, l2 are shear modulus, and m1, m2 are Poisson’s ratio for space 1 and space 2 in Fig. A.1.



Fig. A.1. Point forces in a bimaterial whose interface is in x1x2 plane.
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Appendix B. How to derive K
fij

ij in Eq. (1a)

Consider a bimaterial as shown in Fig. A.2 whose interface is in the xz* plane. In Eq. (1a), the notations
Kfij

ij ; Kfyz
zz ; Kfzx

zz refers to the stress component rij when the standard set of point forces, fzz, fyz, fzx are applied as
shown in Eq. (A.10) [20]. 0 1
Kfzz
ij ¼

orR
ij

of

����
R¼1

þ m
1� m

orQ
ij

og

�����
Q¼1

þ
orP

ij

on

����
P¼1

@ A
Kfyz

ij ¼
orR

ij

og

����
R¼1

þ
orQ

ij

of

�����
Q¼1

Kfzx
ij ¼

orR
ij

on

����
R¼1

þ
orP

ij

of

����
P¼1

ðA:10Þ
Fig. A.2. How to derive Kfij
ij .
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Here, rP
ij; r

Q
ij ; r

R
ij are the stresses due to point forces P, Q, R acting in the n, g, f directions. As an example,

orR
ij

of
can be derived in the following way.
Table
Probab

u = 15

u = 45

u = 45

u = 75

KII(1 �
rR�

ij ¼ R cos urR�

ij ðg�; f
�; y�; z�ÞjR�¼1 � R cos urR�

ij ðg� þ d sin u; f� � d cos u; y�; z�ÞjR�¼1

rQ�

ij ¼ R sin urQ�

ij ðg; f; y; zÞjQ�¼1 þ R sin urQ�

ij ðgþ d sin u; f� d cos u; y; zÞjQ�¼1 ðA:11Þ

orR
ij

of
¼ lim

d!0

rR�
ij þ rQ�

ij

d

 !
orR�

ij

of

�����
R�¼1

cos u�
orR�

ij

of

�����
R�¼1

sin u

 !
cos u

þ
orQ�

ij

of

�����
Q�¼1

cos u�
orQ�

ij

og

�����
Q�¼1

sin u

0
@

1
A cos u ðA:12Þ
Appendix C. Probable angle h0 of crack propagation

Table C.1 show probable angle h0 of crack propagation, which are obtained from the condition of maxi-
mum rh [27], that is,
KIIð1� 3 cos h0Þ � KI sin h0 ¼ 0; 3KII sin h0 � KI cos h0 < 0 ðA:13Þ
C.1
le angle h0 of crack propagation

h/b a/b = 1 a/b = 2 a/b =1
�l2/l1 = 0 �l2/l1 =1 �l2/l1 = 0 �l2/l1 =1 l2/l1 = 0 �l2/l1 =1

� 1.05 �30.0 �28.4 �24.8 �24.5 �23.4 �22.2
1.1 �29.9 �28.1 �26.4 �24.9 �24.3 �21.6
1.2 �31.3 �26.5 �28.7 �25.3 �26.5 �22.5
1.4 �30.4 �26.5 �28.0 �23.0 �26.0 �25.3
1.6 �30.1 �28.6 �27.9 �26.6 �25.9 �26.2
2.0 �30.0 �29.8 �28.0 �27.7 �26.0 �26.7
1 �30.2 �30.2 �28.4 �28.4 �26.7 �26.7

� 1.05 �56.2 �53.8 �54.6 �53.4 �57.0 �53.3
1.1 �58.0 �53.2 �55.4 �53.4 �51.2 �53.2
1.2 �59.2 �53.5 �57.1 �54.7 �54.7 �54.2
1.4 �57.5 �54.9 �55.7 �53.7 �53.9 �54.5
1.6 �56.7 �55.3 �55.2 �54.1 �53.5 �54.1
2.0 �56.0 �55.3 �54.7 �54.0 �53.1 �53.6
1 �55.5 �55.5 �54.3 �54.3 �53.1 �53.1

� 1.05 56.2 53.8 54.6 53.4 57.0 53.3
1.1 58.0 53.2 55.4 53.4 51.2 53.2
1.2 59.2 53.5 57.1 54.7 54.7 54.2
1.4 57.5 54.9 55.7 53.7 53.9 54.5
1.6 56.7 55.3 55.2 54.1 53.5 54.1
2.0 56.0 55.3 54.7 54.0 53.1 53.6
1 55.5 55.5 54.3 54.3 53.1 53.1

� 1.05 28.3 29.7 23.8 23.8 23.3 23.8
1.1 29.1 27.7 25.9 24.8 24.6 21.8
1.2 29.9 25.7 27.6 22.6 26.8 21.2
1.4 29.7 26.5 27.3 20.4 24.2 24.6
1.6 29.7 27.3 27.3 21.7 24.2 25.6
2.0 29.7 26.8 27.3 23.5 24.2 26.1
1 30.2 30.2 28.4 28.4 26.7 26.7

3cosh0) � KIsinh0 = 0, 3KIIsinh0 � KIcosh0 < 0.
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Initially, the crack seems to propagate to the direction h0 in Table C.1, and then, changes the direction per-
pendicular to the tensile direction.
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