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Abstract. Adhesive joints are widely used although different materials properties cause the 

singular stress field whose intensity is controlled by the adhesive joint geometry. Our previous 

studies showed that debonding strength can be expressed as a constant value of the critical 

intensity of singular stress field (ISSF) by applying two-dimensional modelling. By considering 

the real adhesive geometry, in this study, the ISSFs along the interface edge of three-dimensional 

prismatic butt joints are considered by varying the adhesive thicknesses. It is found that the 

critical ISSF in 3D modelling is almost constant independent of the adhesive thickness. The 

magnitude and position of the maximum ISSF are discussed by varying the corner fillet radius 

in comparison with two-dimensional modelling.  

1. Introduction 

Adhesive joints have several advantages such as light weight and low cost compared with the other 

traditional joints. Therefore, adhesive joints are widely used in various industrial fields [1-3]. However, 

different material properties cause singular stresses at the interface end, which may lead to debonding 

failure in structures [4-12].  

 

 

The bonded strength is closely related to the intensity of the singular stress field (ISSF). Recent 

previous studies showed that the debonding strength can be expressed as a constant value of ISSF as 

  

Figure 1. Adhesive strength for S35C / 

Epoxy resin expressed as a constant critical 

ISSF 𝐾𝜎𝑐 by using 2D model. 

Figure 2. 2D butt joint modelling. 
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shown in figure 1 [12, 13]. In those studies, the ISSF was analyzed by using two-dimensional modelling 

assuming plane strain as shown in figure 2. Suzuki [14] studied the adhesive bonded strength when 

medium carbon steel plates are bonded by epoxy resin. His experimental results are used widely in 

research since the experiment was conducted carefully with high accuracy. In this study, therefore, 

Suzuki’s specimen in figure 3 [14] will be analysed by considering the three-dimensional prismatic butt 

joint geometry. Then, the ISSF distribution will be discussed along the adhesive interface edge by 

extending the mesh independent technique proposed previously [7-13].  

2. FEM stress distribution along the adhesive interface  

 

(a) Large mesh (b) Small mesh (c) Detail of x/W, y/W = 0.4~0.5 

Figure 4. FEM stress distribution 𝜎𝑧 of 3D prismatic butt joint on / 2z h=   . 

In this study, the finite element method (FEM) is applied to adhesive strength analysis. The FEM has 

been used in wide engineering fields such as composite materials [7-13], impact strength [15], and 

complicated structures including traditional joints [16]. figure 4 shows an example of FEM stress 

distributions along the adhesive interface in prismatic butt joint when h/W=0.1. This result is 

corresponding to one of Suzuki’s specimens [14]. The mild steel S35C has Young’s modulus E=210GPa 

and Poisson’s ratio v=0.3 and the epoxy resin has E=3.14GPa and v=0.37. As shown in figure 4, in the 

interior region of the interface 0≤x, y<0.45, FEM stress is accurate since they are independent of the 

minimum mesh size emin and satisfy∣σz-1∣<0.002 under the remote tensile stress 𝜎𝑧
∞=1. However, 

FEM stress values are not accurate near the interface side ∣x∣=0.5 and ∣y∣=0.5 since they varies 

depending on the mesh size emin. It should be noted that the real interface stress should go to infinity 

along the interface side∣x∣=0.5 and ∣y∣=0.5.  In this study, the intensity of this singular stress field 

(ISSF) is obtained by applying mesh independent technique.  Since the ISSF varies depending on the 

 

Figure 3. 3D prismatic butt joint. 
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location and also the adhesive thickness, the ISSF distributions will be discussed in the next section. In 

this study, the mesh independent technique coupled with FEM is extended to the three dimensional 

prismatic butt joints. The details may be found in [7-13, 17]. This new method can be applied to real 

adhesive joints to evaluate the adhesive strength. 

3. ISSF distribution and critical ISSF distribution when debonding occurs 

figure 5 shows the ISSF distributions along the interface side 𝐾𝜎
𝑆𝑖𝑑𝑒  under remote tensile stress 𝜎𝑧

∞ = 1. 

The ISSF 𝐾𝜎
𝑆𝑖𝑑𝑒 is defined by eq.(1).  

