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Abstract 
Although a lot of interface crack problems were previously treated, few solutions 
are available under arbitrary material combination. This paper deals with a central 
interface crack in a bonded infinite plate and finite plate. Then, the effects of 
material combination on the stress intensity factors are discussed. A useful method 
to calculate the stress intensity factor of interface crack is presented with focusing 
on the stress at the crack tip calculated by the finite element method. For the central 
interface crack, it is found that the results of bonded infinite plate under remote 
uni-axial tension are always depending on the Dunders’ parameters α , β  and 
different from the well-known solution of the central interface crack under internal 
pressure that is only depending on β . Besides, it is shown that the stress intensity 
factor of bonded infinite plate can be estimated from the stress of crack tip in the 
bonded plate when there is no crack. It is also found that dimensionless stress intensity 
factor 1IF < when ( 2 )( 2 ) 0α β α β+ − > , 1IF >  when ( 2 )( 2 ) 0α β α β+ − < , 
and 1IF =  when ( 2 )( 2 ) 0α β α β+ − = . 

Key words: Elasticity, Stress Intensity Factor, Fracture Mechanics, Finite Element 
Method, Interface Crack, Bonded Plate 

 

1. Introduction 

An interface crack in an infinite bonded plate under internal pressure in Fig.1 (a) is 
known as the most fundamental and well known solution for interface cracks. The stress 
intensity factor is given in Eq.1.  

                                    (1)    
 

It is also known that the interface crack under remote biaxial tension as shown in Fig.1 (b) is 
equivalent to the one in Fig.1 (a). In Fig.1 (b), yσ σ∞ =  is the remote tensile stress in the y 
direction, and 1 2,x xσ σ∞ ∞  are the ones in the x direction so as to produce the same strain in the 
x direction 1 2x xε ε= along the bi-material interface (1). As shown in Fig.2 (a), a central 
interface crack in a bonded plate has been treated in the previous studies (2)-(4), and some 
noticeable results are provided in Table 1. As can been seen from this table, those results 
almost coincide with each other. However, the limiting solution as 0a W → in Table 1 has 
not been discussed yet in the previous studies. In Table 1 it is seen that dimensionless stress 
intensity factor IF does not approach unity although 0IIF → as 0a W → . In other words, it 
is confirmed that the solution under uni-axial tension in Fig.3 (b) is not equivalent to Eq. 
(1).  
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In this study, stresses at the interface crack tip will be calculated by applying the finite 
element method. Then the stress intensity factors are determined from the results of the 
reference problem and given unknown problem (2) using the same finite element mesh 
pattern.  Here, the most fundamental central interface crack in bonded plate in Fig. 2 will 
be considered with varying Dundur’s parameter ,α β . Then, the effects of material 
combination on the interface stress intensity factors ,I IIK K  will be discussed. 
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Fig.1 Infinite bonded plate subjected to (a) internal pressure and (b) remote biaxial tensile 
stress. 
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Fig.2 Bonded finite plate with a central interface crack . 

Table 1 Dimensionless stress intensity factors of center interface 
crack in bonded plate (see Fig 2, Plane stress, 1 2 0.3ν ν= = ).  
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Fig.3 Infinite bonded plate subjected to (a) internal pressure and (b) 
remote uni-axial tensile stress. 
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2. Analysis Method 

The analysis method used in this research is based on the stresses at the crack tip 
calculated by FEM. By using the proportional stress fields for the reference and given 
problems, stress intensity factors can be obtained with a good accuracy (5). For example, for 
model I crack in homogenous plates, the stress distribution near the crack tip can be 
expressed by the following equation. 

 2y IK rσ π=      (2) 

It is confirmed that the error of FEM mainly comes from the mesh around the crack tip. 
Therefore if the same mesh size and pattern are applied to the reference and given unknown 
problems, stress intensity factors IK  can be obtained from the stresses yσ  calculated by 
FEM. At a given distance r , the following relationship can be derived from Eq.(2).  

 I yK constσ =      (3) 

If different crack problems A and B are analyzed by applying the same FEM mesh, the 
following equation can be given at the same distance from the crack tip. 

 * *
y yI IA B

K Kσ σ   =         (4) 

Here, an asterisk (*) means the values of the reference problem. By using Eq.4 with stress 
values at crack tip calculated by FEM, accurate stress intensity factors in homogenous plates 
were successfully obtained by Nisitani et al (5),(6). 
 Although this method cannot be applied to interface crack problems without difficulty, 
an effective method was recently proposed by Oda et al (2) successfully to analyze interface 
crack problems. It is well known that there exists oscillation singularity at the interface 
crack tip. From the stresses ,y xyσ τ  along the interface crack tip, stress intensity factors 
are defined as shown in Eq.(5). 
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From Eq.(5), the stress intensity factors may be separated as 

0
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,                    (8) 

ln( )
2
rQ
a

ε= .                                        (9) 

Here, r  and Q  can be chosen as constant values since the reference and unknown 
problem have the same mesh pattern and material combination. Therefore if Eq.(10) is 
satisfied, Eq.(11)may be derived from Eq.(10). In such case, oscillatory items of the 
reference and unknown problems are changed into the same.  

