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ARTICLE INFO ABSTRACT
Keywords: An efficient analysis method is proposed for the intensity of singular stress field (ISSF) as well as
Butt joint the singularity index (SI) at the interface corner of three dimensional (3D) bonded joints by using

Step lap joint

Interface corner

Singularity index

Intensity of singular stress field

the finite element method (FEM). By varying the minimum mesh size ey;n, the FEM stresses orgm
obtained from the FEM are investigated around the corner singular point. Then, mesh-
independent expressions such as opm(r) - (emm)l’i = const. are derived for ISSF and SI based
on the proportional stress fields in prismatic joints having similar FEM mesh pattern. Previously
analyzed results coincide with the present mesh-independent results to the three digits for ISSF
and SI in 3D corners. The experimental results show that the critical singular stress distributions
causing debonding are almost identical at the interface corner and at the interface edge inde-
pendent of the adhesive thickness. This is confirmed for the ABA joint denoting the 3D prismatic
butt joints whose similar adherends A are bonded by resin B. Under a constant load, the ABC joint
whose dissimilar adherends A and C are bonded by resin B has larger ISSF than the ABA joints.
This ISSF difference increases with decreasing the adhesive thickness h, and this ISSF difference is
more remarkable at the interface corner than at the interface edge. The debonding failure cri-
terion is discussed by using the previous experiment conducted for ABA-, ABC-butt joints and
ABA-, ABC- three step lap joints. It is found that the adhesive strength of the ABC joint can be
expressed as a constant critical ISSF at the interface corner and the constant value coincides with
the value of the 3D ABA joints. Those new findings show that the proposed 3D mesh-independent
proportional method is especially useful for evaluating the debonding strength of the adhesive
ABC joints.

1. Introduction

Recently, multi-material design has been introduced to automobiles [1-4], aircrafts [5], railway structures [6,7], and marine
structures [8] to improve fuel efficiency and reduce greenhouse gas. Engineers and manufacturers are strongly interested in adhesive
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Nomenclature

D Depth

E Young’s modulus

€min Minimum element size

2D ,2D* Ledge cor :
eg’, eg”, ey, e Element size

Fyp ISSF normalized by h
Fow ISSF normalized by W
G Shear modulus

h Adhesive thickness

K,, K2D Kcor Kedge ISSF
K2D, Koo, K2%° Critical ISSF at debonding

oc? “toc ?
L Length
M, Critical bending moment when debonding failure occurs
(r,0) Polar coordinate system
(r,0,¢) Spherical coordinate system
w Width
(x,¥), (x,y,2) Cartesian coordinate system
a, f Dunduns’ parameters
Ay A2D, Acors Aedge Singularity index
v Poisson’s ratio
oc Critical remote tensile stress when debonding failure occurs
oy Uniform applied stress
oZP(r,0) Real stress at a point (r,6) in a 2D joint
o5 (r,6, ), af,dge (r,6,9) Real stress at a point (r, 8, ¢) in a 3D joint
02’(r)  Real stress at a distance r on the interface § = 90" which equals 62°(r,0 = 7/2)
oy (r) Real stress at a distance r and an angle ¢ = 45" on the interface § = 90° which equals o (r,0 =m/2,¢ =n/4)
0% (r)  Real stress at a distance r and an angle ¢ = 90" on the interface 9 = 90" which equals 63®°(r,0 = 7/2,9 = /2)
0y ¥(r)|,—r/a Real stress at a distance r and an angle ¢ = 45" on the interface ¢ = 90" which equals o (r0 = n/2,0 = n/4)

cor

%% (r) FEM stress at a distance r and an angle ¢ = 45" on the interface 6 = 90’

(r)
;‘*,fng(r) FEM stress at a distance r and an angle ¢ = 90" on the interface § = 90
(r)

y FEM 7)|,=z/a FEM stress at a distance r and an angle ¢ = 45" on the interface ¢ = 90"
Abbreviations
2D Two dimensional
3D Three dimensional
BJ Butt joint
FEM Finite element method
ISSF Intensity of singular stress field