𝐾𝜎
𝑆𝑖𝑑𝑒 = lim

𝑟→0
[𝑟1−𝜆 × 𝜎𝑧

𝑆𝑖𝑑𝑒,𝑅𝑒𝑎𝑙(𝑟, 𝑦)] (1) 

The ISSF 𝐾𝜎
𝑆𝑖𝑑𝑒 decreases with decreasing the adhesive thickness. Each ISSF distribution is almost 

constant at the most portion except near the vertex. The detail of ISSF around the vertex is shown in 

figure 5(b), (c). In figure 5 (c), as shown by the dotted lines in the range of 0.4995≤y≤0.5, the ISSFs go 

to infinity because different singular stress field exists at the vertex [18, 19]. 

 

figure 6(a) shows the critical ISSF distributions of 𝐾𝜎𝑐
𝑆𝑖𝑑𝑒(𝑦) under remote tensile stress 𝜎𝑧

∞ = 
c

when the debonding occurs. figure 6(b) shows the detail of 𝐾𝜎𝑐
𝑆𝑖𝑑𝑒(𝑦) at 0.49≤y≤0.5. As shown in figure 

6(a), the critical ISSF distributions are quite similar and they are in a narrow band region. It should be 

noted that the critical value of the ISSF in the middle side region in figure 6 (a) is almost the same of 

the value obtained by 2D modelling in figure 1. 

  
(a)  Critical ISSF distribution  (b) Detail of around the vertex when h/W=0.1 and 0.01 

Figure 6. Critical ISSF distributions 𝐾𝜎𝑐
𝑆𝑖𝑑𝑒(𝑦) when debonding occurs under 𝜎𝑧

∞=𝜎𝑐. 

 
 

 

(a) ISSF distributions of 3D butt joint  
(b) Detail of  around the vertex  

when h/W = 0.01 

(c) Detail of around the vertex 

when h/W = 1 

  Figure 5. ISSF distribution 𝐾𝜎
𝑆𝑖𝑑𝑒(y) of 3D butt joint under 𝜎𝑧

∞ = 1 MPa. 
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4. ISSF distribution of fillet corner 

In reality, there is no sharp corner and usually there is a small fillet radius at the corner as shown in 

figure 7. The local polar coordinate along the interface as shown in figure 7 is used to describe the 

position along the fillet by changing the fillet radius ρ under the same adhesive thickness h/W= 0.01. 

 

 

  

(a) When  𝜌/W=0~0.01 (b) When 𝜌/W=0.05~0.5 

 
 

(c) Detail in figure 8(a) (d) Detail at fillet in figure 8(a) 

Figure 8.   ISSF distributions in figure 7 along the edge of fillet. 

 

figure 8 show the ISSF distribution along the interface corner when the relative roundness of the 

fillet ρ/W is changed as ρ/W = 0, 0.0005, 0.001, 0.01, 0.05. It is found that the maximum value of the 

intensity ISSF occurs around y/W≈0.46 in most cases. The corner of the specimen is always chamfered, 

and ρ can be regarded as the minimum chamfer size in practical use, therefore ρ ≥ 0.2 mm should be 

considered. Therefore, for Suzuki’s specimen width W = 12.7 mm in figure 3, ρ/W ≥ 0.016. figure 9 

 

Figure 7.  Prismatic butt joint model with fillet considered in this study. 
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shows an example of the fractured surface in [14]. The fractured origin looks close to the position of the 

maximum ISSF. figure 8 shows the minimum ISSF occurs around y/W ≈0.498 in most cases. The 

variation of the ISSF is less than 1% when 𝜌/W≥0.05 and less than 10% even when 𝜌/W≥0.0005. It may 

be concluded that the effect of the fillet radius 𝜌 of the ISSF is relatively small.  

 

 
Figure 9. Fracture surface when h/W=0.00787 (h = 0.1 mm, W = 12.7 mm) in figure 3. 

5. Conclusion 

In this study, the ISSF distributions along the interface edge of three-dimensional joints were 

discussed by considering the real specimen geometry for various adhesive thicknesses. The magnitude 

and position of the maximum ISSF were investigated by varying the corner fillet radius in comparison 

with two-dimensional modelling. The following conclusions can be drawn from that discuss. 

(1) The ISSF distribution along the interface edge is almost constant except near the vertex. The 

ISSF value decreases with decreasing the adhesive thickness. 

(2) The critical ISSF distributions when the debonding occurs are almost the same independent of 

the adhesive thickness. 

(3) It is found that the maximum value of the intensity ISSF occurs around y/W≈0.46 in most cases.  
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