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a b s t r a c t

Although a lot of interface crack problems were previously treated, few solutions are avail-
able under arbitrary material combinations. This paper deals with a central interface crack
in a bonded finite plate and periodic interface cracks. Then, the effects of material combi-
nation and relative crack length on the stress intensity factors are discussed. A useful
method to calculate the stress intensity factor of interface crack is presented with focusing
on the stress at the crack tip calculated by the finite element method.

� 2011 Published by Elsevier Ltd.
1. Introduction

Although a lot of papers were published, several fundamental problems have not been solved yet for interface cracks. For
stress intensity factors of the interface crack, the most fundamentally known is the results for the bonded infinite plate sub-
jected to the internal stress r (see Fig. 1a), which is expressed in the following equations.
KI þ iKII ¼ ðFI þ iFIIÞð1þ 2ieÞr
ffiffiffiffiffiffi
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; FI ¼ 1; FII ¼ 0 ð1Þ
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ð3� vmÞ=ð1þ vmÞ ðPlane stressÞ
3� 4vm ðPlane strainÞ

�

vm : ðPoisson’s ratioÞ ðm ¼ 1; 2Þ

Gm : ðShear modulusÞ ðm ¼ 1; 2Þ
It should be noted that Fig. 1a is equivalent to Fig. 1b, and the stress intensity factors in Fig. 1c is different from the ones in
Fig. 1a and b. In other words, an interface crack subjected to internal pressure in bonded infinite plate is equivalent to an
interface crack subjected to r1y ¼ r and r1x1;r1x2 which produce ex1 = ex2 on the interface [1,2]. Therefore, the stress intensity
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Nomenclature

a, W crack length and the plate width
r, h polar coordinates around the crack tip
G1, G2 shear modulus for material 1 and material 2
m1, m2 Poisson’s ratio for material 1 and material 2
KI, KII stress intensity factors
FI, FII dimensionless stress intensity factors defined by KI þ iKII ¼ ðFI þ iFIIÞð1þ 2ieÞr

ffiffiffiffiffiffi
pa
p

FðaÞI ; FðaÞII dimensionless stress intensity factors for periodic interface cracks

FðbÞI ; FðbÞII dimensionless stress intensity factors for a central interface crack in bonded finite plate
r1y tension stress applied at material 1 and material 2 in infinite y-direction
r1x1; r1x2 tension stress applied at material 1 and material 2 in infinite x-direction
ex1, ex2 strain in x-direction for material 1 and material 2
ux displacement in x-direction
rx, sxy tension stress in x-direction and shear stress
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Fig. 1. Infinite plate subjected to (a) internal pressure, (b) r1y ; r1x1; r1x2 and (c) r1y .
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factors for Fig. 1a and b are expressed as the sum of the ones of Fig. 2a–c. Since the fundamental solutions for Fig. 2a–c were
not available, the authors have shown the stress intensity factors for those problems under arbitrary material combination
(see Fig. 3a and b) [2].

However, an interface crack in a bonded finite plate has not been discussed yet under arbitrary material combination.
Although a lot of related studies were published previously, few solutions are available under arbitrary material combina-
tions. In this paper, therefore, periodic interface cracks as shown in Fig. 4a will be treated in comparison with a central inter-
face crack in bonded finite plates as shown in Fig. 4b. Then, the effects of relative of crack length on the stress intensity
factors will be analyzed explicitly under arbitrary material combination. In Fig. 4a, along x = (1 + 2n)W (n is the integer)
the boundary conditions are ux = 0, sxy = 0 but rx – 0. On the other hand, in Fig. 4b along x = ±W the boundary conditions
are rx = 0, sxy = 0.

In this paper, a useful method to calculate the stress intensity factor of interface crack is presented with focusing on the
stress at the crack tip calculated by the finite element method [3].