TSLJ Three-step lap joint

Subscripts and superscripts

2D Interface edge in the 2D model
cor Interface corner in the 3D model
edge Interface edge in the 3D model

*

Reference model [For example, 2", aﬁ%EM(r)]

bonding by which dissimilar materials can be joined conveniently. In addition, compared with welding, bolts, screw and rivet, the
adhesive bonding offers several advantages: high fatigue resistance, weight reduction, high sealability, and high productivity and soon
[9,10]. However, there is a serious problem that the singular stress occurs at an interface edge by the mismatch of the deformation
between the adhesive and adherend and causes the debonding failure by the lower load than expected [10]. The evaluation method for
debonding strength is required to prevent joining member and component from debonding failure.

There are several approaches to the debonding strength evaluation: continuum mechanics, fracture mechanics, cohesive zone
model (CZM) and so on [11,12]. Continuum mechanics is the traditional and simple approach. Since stress and strain can be evaluated
sufficiently by standard commercial finite element method (FEM), the approach can be applied widely. The joining member and
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(a) 3D AB joint representing dissimilar materials where Point A represents the corner singular point and Point

B represents the edge singular point.

(b) Local spherical coordinate (r,8, @) to express corner singular stress at Point A by cubic element

dimension eg°". Note that a;°" (r, 8 = /2, = m/4) = 0y°"(r) is always considered.

y edge

0% i = 0)

IS

edge doe~ . - €dge A cor
oy, rav(e§ ) = oy rem (N 2e67")

(c) Local spherical coordinate (1,0, @) to express corner singular stress at Point B by cubic element

dge

dimension eg Here, a;dge (r,0=n/2,p=m/2) = a;dge (r) is mainly considered but

also o;fdge(r,B =n/2,p =n/4) = a;fdge(r)l(p:nM to be compared with " (r,0 = n/2,¢ = m/4).

Fig. 1. Schematic illustration for 3D AB joint consisting of cubic elements whose dimensions are e®" and e®%¢ (Fig. 1 shows a butt joint named AB
joint in this paper, A = Material 1, B = Material B).
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component have the stress singularity at the interface edge. Although the debonding initiation site may be assumed to be the interface
edge, the stress there cannot be evaluated accurately by FEM because of the stress singularity. Therefore, the continuous mechanics
approach cannot be used in the debonding strength evaluation easily. The conventional fracture mechanics approach [11,12] was
effectively used to evaluate the strength of structures with cracks and reported that the adhesive joint strength can be evaluated.
However, usually after debonding occurs the stress intensity factor can be used and before the debonding the standard fracture me-
chanics approach cannot be applied to all adhesive structures unconditionally.

The CZM [11,12] is energetically studied by researchers and engineers, and most often used. In this approach, the cohesive ele-
ments have to be inserted along the crack path in advance. Since the debonding occurs at the interface edge and grows along the
interface, the cohesive elements can be inserted efficiently, and the computational resource is reduced. Moreover, the simulation
accuracy can be improved by implementing the XFEM and the damage mechanics. The traction-separation law plays an important role
in realizing the debonding phenomena controlling the simulation accuracy significantly. Since the CZM is incorporated in commercial
FEM code and some types of the laws are proposed, the users can perform various simulations and visualize failure processes. However,
the users must perform some experiments to determine the parameters used in the law. Therefore, although the CZM approach suits the
debonding failure simulation efficiently, it forces time-consuming work and cannot offer the debonding strength easily and
conveniently.

The singular stress fields appearing at the interface edge and the interface corner cause the debonding failure. When the local polar
coordinate system (r, 6) is set at the interface edge in the 2D dissimilar joint (see Fig. 1 and Fig. 2), the singular stress along the
interface, oy(r, 0) |y_,/», can be expressed in the following equation [13-17].

0y =0¢ y
TTTTHT'
Material 1

= Ey, vy
S

C

~ Material 2
Ep, vy
PEEPETT

W=L

(a) 2D AB joint representing dissimilar materials with square element where Point C represents the edge singular
point.