*
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,
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Stress intensity factors of the given unknown problem can be obtained by: 
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0,
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Here, *
xy

* τσ ，y  are stresses of reference problem calculated by FEM, and xyy τσ ，  are 
stresses of given unknown problem. Stress intensity factors of the reference problem are 
defined by Eq.(14). 

( ) (1 2 )I IIK iK T iS a iπ ε∗ ∗+ = + +     (14) 

Regarding the reference problem in Fig.4, denote 1, 0
0, *T S

y FEMσ = = , 1, 0
0, *T S

xy FEMτ = =  are values of 

stresses for )0,1(),( =ST , and 0, 1
0, *T S

y FEMσ = = 0, 1
0, *T S

xy FEMτ = =  are ones for )1,0(),( =ST . In order 

to satisfy Eq.(10), stresses at the crack tip of the reference problem are expressed as 
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By substituting Eq.(10) into Eq.(15) with T=1, the value of S is obtained as  
1, 0 1, 0

0, 0, 0, 0,
0, 1 0, 1

0, 0, 0, 0,
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* *
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T S T S
xy FEM y FEM y FEM xy FEM

S
σ τ τ σ
τ σ σ τ

= = = =

= = = =

× − ×
=

× − ×
.   (16)  

 

3. Stress Intensity Factors of an Interface Crack in a Bonded Infinite Plate 

 To express the results the following dimensionless stress intensity factors IF , IIF  are 
used.  

( )(1 2 )I II I IIK iK F iF i aε σ π+ = + +                   (17) 
Dundurs’ bi-material parameters ,α β  are defined in Eq.(18). 

1 2 2 1

1 2 2 1

( 1) ( 1)
( 1) ( 1)

G G
G G

κ κα
κ κ

+ − +
=

+ + +
, 1 2 2 1

1 2 2 1

( 1) ( 1)
( 1) ( 1)

G G
G G

κ κβ
κ κ

− − −
=

+ + +
          (18) 

3.1 Effect of Plate Dimensions on the Stress Intensity Factors 

In order to discuss bonded infinite plates, it is necessary to consider the effect of the 
plate dimensions on the stress intensity factors because the finite element method cannot 
treat the infinite plates directly. The results of central interface crack in Fig.2 (a) are 
therefore investigated in Table 2 with varying a W = 1/1620, 1/3240, 1/ 6480  
and 0.75,α = 0β = , 0.9,α = 0β = , 0.75α = , 0.2β = . It is seen that results of 

1 /1620a W < coincide each other and may have more than 3 digit accuracy.  In other 
words, Table 2 shows that the results for 1/1620a W = can be used as the infinite plate 

0a W →  with less than 0.09% error. It is also seen that 0IIF →  as 0a W →  under 
arbitrary material combination. In the following sections, the results for the bonded infinite 
plate obtained as shown in Table 1 will be discussed. 
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3.2 Central Interface Crack in a Bonded Infinite Plate under Uni-Axial Tension 
 Figure 5 shows the results of a central interface crack in a bonded infinite plate under 
uni-axial tension in the y-direction as shown in Fig.2 (a). In Fig.5, Dundur’s parameter β  is 
fixed, and the variations of IF  are depicted with varying parameter α . When material 1 
and material 2 are exchanged, Dundur’s parameters ( ),α β  become ( ),α β− − . Then the 
stress intensity factors ( IF , IIF ) become ( IF , IIF− ). Therefore all material combinations 
are considered in the range 0α > in Fig.6( a).  
 In Fig.5, the solid curves show the results of a central interface crack under remote 
tension yσ σ= .The dashed lines are extended from solid lines because some cases of 
material combination are difficult to be obtained by the FEM. The dashed line shows the 
results of that under internal pressure σ  whose solution is known as 1IF = and 0IIF = . 
Figure 5 shows the variation of 0.882 1.036IF = ～ , which has the minimum 
value 0.882IF =  when 1.0, 0α β= = , and the maximum value 1.036IF =  when 

0.2, 0.3α β= = . It is also found that IIF = 0 for the full range of ,α β . Therefore it may be 
concluded that central interface crack in a bonded infinite plate under remote tension of 