2. Analysis method

The analysis method used in this research is based on the stresses at the crack tip calculated by FEM. By using the pro-
portional stress fields for the reference and given problems, stress intensity factors can be obtained with a good accuracy [4].
For example, for model I crack in homogenous plates, the stress distribution near the crack tip (h = 0) can be expressed by Eq.
(3).
Please
interfa
ry ¼ KI=
ffiffiffiffiffiffiffiffiffi
2pr
p

ð3Þ
It is confirmed that the error of FEM mainly comes from the mesh around the crack tip. Therefore if the same mesh size and
pattern are applied to the reference and given unknown problems, stress intensity factors KI can be obtained from the stres-
ses ry calculated by FEM. At a given distance r the following relationship can be obtained.
KI=ry ¼ const ð4Þ
If different crack problems A and B are analyzed by applying the same FEM mesh, the following equation can be given at the
same distance from the crack tip.
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Fig. 2. Infinite plate subjected to (a) r1y , (b) r1x1 and (c) r1x2.
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Fig. 3. Bonded plate with a central interface crack with a/W ? 0.
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Fig. 4. (a) Periodic interface cracks in an infinite bonded plate and (b) a central interface crack in a bonded plate.

Y. Zhang et al. / Engineering Fracture Mechanics xxx (2011) xxx–xxx 3

Please
interfa
K�I =r
�
y

h i
A
¼ KI=ry
	 


B ð5Þ
Here, an asterisk (�) means the values of the reference problem. By using Eq. (5) with stress values at crack tip calculated by
FEM, accurate stress intensity factors in homogenous plates were successfully obtained by Nisitani et al. [4,5].

Although this method cannot be applied to interface crack problems without difficulty, an effective method was recently
proposed by Oda et al. [3] successfully to analyze interface crack problems. It is well known that there exists oscillation sin-
gularity at the interface crack tip. From the stresses ry; sxy along the interface crack tip, stress intensity factors are defined as
shown in Eq. (6).
ry þ isxy ¼
KI þ iKIIffiffiffiffiffiffiffiffiffi

2pr
p r

2a

� �ie
; r ! 0; ð6Þ
From Eq. (6), it is known that because stress intensity factors for interface crack and the crack in homogenous material are
different, it is difficult to separate modes absolutely. So it is necessary to obtain the following equation from Eq. (6)
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If the distance r is given as a constant, the following equation can be obtained.
Q � ¼ Q ;
s�xy

r�y
¼ sxy

ry
ð10Þ
Therefore if Eq. (10) is satisfied, Eq. (11) may be derived from Eq. (7) and Eq. (8). In such case, oscillatory items of the ref-
erence and unknown problems are changed into the same.
K�I
r�y
¼ KI

ry
;

K�II
s�xy
¼ KII

sxy
ð11Þ
Here, r�y0;FEM; s�xy0;FEM are stresses of reference problem calculated by FEM, and ry0;FEM; sxy0;FEM are stresses of given unknown
problem. Stress intensity factors of the given unknown problem can be obtained by:
KI ¼
ry0;FEM

r�y0;FEM

K�I ð12Þ

KII ¼
sy0;FEM

s�y0;FEM

K�II ð13Þ
Stress intensity factors of the reference problem are defined by Eq. (14).
K�I þ iK�II ¼ ðT þ iSÞ
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Fig. 5. Reference problem (ex1 = ex2 at y = 0).

Table 1
Dimensionless stress intensity factors of crack in Fig. 3a with different a/W.

a/W a = 0.75, b = 0 a = 0.75, b = 0 a = 0.75, b = 0

FI 1/1620 0.93955 0.90859 0.95516
1/3240 0.93955 0.90883 0.95515
1/6480 0.93982 0.90943 0.95514
?0 0.94002 0.91003 0.95513

FII 1/1620 2.21 � 10�4 2.59 � 10�4 1.11 � 10�4

1/3240 1.10 � 10�4 1.28 � 10�4 5.53 � 10�5

1/6480 5.51 � 10�5 6.42 � 10�5 2.76 � 10�5

?0 0 0 0
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Regarding the reference problem in Fig. 5, denote rT¼1;S¼0�
y0;FEM , sT¼1;S¼0�

xy0;FEM are values of stresses for (T, S) = (1, 0) and rT¼0;S¼1�
y0;FEM

sT¼0;S¼1�
xy0;FEM are ones for (T, S) = (0, 1). In order to satisfy Eq. (10), stresses at the crack tip of the reference problem are expressed

as
Please
interfa
r�y0;FEM ¼ rT¼1;S¼0�
y0;FEM � T þ rT¼0;S¼1�

y0;FEM � S;

s�xy0;FEM ¼ sT¼1;S¼0�
xy0;FEM � T þ sT¼0;S¼1�

xy0;FEM � S;
ð15Þ
By substituting Eq. (10) into Eq. (15) with T = 1, the value of S is obtained as
S ¼
ry0;FEM � sT¼1;S¼0�

xy0;FEM � sxy0;FEM � rT¼1;S¼0�
y0;FEM

sxy0;FEM � rT¼0;S¼1�
y0;FEM � ry0;FEM � sT¼0;S¼1�

xy0;FEM

ð16Þ
The problem that is subjected to T = 1 and S expressed by Eq. (16) is considered as the reference problem. Because the exact
solution is known, the error of unknown problem can be evaluated by using the same mesh. In the following of the paper,
results are shown using dimensionless stress intensity factors FI, FII defined in Eq. (1). Dundurs’ bi-material parameters a, b
are defined in Eq. (17).
a ¼ G1ðj2 þ 1Þ � G2ðj1 þ 1Þ
G1ðj2 þ 1Þ þ G2ðj1 þ 1Þ ;b ¼

G1ðj2 � 1Þ � G2ðj1 � 1Þ
G1ðj2 þ 1Þ þ G2ðj1 þ 1Þ ð17Þ
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Fig. 6. F1 of a central interface crack in a bonded infinite plate under uni-axal tension which is corresponding to Fig. 3a with a/W ? 0.
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3. Stress intensity factors for a central interface crack in a bonded infinite plate

In this paper, the solutions of infinite periodic cracks (see Fig. 4a) and a central interface crack in a bonded finite plate (see
Fig. 4b) will be discussed. It should be noted that the limiting case a/W ? 0 in Fig. 4a coincides with the solution in Fig. 1a. On
Table 2
Dimensionless stress intensity factor FI in Fig. 3a with a/W ? 0, FI = 1.0 are marked by underlines.

a b

�0.2 �0.1 0 0.1 0.2 0.3 0.4 0.45

0.00 1.017 1.004 1.000 1.004 1.017

0.05 1.016 1.004 1.000 1.004 1.016 – – –
0.10 1.016 1.003 0.999 1.003 1.015 – – –
0.15 1.015 1.002 0.998 1.002 1.014 – – –
0.20 (1.013) 1.000 0.996 1.000 1.012 (1.036) – –

0.30 – 0.995 0.991 0.995 1.007 1.029 – –
0.40 – 0.988 0.984 0.988 1.000 1.022 – –

0.50 – 0.979 0.975 0.978 0.990 1.012 – –
0.60 – (0.966) 0.963 0.966 0.979 1.000 (1.033) –

0.70 – – 0.948 0.952 0.964 0.985 1.018 –
0.75 – – 0.940 0.943 0.955 0.977 1.010 –
0.80 – – 0.930 0.934 0.946 0.967 1.000 (1.022)

0.85 – – 0.920 0.924 0.935 0.957 0.990 1.011
0.90 – – 0.910 0.912 0.924 0.945 0.978 1.000
0.95 – – 0.896 0.900 0.912 0.933 0.965 0.987
1.00 – – (0.882) (0.886) (0.898) (0.919) (0.952) (0.974)

Table 3
Dimensionless stress intensity factors of crack in Fig. 3b with different a/W.

a/W a = 0.3, b = 0.2 a = �0.75, b = 0 a = �0.8, b = �0.4

FI 1/1620 �0.02540 0.07051 0.17962
1/3240 �0.02539 0.07056 0.17960
1/6480 �0.02539 0.07055 0.17959
?0 �0.02539 0.07054 0.17958

FII 1/1620 1.11 � 10�4 2.59 � 10�4 3.28 � 10�4

1/3240 5.53 � 10�4 1.29 � 10�4 1.64 � 10�4

1/6480 2.77 � 10�5 6.46 � 10�5 8.19 � 10�5

?0 0 0 0
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σσ

α

IF

Fig. 8. F1 of a central interface crack in a bonded infinite plate under r1x1 ¼ r (see Fig. 3b with a/W ? 0).
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the other hand, the limiting case a/W ? 0 in Fig. 4b coincides with the solution in Fig. 1c. Since the solution in Fig. 1a is ex-
pressed as Eq. (1), another fundamental solution of a central interface crack in bonded plate when a/W ? 0 will be indicated
in the following [2].
3.1. Effect of plate dimensions on the stress intensity factors

In order to discuss bonded infinite plates, it is necessary to consider the effect of the plate dimensions on the stress inten-
sity factors because the finite element method cannot treat the infinite plates directly. The results of central interface crack
Table 4
Dimensionless stress intensity factor FI in Fig. 3b with a/W ? 0.