'\ 2D

KZ
T o (r—0)

\<y 1*/*1)

aﬁ’%Wm)

oy, e (e3P)

o2

(b) Local polar coordinate (r, 8) to express edge singular stress at Point C by square element whose dimension is
2D
€o

Fig. 2. Schematic illustration for 2D AB joint consisting of square elements whose dimensions are ee'ige (Fig. 2 shows a butt joint named AB joint in

this paper, A = Material 1, B = Material 2).
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Koy P B r
0;i(r,0) |(,7 4 =4 }f% ) )z (r—=0), K, = lrljlgr Gji (r, 0= E) (1a)

Here, / is a singularity index, K, is an intensity of singular stress field (ISSF), f,; is a characteristic angular function of ¢, and K is a
constant. In this paper and in authors’ previous papers [18,19], to express the intensity of singular stress field, the term “ISSF” has been
used in a straightforward manner (see Appendix A). The ISSF at § = 90’ is essential because in the adhesive joints debonding always
starts from the interface edge or interface corner and grows along the interface. In this paper, therefore, as shown in Egs. (1a) and (1b),
the ISSF at @ = 90" is considered. Since debonding in the adhesive joints starts from the interface edge or the interface corner and grows
along the interface, the singular stress along the interface # = 90" is significantly important. In this paper, as shown in Egs. (1a) and
(1b), the ISSF when 6 = 90’ is considered.

Also, when the local spherical coordinate system (r, 6, ¢) is set at the interface corner in the 3D dissimilar joint (see Fig. 1 and
Fig. 2), as well as the 2D dissimilar joint, the singular stress along the interface, 6;(r, ¢, ¢) [o_,/, can be expressed in the following
equation [20].

04(r,0,0) |y 5=

Ko, K b
S = (0.0)], .z (r=0). Ko, = limr'o, (ro=30) (1b)
The value of 1 is governed by the elastic properties of the two materials and the edge geometry independent of the far-field load
geometry. When 4 is smaller than 1, the material combination is called the bad pair, and the singular stress field appears. To express the
singularity at the 3D corner point, the singularity exponent p = 1 — 1 has been also used in the previous papers [21-25].

In the authors’ previous paper [26], a 3D bad pair condition and 3D singularity index were systematically calculated at the interface
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(a) Finely meshed AB joint with minimum cubic (b) Coarsely meshed AB joint with minimum cubic

element of edge length e, = e§°". element of edge length ep,;, = ne§’".

edge(c),n
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(¢) Enlarged meshed AB joint by n times in joint (a) with minimum cubic element of edge length ep,;, = ne§°".
Fig. 3. Schematic illustration for the meshed AB joints (A = Material 1, B = Material 2) necessary to analyze the 3D corner singularity index. All

three joints (a), (b), (c) are necessary to derive Eq. (9): A¢or = 1 71n{ ;";};}.}, )‘emin:eg‘” /0;";,(5,), )\emm:negor } /Inn. Two joints (a), (b) are necessary to

calculate cor. Regarding corner Point A, the singular stress oy (r,0 = 7/2,¢ = n/4) = 0, (r) is always considered. Then, the corner ISSF can be
defined as K |,_, 4 = lim,_or! =gy (r). Regarding edge Point B, the singular stress Edge(rﬂ =71/2,p=1/2) = rrf,dge(r) is mainly considered but

sometimes 62 (r, 0 = 1/2, p = 1/4) = = ("), y=r/4 is compared with 6§ (r,0 = /2,9 = 7/4).
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corner in a 3D BJ (butt joint). By comparing with a 2D bad pair condition and 2D singularity index at the interface edge in a 2D BJ, the
following conclusions (A) ~ (C) were obtained. (A) The 3D bad pair condition at the 3D interface corner is slightly different from the
2D bad pair condition. Practically, the 2D bad pair condition can be practically used for 3D real material combination. (B) When the
material combination satisfies both 3D and 2D bad pair conditions, the interface corner and the interface edge always have a real
singularity index. Therefore, the singular stress fields at the interface corner and at the interface edge in the BJ are expressed as shown
in Egs. (1a) and (1b). (C) Values of the 3D corner singularity index at the interface corner and the 2D edge singularity index at the
interface edge are different, but the difference is within 15 %.