1σ =  is equivalent to that under internal pressure of 0.882 1.036σ = ～ . All the values in 
Fig.5 are given in Table 3 with 3 decimal. From Fig.5 and Table 3, we can conclude that 

1.0IF >  when ( 2 )( 2 ) 0α β α β+ − < ， 1.0IF = when ( 2 )( 2 ) 0α β α β+ − = and 1IF <  
when ( 2 )( 2 ) 0α β α β+ − > . In Table 3, values for 1.0IF =  are marked by underlines. 
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Table 2 Dimensionless stress intensity factors of crack in Fig.2 (a) with different /a W .
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Fig.4 Reference problem ( 1 2x xε ε=  at 0y = )  
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Fig.5 1F  of a central interface crack in a bonded infinite plate under uni-axal tension
which is corresponding to Fig.2 (a) with /a W 0→ . 

Table 3 Dimensionless stress intensity factor IF  in Fig.2 (a) with /a W 0→ . 
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(a)  Shadow regions ( 2 ) 0α α β− < have no stress singular at the edge x W= ±  in Fig.2 (a) 
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3.3 Stress Distributions in a Bonded Plate without Crack 

Figure7 shows a bi-material bonded plate without crack under remote tension, which is 
used to explain the reason why stress intensity factor 1IF ≠  for the central interface crack. 
Here, stress distributions at cross-sections a, b, c, d, e in Fig.7 are investigated under 
different material combinations.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8 (a), (b), (c), (d), (e) show the stress distributions for (a) 0.4, 0.3α β= = , (b) 
0.6, 0.3α β= = , (c) 0.7, 0.1α β= = , (d) 0.1, 0.2α β= = − , (e) 
0.2, 0.1α β= = − respectively. As can been seen from Fig.8, stresses at cross-sections a, b, c, 

d, e in Fig.7 are not unity, however, the average stress at each cross-section is equivalent to 
the remote tension 1yσ = .  

Specifically, 0.4, 0.3α β= =  is considered as a good pair since ( 2 ) 0α α β− < is 

Fig.7 The finite element model in Fig.2 (a) with /a W 0→  
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(b) Shadow regions ( 2 )( 2 ) 0α β α β+ − < have 1IF >  for Fig.1 (a) with / 0a W →  
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satisfied as shown in Fig.6 (a). In this case, it is seen that 0yσ =  at the free edge of the 
interface 1x W = . Therefore, yσ  around 0x =  should be larger than 1 which leads to 

1IF >  when ( 2 ) 0α α β− < (7),(8). On the other hand, from Fig.8 (b), constant stress 
distributions of 1yσ =  at each cross-section are confirmed. Here, 0.6, 0.3α β= =  is 
supposed to be the equal pair since ( 2 ) 0α α β− = as shown in Fig.6 (a). As a result, 

1IF = appears when ( 2 ) 0α α β− = . Similarly, 0.7, 0.1α β= =  satisfies ( 2 ) 0α α β− > , 
which is regarded as a bad pair as shown in Fig.6 (a). In this case, the stress yσ at the free 
interface edge 1x W =  goes to infinity as yσ → ∞ . The stress distributions near 0x =  are 
therefore should be less than unity as 1yσ < . This is the reason why 1IF <  
when ( 2 ) 0α α β− > . 

Fig.8 (d) indicates stress distributions for 0.2, 0.1α β= = − which satisfies bad pair 
condition ( 2 ) 0α α β− >  as shown in Fig.6 (a), and the stress yσ at the free interface edge 

1x W =  goes to infinity as yσ → ∞ , but different from Fig.8 (c), the stress yσ  becomes 
smaller around 1x W = . Then, 1yσ = appears at 0x = , which leads to 1IF = . Because in 
this case, α and β satisfy 2 0α β+ = , considering Fig,8 (b) and Fig.8 (d), it can be 
concluded that 1IF = is obtained when ( 2 )( 2 ) 0α β α β+ − = . Figure8 (e) indicates stress 
distributions for 0.1, 0.2α β= = − , similar with Fig.8 (d), although bad pair condition 

( 2 ) 0α α β− > is satisfied, 1yσ >  appears at 0x = , which leads to 1IF > . Because in this 
case,α and β satisfy 2 0α β+ < , considering Fig,8 (a) and Fig.8 (e), it can be conclude 
that 1IF > is obtained when ( 2 )( 2 ) 0α β α β+ − < . 