a b

�0.45 �0.4 �0.3 �0.2 �0.1 0 0.1 0.2 0.3 0.4 0.45

�1.00 (0.267) (0.242) (0.203) (0.170) (0.142) (0.116) – – – – –
�0.95 0.247 0.224 0.187 0.157 0.130 0.107 – – – – –
�0.90 0.229 0.208 0.173 0.144 0.119 0.096 – – – – –
�0.85 0.213 0.193 0.160 0.133 0.109 0.087 – – – – –
�0.80 (0.199) 0.180 0.148 0.122 0.099 0.078 – – – – –
�0.75 – 0.167 0.137 0.112 0.090 0.071 – – – – –
�0.70 – 0.155 0.127 0.103 0.082 0.063 – – – – –
�0.60 – (0.131) 0.108 0.086 0.067 0.050 (0.030) – – – –
�0.50 – – 0.091 0.071 0.054 0.038 0.022 – – – –
�0.40 – – 0.076 0.059 0.043 0.028 0.014 – – – –
�0.30 – – 0.063 0.047 0.033 0.019 0.006 – – – –
�0.20 – – (0.053) 0.037 0.024 0.012 0.000 (�0.012) – – –
�0.15 – – – 0.033 0.020 0.008 �0.003 �0.015 – – –
�0.10 – – – 0.028 0.017 0.005 �0.006 �0.017 – – –
�0.05 – – – 0.024 0.013 0.003 �0.008 �0.019 – – –

0.05 – – – 0.017 0.007 �0.002 �0.012 �0.022 – – –
0.10 – – – 0.014 0.005 �0.004 �0.014 �0.023 – – –
0.15 – – – 0.011 0.002 �0.006 �0.015 �0.024 – – –
0.20 – – – (0.009) 0.000 �0.008 �0.016 �0.025 (�0.034) – –
0.30 – – – – �0.003 �0.010 �0.018 �0.025 �0.034 – –
0.40 – – – – �0.006 �0.012 �0.018 �0.025 �0.033 – –
0.50 – – – – �0.008 �0.013 �0.018 �0.024 �0.030 – –
0.60 – – – – (�0.009) �0.012 �0.017 �0.022 �0.027 (�0.031) –
0.70 – – – – – �0.011 �0.014 �0.018 �0.022 �0.027 –
0.75 – – – – – �0.010 �0.013 �0.016 �0.020 �0.024 –
0.80 – – – – – �0.009 �0.011 �0.014 �0.016 �0.020 (�0.021)
0.85 – – – – – �0.007 �0.009 �0.011 �0.013 �0.016 �0.017
0.90 – – – – – �0.005 �0.006 �0.008 �0.009 �0.011 �0.012
0.95 – – – – – �0.003 �0.003 �0.004 �0.004 �0.006 �0.006
1.00 – – – – – (�0.002) (0.001) (0.001) (0.001) (�0.001) (0.001)

Table 5
The results of homogeneous plates.

a/W σ

x

y

x

y

2W 2W2W

2a 2a 2a
o

( a )
I ,homoF

x

y

x

y

σ

o

2W

2a

( b )
I ,homoF

Present analysis Eq. (19) Isida (9) Eq. (20)

?0 1.0000 1.0000 1.0000 1.000
0.1 1.0042 1.0042 1.0060 1.006
0.2 1.0170 1.0170 1.0246 1.025
0.3 1.0399 1.0400 1.0577 1.058
0.4 1.0754 1.0753 1.1094 1.109
0.5 1.1282 1.1284 1.1867 1.186
0.6 1.208 1.2085 1.3033 1.303
0.7 1.335 1.3360 1.4882 1.487
0.8 1.561 1.5650 1.8160 1.814
0.9 2.105 2.1133 2.5776 2.577
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in Fig. 3a are therefore investigated in Table 1 with varying a=W ¼ 1=1620; 1=3240; 1=6480 and a ¼ 0:75; b ¼ 0; a ¼
0:9; b ¼ 0; a ¼ 0:75; b ¼ 0:2. It is seen that results of a/W < 1/1620 coincide each other and may have more than 3 digit
accuracy. In other words, Table 1 shows that the results for a/W = 1/1620 can be used as the infinite plate a/W ? 0 with less
than 0.09% error. It is also seen that FII ? 0 as a/W ? 0 under arbitrary material combination. In the following sections, the
results for the bonded infinite plate obtained as shown in Table 1 will be discussed.
3.2. Central interface crack in a bonded infinite plate under uni-axial tension