The ISSF corresponds to the stress intensity factor (SIF) in the fracture mechanics for crack problems. The ISSFs obtained by 2D
modelling were used by many researchers to predict the failure of bonded structures [17-20,27-41]. Previously, the authors reported
that the adhesive strength can be expressed as a constant ISSF for the butt joint [42,43] (see Fig. A2 in Appendix A). The constant
critical ISSF can be obtained by using 2D modelling for the wide range of adhesive thickness. In this way, the usefulness of the ISSF is
recognized by many researchers [17-20,27-41]. However, the useful tool to evaluate the ISSF is not implemented in the commercial
FEM software. Although the authors’ proportional method proposed [44-47] can be used efficiently for analyzing 2D problems but it
cannot be applied to 3D corner singularity problems directly. To analyze 3D corner ISSF, therefore, the eigen analysis code based on the
FEM and H-integral method must be written with time-consuming and hard work. Considering these circumstances, this paper deals
with efficient and convenient analysis methods for 3D corner ISSF and 3D corner singularity index.

First, in this paper, an FEM analysis method will be proposed for the interface corner in 3D bonded structures. Then, it will be
shown that the 3D corner singularity index and 3D corner ISSF can be analyzed efficiently. Second, the validity and the accuracy of the
proposed methods will be confirmed for the dissimilar bonded AB joint (see Fig. 1 and Fig. 2). Assume AB joint consists of A = Si and B
= epoxy because this case was previously analyzed by the conventional method [48]. After confirming the validity of the present
method, a prismatic ABA joint (see Fig. 8) and a prismatic ABC joint (see Fig. 14) will be analyzed. Assume they consist of the following
materials and named BJ-ABA, BJ-ABC joints in this paper (BJ = Butt Joint, A = Steel, B = epoxy, C = Cu alloy). Then, the ISSFs will be
analyzed by varying the adhesive thickness. Also, the effect of material combination on the ISSF will be investigated. Moreover, the
suitable debonding criterion will be discussed based on the ISSF analysis and the previous experiments for the three-step lap joints (see
Fig. 17) named TSLJ-ABA and TSLJ-ABC joints (TSLJ = Three-Step Lap Joint, A = Steel, B = Epoxy resin, C = Al alloy). Regarding those
joints, three conditions in terms of the 2D ISSF, the 3D corner ISSF and the 3D edge ISSF will be investigated as the debonding failure
criterion. Then, it will be shown that the 3D corner ISSF is more suitable than other ISSFs for 3D ABC joints.

2. Mesh-independent proportional method for 3D corner singularity index and 3D corner ISSF from FEM stress 6rgu(T)
2.1. Previous studies

In this paper, an efficient analysis method will be proposed to evaluate the singularity index as well as the ISSF based on the
proportional stress fields obtained by the similar FEM mesh pattern (see Fig. 3). In general, the singular stress in the adhesive joints
expressed in Egs. (1a) and (1b) can be obtained by sequentially analyzing the following (1), (2), (3):

(1) the singularity index 2,

(2) the eigenfunction f;;, and.

(3) the ISSFK, =K - f,,.

In 2D dissimilar joint analyses, the singularity index A can be obtained accurately from characteristic equation theoretically
derived. The eigenfunction f;; can be usually derived explicitly. Then, the K is often determined by a suitable method such as the
proportional method [49-51] and the H-integral method numerically [48,52].