Therefore, there are two lines to control IF  as shown in Fig.6 (b), one is 
2 0α β− = and the other is 2 0α β+ = . For ( 2 )( 2 ) 0α β α β+ − > , 1IF < ; for 

( 2 )( 2 ) 0α β α β+ − = , 1IF = ; for ( 2 )( 2 ) 0α β α β+ − < , 1IF > .  
Table 4 shows the stress at O in Fig.7 comparing with IF  of a central crack in a 

bonded infinite plate with varying material combination. From this table, it is found that the 
stress intensity factor IF  is equal to the stress yσ  at O in the bonded plate without crack. 
This leads us to the conclusion that IF  of an interface crack in a bonded infinite plate can 
be easily obtained from the stress yσ  at the interface without crack. 
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3.4  Central Interface Crack in a Bonded Infinite Plate with Material 1 under Tension 
in the x-direction 
Table 5 shows stress intensity factors of central interface crack shown in Fig.2(b) with 
different relative crack size 1/1620,1/3240,1/ 6480a W =  under  different material 
combination 0.3, 0.2α β= = , 0.75, 0α β= − = , 0.8, 0.4α β= − = − . It is seen that all the 
results coincide each other more than 3 digit when 1/1620a W < . 
 Figure 9 shows the results of bonded infinite plate 0a W →  with material 1 under 
tension in the x-direction. The dashed lines are extended from solid lines because some 
cases of material combination are difficult to be obtained by the FEM. In Fig.9, β  in each 
curve is fixed, and the variations of IF  are depicted with varying parameter α . Previously, 
it has been thought that tension in the x direction does not contribute to the stress intensity 
factors (1). However, as can be seen from Fig.9, IF  is not 0 in current research. It should be 
noted that the stress intensity factor IF  is not zero under x-directional tension, except the 
case when 1 2x xε ε=  is produced along the interface, and it has the minimum 
value 0.034IF = −  when 0.2, 0.3α β= = , and the maximum value 0.267IF =  when 

1.0, 0.45α β= − = − . It is also found that IIF =0 for the central interface crack under 
x-directional tension. Therefore, it may be concluded that central interface crack in a bonded 
infinite plate with material 1 under x-directional remote tension is equivalent to that of 
under internal pressure of 0.034 ~ 0.267σ = − . All the values in Fig.9 are provided in Table 
6. 

4. Central Interface Crack in a Bonded Finite Plate 

 Until here the stress intensity factors of interface crack in bonded infinite plate are 
mainly treated. In this chapter, the bonded finite plate as shown in Fig.2 (a) is newly 
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Table 5 Dimensionless stress intensity factors of crack in Fig.2 (b) with different /a W .
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considered. Figures 10 and 11 show the stress intensity factors for 0.2a W = and 
0.5a W = . The dashed lines are extended from solid lines because some cases of material 

combination are difficult to be obtained by the FEM. Comparing Figs.10, 11with Fig.5, it is 
found that the results in Figs.10, 11 have similar variation trends although values in Figs.10, 
11 are slightly larger than those of Fig.5. Similar examinations are performed for 

0.1 0.9a W = −  in this study. 
 The maximum and minimum values of ,I IIF F  for each a W  are shown in Table 7 
and Fig.12 with varying a W . The dashed lines are extended from solid lines because some 
cases of material combination are difficult to be obtained by the FEM. Here I homoF is the 
results of a central crack in a  homogeneous plate, and the present results I homoF  coincide 
with Isida’s results (9). In Fig.12 the results are indicated as the ratios of 

/I ma x I homoF F and /I min I homoF F . It is seen that I homoF  gives almost largest values of IF , and 
the difference between I ma xF  and I homoF is less than 4%. On the other hand, the difference 
between I minF  and I homoF  increases with increasing a W .  Figure 12(b) shows maximum 
and minimum absolute values of IIF  increases with increasing a W . Specifically, the 
results for 2 1/ 4G G =  and 2 1/ 100G G =  in the previous studies (2)-(4) are plotted in Fig.12.   
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Table7 Maximum and minimum values of stress intensity factors IF ， IIF  
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5. Conclusions 

In this study, stresses at the interface crack tip are calculated by applying the finite 
element method. Then the stress intensity factors are determined from the results of the 
reference problem and given unknown problem. The conclusions are given as following.  

1. Stress intensity factors of a central interface crack in bonded infinite plate under remote 
tension were calculated very accurately under arbitrary material combination. 

2. Central interface crack in bonded infinite plate under remote tension of 1σ =  is 
equivalent to that under internal pressure of 0.882 1.036σ = ～ . Moreover, central 
interface crack in bonded infinite plate with material 1 under remote x-directional 
tension of 1σ =  is equivalent to that under internal pressure of 0.034 ~ 0.267σ = − . 

3. Variations of the maximum and minimum stress intensity factors ,I IIF F  in bonded 
finite plate are also investigated with varying a W  in this paper. It is seen that the 
stress intensity factor for homogeneous material I homoF  gives the maximum value I ma xF  
within 4% error. On the other hand, the difference between I minF  and I homoF  increases 
with increasing a W .  
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