Fig. 6 shows the results of a central interface crack in a bonded infinite plate under uni-axial tension in the y-direction as
shown in Fig. 3a. In Fig. 6, Dundur’s parameter b is fixed, and the variations of FI are depicted with varying parameter a. From
Eq. (17), it is known that when material 1 and material 2 are exchanged, Dundur’s parameters (a, b) become (�a, �b). Then
the stress intensity factors (FI, FII) become (FI, �FII). Therefore all material combinations are considered in the range a > 0 in
Fig. 7.
ε

a/W = 0.1
a/W = 0.2a/W = 0.3

a/W = 0.4a/W = 0.5a/W = 0.6

a/W = 0.7a/W = 0.8

a/W = 0.9

ε

a/W = 0.1a/W = 0.2

a/W = 0.3
a/W = 0.4 a/W = 0.5 a/W = 0.6

a/W = 0.7

a/W = 0.8

a/W = 0.9

(a)

(b)

Fig. 9. The relationship between (a) FðaÞI vs. e (b) FðaÞII vs. e with different a/W in Fig. 4a.
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In Fig. 6, the solid curves show the results of a central interface crack under remote tension ry = r. The dashed lines are
extended from solid lines because some cases of material combination are difficult to be obtained by the FEM. The dash-dot-
ted line shows the results of that under internal pressure r whose solution is known as FI = 1 and FII = 0. Fig. 6 shows the
variation of FI = 0.882–1.036, which has the minimum value FI = 0.882 when a = 1.0, b = 0, and the maximum value
FI = 1.036 when a = 0.2, b = 0.3. It is also found that FII = 0 for the full range of a, b. Therefore it may be concluded that central
interface crack in a bonded infinite plate under remote tension of r = 1 is equivalent to that under internal pressure of
r = 0.882–1.036. All the values in Fig. 6 are given in Table 2 with 3 decimal. From Fig. 6 and Table 3, we can conclude that
FI > 1.0 when (a + 2b)(a � 2b) < 0, FI = 1.0 when (a + 2b)(a � 2b) = 0 and FI < 1 when (a + 2b)(a � 2b) > 0. In Table 3, values for
FI = 1.0 are marked by underlines.

3.3. Central interface crack in a bonded infinite plate with material 1 under tension in the x-direction

Table 3 shows stress intensity factors of central interface crack shown in Fig. 3b with different relative crack size a/W =
1/1620, 1/3240, 1/6480 under different material combinations a = 0.3, b = 0.2, a = �0.75, b = 0, a = �0.8, b = �0.4. It is seen
that all the results coincide each other more than 3 digit when a/W < 1/1620.

Fig. 8 shows the results of bonded infinite plate a/W ? 0 with material 1 under tension in the x-direction. The dashed
lines are extended from solid lines because some cases of material combination are difficult to be obtained by the FEM.
In Fig. 8, b in each curve is fixed, and the variations of FI are depicted with varying parameter a. Previously, it has been
thought that tension in the x-direction does not contribute to the stress intensity factors [1]. However, as can be seen from
Fig. 8, FI is not 0 in current research. It should be noted that the stress intensity factor FI is not zero under x-directional ten-
sion, except the case when ex1 ¼ ex2 is produced along the interface, and it has the minimum value FI = �0.034 when a = 0.2,
b = 0.3, and the maximum value FI = 0.267 when a = �1.0, b = �0.45. It is also found that FII = 0 for the central interface crack
under x-directional tension. Therefore, it may be concluded that central interface crack in a bonded infinite plate with mate-
rial 1 under x-directional remote tension is equivalent to that of under internal pressure of r = �0.034 to 0.267. All the values
in Fig. 8 are provided in Table 4.
4. Stress intensity factors for periodic interface cracks