In 3D dissimilar joint analyses, (1) the singularity index 1 and (2) the eigenfunction f;, are analyzed simultaneously from the eigen
analysis based on the FEM [48,53-55] because the characteristic equation and the eigenfunction have not been derived unlike the 2D
dissimilar joint. Then, (3) the ISSF K, is determined by using a suitable numerical method such as the H-integral method. The eigen
analysis is a discrete numerical analysis method and provides the eigenfunction f,; with values. Since there are computational errors in
the values of 4, f,, and K,, for the 3D dissimilar joint cannot be analyzed as accurately as that for the 2D dissimilar joint. It should be
noted that 3D dissimilar analyses are much more time-consuming and difficult than the 2D dissimilar analyses because both the
eigenvalue analysis code and the H-integral method code must be provided [48]. Furthermore, 1 and f,; in the 3D analysis can be
determined using a discrete numerical analysis method, which requires a large amount of computational time and effort to ensure
accuracy. In the authors’ previous study, for example, a lot of time and effort was spent on calculating the 3D singularity index under
arbitrary material combination to clarify the 3D corner stress singularity.

The remainder of this section is organized as follows. In Section 2.2, the analysis models of the 3D and 2D AB joints will be pre-
sented. In Section 2.3, the variation of the FEM stress is discussed by varying the minimum FEM element size. In Section 2.4, the
analysis method for the 3D singularity index ., will be proposed. In Section 2.5, the analysis method for the 3D corner ISSF K" will be
proposed. The present method may provide the singularity index as well as the ISSF only from the FEM stresses of the linear elements at
the interface corner. Since the present method does not require time-consuming efforts and the high-performance computer, it is much
more efficient and convenient than the existing methods.
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2.2. Analysis modelling

Fig. 1(a) shows the 3D prismatic dissimilar bonded joint named AB joint in this study. Note that Fig. 1 (AB joint) is equivalent to
Fig. 8 (ABA joint) when h > W. In ABA butt joints in Fig. 8 named BJ-ABA, if the adhesive layer thickness h is larger than or equal to the
joint width W as h > W, the singular stress fields at the upper and the lower interface corners do not interfere anymore due to Saint
Venant’s principle. The global Cartesian coordinate system (x, y, 2) is set at the center of the interface between the materials 1 and 2. It
should be noted that the interface of the AB joint is expressed as |x| < W/2 and |z| < W/2 and the interface perimeter can be expressed
as |x| = W/2 and |z| = W/2. The interface perimeter can be characterized by the four corners [(x,y,z) = (-W/2,0,-W/2),
(—Ww/2,0,wW/2),(W/2,0,-W/2), (W/2,0,W/2)] and other edge points. To represent one of the corner points, the point at (x,y,z) =
(—=W/2,0,—W/2) can be chosen and named the interface corner A [see Fig. 1(b)]. Instead, to represent a point on the interface edge,
the point at (x,y,2) = (—W/2,0,0) can be chosen and named the interface edge B [see Fig. 1(c)]. Then, the singularity index and the
ISSF at the interface corner A and interface edge B will be evaluated by applying the proposed method.

Fig. 2(a) shows the 2D dissimilar bonded joint under the plane strain condition, which is named AB joint in this study. The global
Cartesian coordinate system (X, y) is set at the end of the interface between materials 1 and 2. The point (x, y) = (—W/2,0) is denoted
by the interface edge C [see Fig. 2(b)]. The ISSF at the interface edge C in the 2D AB joint can be used as the reference solution to
evaluate the ISSF at the interface edge B in the 3D AB joint.

The ISSF is useful for evaluating adhesive strength. If the debonding initiates from the interface edge B, it may grow in the normal
direction ¢ = 90" symmetrically along the interface # = 90". In this study, therefore, the 3D edge ISSF is defined from the singular
stress analyzed on the line ¢ = 90" and # = 90’ (see Fig. 1 (c)). Similarly, if the debonding initiates from the interface corner, it may
grow in the bisector direction ¢ = 45" symmetrically along the interface § = 90°. In this study, therefore, the 3D corner ISSF is defined
from the singular stress analyzed on the line ¢ = 45" and # = 90’ [see Fig. 1 (b)].