Periodic interface cracks are one of the most fundamental problems. However, so far as the authors known, the solution is
not available under arbitrary material combinations. Similarly to the problem of bonded infinite plate subjected to the inter-
nal pressure, the stress intensity factors only depend on the parameter e. There, the parameters e and b have the following
relation. That is to say, stress intensity factors for periodic interface cracks only depend on e or b.
Please
interfa
e ¼ 1
2p

ln
1� b
1þ b

� �
ð18Þ
First, the problem for homogenous material when G1 = G2 and m1 = m2 is treated. Exact solutions of stress intensity factors for
Fig. 4a are expressed in the following [6–8].
a/W

( )(1 2 ) ,I II I IIK iK F iF i aε σ π+ = + +

I m o

2W πa
F = tan

πa 2W

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

Fig. 10. The relationship between FðaÞI =FðaÞIhomo vs. a/W in Fig. 4a.
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Table 5 shows the results of periodic interface cracks FðaÞI for homogenous material. Comparing the present results with the
exact solution in Eq. (19), it is found that they are coincide within the error 0.4%. Table 5 also shows the results of a central
crack obtained by Isida [9] and the approximate solutions expressed in formula (20) [10].
FðbÞI homo ¼ 1� 0:025
a

W

� �2
þ 0:06

a
W

� �4
�  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sec
pa
2W

� �r
ð20Þ
Comparing the formulas of (19) and (20), it is seen that FðbÞI in Fig. 4b is about 20% larger than FðaÞI in Fig. 4a when the relative
crack length is large.
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Fig. 12. (a) FðbÞI =FðbÞIhomovs. a/W and (b) FðbÞII vs. a/W when b = �0.1.
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Fig. 11. (a) FðbÞI =FðbÞIhomo vs. a/W and (b) FðbÞII vs. a/W when b = �0.2.
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Fig. 9a shows the relation between FðaÞI and e with different a/W. From the figure, it is known that FðaÞI slightly increases
with increasing e when a/W is fixed, the increment is also larger when a/W is larger. Fig. 9b shows the relation between FðaÞII

and e with different a/W. Similarly to FðaÞI , the values of FðaÞII also increases with increasing e when a/W is fixed, and the incre-
ment becomes larger when a/W is larger.

Because parameters e and b have the relationship in Eq. (18), the relation FI and b also can be obtained. Fig. 10 shows the
relation between FI divided by FI;homo and b. From Fig. 10, it is known that FI=FI;homo is nearly about 1 when a/W is small, and
FI=FI;homo becomes larger when a/W is larger.
5. Stress intensity factors for the interface crack in a bonded finite plate

Regarding another fundamental problem in Fig. 4b, effects of relative crack length a/W on stress intensity factors will be
discussed under arbitrary combinations. When material 1 and material 2 are exchanged, Dundur’s parameters (a, b) become
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Fig. 14. (a) FðbÞI =FðbÞIhomo vs. a=W and (b) FðbÞII vs. a/W when b = 0.1.
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Fig. 13. (a) FðbÞI =FðbÞIhomo vs. a/W and (b) FðbÞII vs. a/W when b = 0.
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(�a, �b); then the stress intensity factors (FI, FII) become (FI, �FII). Therefore all material combinations are considered in the
range a > 0 as shown in Fig. 7. For special material combinations indicated by the dashed lines in Fig. 7, calculations can not
be executed by the current finite element method code, and the results for the region are obtained by extrapolation using the
results that can be calculated.

The interface stress intensity factor FðbÞI is close to the solution FI homo of Isida [9] for homogenous materials as shown in
Table 5. To discuss the variation FðbÞI clearly under different material combinations, the ration FðbÞI =FðbÞI homo is indicated in Figs.
11a–18a. Those figures also show the maximum value FðbÞImax and minimum value FðbÞImin for all material combinations when b is
fixed. Here, FðbÞII is directly shown from Figs. 11b to 18b with the maximum value FðbÞIImax and minimum value FðbÞIImin for all re-
gions of material combination when b is fixed. When a/W ? 0, FðbÞII goes to 0, and the absolute value of FðbÞII monotonously
increases with increasing a/W.

Fig. 11 shows the results for b = �0.2. It is found that FðbÞI =FðbÞI homo is in a small region 1.017–0.976, and it is seen that FI is
close to FðbÞImax, and FII is close to FðbÞIImax individually. Fig. 12 shows the results for b = �0.1. Similarly to the case b = �0.2, it is
found that FðbÞI =FðbÞI homo is in the small region 1.004–0.909, and FðbÞI is close to FðbÞImax.
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Fig. 16. (a) FðbÞI =FðbÞIhomo vs. a/W and (b) FðbÞII vs. a/W when b = 0.3.
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Fig. 15. (a) FðbÞI =FðbÞIhomo vs. a/W and (b) FðbÞII vs. a/W when b = 0.2.
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On the other hand, when b = 0, the ratio FðbÞI =FIhomoðbÞ largely depends on a and distributes in a wide region as 1.000–
0.751. The ratio FðbÞI =FðbÞIhomo is close to 1 when a is small, and becomes smaller when a is large. When a = 1, FðbÞI =FðbÞI homo takes
the minimum value for all regions of a/W. On the other hand, FðbÞII increases with increasing a, and the increment becomes
larger when crack length is larger. For almost all regions of crack length, FðbÞII takes the maximum when a = 1 except the case
when crack length is extremely large.

Similar trend of Fig. 13 can be seen in Fig. 14 for b = 0.1 and in Fig. 15 for b = 0.2 although the distribution region is a little
smaller in Figs. 14 and 15. On the other hand, FðbÞII is always positive when b = 0, but for b = 0.1 and b = 0.2 FðbÞII is positive value
when a is large and negative when a is small.

For b = 0.3 in Fig. 16, it is seen that FðbÞI =FðbÞIhomo always takes the maximum value for a/W when a = 0.2, and FðbÞII always takes
the minimum value when a = 0.2.
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Fig. 18. (a) FðbÞI =FðbÞIhomo vs. a/W and (b) FðbÞII vs. a/W when b = 0.45.
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Fig. 17. (a) FðbÞI =FðbÞIhomo vs. a/W and (b) FðbÞII vs. a/W when b = 0.4.
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Fig. 17 shows the case b = 0.4 and Fig. 18 shows the case b = 0.45. It is found that FðbÞI =FðbÞIhomo decreases with increasing
crack length, and on the other hand, FðbÞII always has negative values for all a/W.

Considering FðbÞI =FðbÞIhomo when a=W 6 0:9, it is known that 0:751 < FðbÞI =FðbÞIhomo < 1:036, and mostly it distributes in the re-
gion which is a little smaller than 1.
6. Comparison between periodic interface cracks and a center interface crack

In order to compare the results of Fig. 4a and b, the results of Fig. 4a are shown as FðaÞI =FðbÞIhomo in Fig. 19 when b = 0, and the
results for the case when b = 0.4 are shown in Fig. 20. For periodic interface cracks, FðaÞI =FðbÞIhomo distributes within the region of
FðbÞI =FðbÞIhomo except the case when the crack length is very large. For a fixed b, the results of periodic interface cracks are close to
the results of a central interface crack in a bonded finite plate when a is small and the crack length is small. On the other
hand, when, the results of periodic interface cracks are close to the results of a central interface crack in a bonded finite plate
when a is large and the crack length is large.
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7. Conclusion

In this paper, the stress values at the crack tip calculated by FEM are used and the stress intensity factors of interface
cracks are evaluated from the ratio of stress values between a reference problem and a given problem. Then the stress inten-
sity factors are discussed with the following conclusions.

(1) For periodic interface cracks in a bonded plate shown in Fig. 4a, the effects of relative crack length and material com-
binations on the stress intensity factors have been discussed. Stress intensity factors FðaÞI , FðaÞII increase with increasing e
(Fig. 9 and Table 5).

(2) For a central interface crack in a bonded finite plate shown in Fig. 4b, the effects of relative crack length and material
combinations on the stress intensity factors have been discussed. The ratio to the results to the homogeneous material
FðbÞI =FðbÞIhomo is in the region 0:751 < FðbÞI =FðbÞIhomo < 1:036 when a=W 6 0:9, and mostly it distributes in the region which is
a little smaller than 1.

Generally, FI always takes the maximum value when a = 0.2, b = 0.3 and minimum value when a = 1.0, b = 0. On the other
hand, FII always takes the maximum value when a = 1.0, b = 0 and minimum value when a = 0.2, b = 0.3 except the case when
the crack length is extremely large.

(3) From the comparison between the results for periodic interface cracks and a central interface crack in a finite bonded
plate, it is seen that the results of periodic interface cracks are close to the results of a central interface crack in a
bonded finite plate when a is small and the crack length is small. The results of periodic interface cracks are close
to the results of a central interface crack in a bonded finite plate when a is large and the crack length is large.
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