2.3. Variation of FEM stress 6ggm(T) by varying minimum FEM mesh ey

e

In the authors’ previous paper [26], a 3D bad pair condition and 3D singularity index were discussed at the interface corner A in
Fig. 1(b) and compared with a 2D bad pair condition and 2D singularity index at the interface edge C in Fig. 2 (b), which is equivalent
to at the edge B in Fig. 1(c). As shown in the main conclusion indicated in Appendix A, the 3D bad pair condition at the 3D interface
corner A is nearly the same but slightly different from the 2D bad pair condition at the 3D interface edge B and the 2D interface edge C.
When a material combination satisfies the 3D bad pair condition indicated in Eq. (B1) in Appendix B, a singular stress field appears at
the interface corner A in Fig. 1(b) as shown in Eq. (1b) [20]. When the material combination satisfies the 2D bad pair conditions
indicated in Eq. (B2) in Appendix B, the singular stress field appears along the interface edge in Fig. 2(b) as shown in Eq. (1a) [20].
Under some specific material combinations, the 3D stress singularity appears at the interface corner without 2D stress singularity along
the interface edge. However, since such special material combination exists in very limited regions, the 2D bad pair condition
a(a—2p) > 0 can be used conveniently for evaluating the 3D adhesive strength in real material combination in most cases. Here, (a, )
are Dundurs’ parameter and defined as follows [56].

a:Gl(Kg-‘rl)—Gz(K'l-i-l) :Gl(Kz—l)—Gz(K'l—l)
Gi(ka + 1)+ Ga(k +1) Gi(ka +1) 4+ Ga(k + 1)

km=4—3Um (m=1, 2) )

In Eq. (2), the subscripts denote Materials 1 and 2, G,, (m = 1, 2) is the shear elastic modulus and v, is Poisson’s ratio for material m =
1, 2. When the material combination satisfies the 3D bad pair condition and the 2D bad pair condition, the interface corner and the
interface edge always have a real singularity index. Therefore, the singular stress fields are expressed as shown in Eq. (1b) at the
interface corner and at the interface edge. The 3D corner singularity index Ao, at the interface corner A is different from the 2D edge
singularity index A.q at the interface edge B. Under fixed (a, §), the A, varies about 12 % for the largest case by varying the material
combination. Values of i, and 1p are not very different under fixed (a, 5). Under the well-known 2D bad pair condition a(a —24) > 0,
the ratio Ao /A2p is in the range of 0.85 < Acor /A2p < 1 0T Acor/A2p =~ 1. The Aqq coincides with the 15p at the interface edge Cin Fig. 2(b)
as Aeqge = 42p; and therefore, the A4, can be determined by solving the following Bogy’s characteristic equation [57,58].

sin?(z1)

4

Different from 2D analyses, the 3D singularity index A, is determined by discrete numerical analysis methods [53-55]. These
methods are time-consuming and labor-intensive, but this is unavoidable. In this section, therefore, an efficient and conventional
method is proposed to evaluate the 3D singularity index A, from the FEM stresses. Here, FEM stress [like 6, s (r)] is the stress ob-
tained by FEM analysis and is distinguished from the real stress [like 6, (r)] obtained according to the theory of elasticity. Note that the
singularity index ., at the interface corner A in Fig. 1(b) is denoted with the 3D corner singularity index, and the singularity index 4.qe
at the interface edge B in Fig. 1(c) is denoted with the 2D edge singularity index since 4.4, coincides with the singularity index 1, at the
interface edge C in Fig. 2(b).

{sinz(ga) —12]2ﬁ2+2/12 {sinz(ga) —Az]aﬁ+/12(/12—l)a2+ -0 3)

Fig. 3 illustrates three models to investigate real singular stress fields o5 (r), 0% (r), and o3 (r)| p—r/4 in the 3D AB joint in Fig. 1(a).
All three models consist of hexahedral elements and similar mesh patterns. The model (a) has a minimum element standard size ey, =

ef’" as shown in Fig. 3(a). Regarding the model (a), the FEM stress distribution at the interface corner A is denoted by a;f’;g,(r) ‘emin:egor,
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and the ISSF at the interface corner A is denoted by Kf,"'(a). The model (b) is as large as the model (a) but the model (b) has n times larger
size enin = nel” as shown in Fig. 3(b). Regarding the model (b), the FEM stress at the interface corner A is denoted by a}c,f’Fr}(EII’&(r) \ P——
and ISSF at the interface corner A is denoted by Kff'r(b). The model (c) is n times as large as the model (a) and divided into the regular
hexahedral elements with an edge length of e, =nef”. Regarding the model (c), the FEM stress at the interface corner A is denoted by

a;,‘_’;g\),,’"(r) leysn—nesr» and the ISSF at the interface corner A is denoted by K& Since the model (c) is equivalent to the model obtained

by enlarging the model (a) including the mesh by n times, the same computational error occurs in the FEM stresses at the interface

corner A and the interface edge B in the models (a) and (c). Therefore, we have o;f’;é‘}&(o) lepin o = g;f’F’gai"(()) lepia=nezer - The model (c) is

an auxiliary model for deriving the evaluation formula for the A.,,. When the ., is evaluated by the present method, the FEM analyses
are performed on the models (a) and (b) actually, and the present method focuses on only two FEM stresses a;‘f;g‘}&(o)\ emin =" and

cor(b)
oy,FEM ‘ €min :neg’Jr .
Enlarged meshed AB joint in Fig. 3(c) is equivalent to the finely meshed AB joint in Fig. 3(a) since Fig. 3(c) is the enlargement of
Fig. 3(a) by n times. The FEM singular stress in the y direction at the distance ry away from the interface corner A in the model (a)
equals that at the distance nry away from the interface corner A in model (c) as shown in Eq. (4a). Also, the real singular stress in the y
direction at the distance ry away from the interface corner A in the model (a) equals that at the distance nry away from the interface

corner A in model (c) as shown in Eq. (4b) and Eq. (4¢).

Oy Fiat (70 ey e = Oyt (M00) e, per  (a-Crelation 1) (4a)
G;Or(a) (ro) — a;or(c).n(nro) (a—c relation 2) (4b)

Kcor(a) Kcor(c).,n .
—%——=-—"97- (a-crelation3) (40)
(r()) cor (nro) ‘cor

Equation (4c) can be rewritten as follows.

Kere0n = pl~heor . geor@  (a.c relation 4) (4d)

Equations (4a) — (4d) are the relation of the FEM stress and the real stress between the AB joint in Fig. 3 (a) and the AB joint in Fig. 3(c).

Next, consider the relation between the AB joint in Fig. 3(b) and the AB joint in Fig. 3(c). Since both interface corners in the AB joint
(b) and in the AB joint (c) are composed of the regular hexahedral elements with the same edge length ey, = nef”, the ISSF ratio can
be expressed by the FEM stress ratio according to the mesh independent technique previously investigated as follows[43-45].

cor(c).,n
K;or(c) n Jy.FEM (0) ‘emm =neg”"

= b-crelation1) 5)
5 5 (
Kfrm( ) O';O;z(ﬂ\zz (O) ‘emin =neg”"

By substituting Eq. (4a) and Eq. (4d) into Eq. (5), the following equation (6a) can be obtained.

cor(a)
n! e . K" (@) ”yO,FEM(O) le, —egr

b) - b
Kfror< 6;0;)(31\31 (O) ‘ €min=n€g"

(a-brelation 1) (6a)

Equation (6a) can be regarded as the relation between the AB joint (a) and the AB joint (b). The ISSF ratio (= real stress ratio) can be
expressed by the FEM stress ratio. Two joints have different FEM mesh but the same dimension and the same real ISSF.

K@ = g=r®  (a-brelation 2) (6b)
Finally, Equation (7) is derived.

oy (0)]
bL emin=¢”" .
;ol;g\zl(o) |emm:neg7r = # (a-brelation 3) @

When (neg"’)kl“” is multiplied by both sides of Eq. (7), the following equation is obtained.

af,‘fpr,(gﬁ(O)Iemm:eBm NG 05,%2(0”%“:”880, - (neg)" " = constant (a-brelation 4) (8)

cor(a)

Equation (8) is important because it provides how the FEM stress 6, p,(0)|,  varies depending on the minimum element size enin-

€min
Since the real stress at the interface corner goes to infinity, the FEM provides only approximate stress different from the real stress.
Although the FEM stress depends on the mesh strongly, the relation between the FEM stress and the mesh had been unknown.
However, when the FEM analyses are performed by changing the ey, using a similar mesh pattern like Fig. 3(a), (b), the FEM stress is

inversely proportional to the (emm)l"“" as shown in Eq. (8). The validity of Eq. (8) is numerically confirmed in Appendix C.
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2.4. Mesh-independent expression for 3D corner singularity index from FEM stress 6pgm(T) |,
Equation (8) is also useful for obtaining the singularity index A.,. Solving Eq. (8) on the A, the following mesh-independent
formula (9) can be derived.
In{ 0570 (0) ey e/ Tt () |
j~cor - 1 -

0

©)]

Inn

To obtain the corner singularity index A, Eq. (9) is much easier and more convenient than conventional methods. The eigen analysis
based on the FEM has been commonly used. The interface corner is divided into elements. The eigen equation is assembled according
to the virtual work principle and solved numerically. Therefore, the method requires complex and very difficult calculations. Instead,
the proposed method requires only two FEM stresses which can be obtained by changing the minimum element size ep;, at the interface
corner.

The formula (8) is quite general and can be applied for obtaining others. By replacing the corner FEM stresses a}c,";g‘}w( )| emin =" and
a§,‘_’£§,’&,(0)| emn—netr i EQ. (9) with the edge FEM stresses a§d§§§;)(0)| e and a;d,§§AZ>(0)|e __getee» Tespectively, the mesh-independent
: min min =T1€)

formula for evaluating the 1.4, can be obtained as follows.

In{ 05540 (0) /o3 (O], e |

Inn (10)

j~edge =1-

Here, of,d}‘?;(\;) (0)],,, ¢z and ;dﬁgM)(O)\e n_nects are the FEM stresses at the interface edge B (x,y,) = (~W/2,0,0) in the finely meshed

3D AB joint model (a) and the coarsely meshed 3D AB joint model (b), respectively. The singularity index at the interface edge B, Acgge,
can evaluated by Eq. (10). The present method can be applied to the 2D bonded structures as well as the 3D bonded structures, and the
singularity index can be obtained much more easily and conveniently than the conventional methods [48,53-55,57-60].

2.5. Mesh-independent expression for 3D corner ISSF from FEM stress 6rgm(T) |, ..
The authors proposed the mesh-independent technique named proportional method [49-51] useful for evaluating the 2D ISSF for
the adhesive joint. The authors also reported that the method can be applied to various adhesive joints: BJ-ABA [46,48], cylindrical BJ-
ABA [44], single lap joint-ABA [45,47] and so on. In this paper, an efficient mesh-independent analysis method will be proposed useful
for analyzing the 3D corner ISSFs. The method for analyzing the ISSF K" at the interface corner A will be described by taking an
example of AB joint in Fig. 1(a). Here, as a reference solution the ISSF K2P at the interface edge C in Fig. 2(b) will be used.

As shown in Fig. 1(b), the local spherical coordinate (r, 6, ¢) are set at the interface corner A in the 3D AB joint model, where r is the
radial distance from the interface corner A, 6 is the angle between the free edge which passes through the interface corner A, ¢ is the
angle between the r axis and the interface edge which passes through the interface corner A. When 6 = z/2 and ¢ = x/4, the singular
stress along r axis from the interface corner A is expressed with the singular function of r as follows [48].

or
4

[
"4 (r—0), K|, _r = limr! 6% () an

11—Acor "/‘7 r—0

Here, K¢'| _, /4 is the ISSF defined from the singular stress along the radial line ¢ = /4 on the interface & = x/2. When ¢ = z/2 and

@ = n/4, the average of the y directional stress from the interface corner A to r = /25", 55", is expressed as follows.

y E
cor Keor
1 V2egr 1 vaer K|,z K|, Jeor—1
—cor __ cor _ 4 — 4 cor
o) =—=— oy (r)dr = —= Tdr = (x/_eo ) 12)
\/Eeo 0 \/Eeo 0 e eor jw:or

The local spherical coordinates (r,0, ¢) are set at the interface edge B in the 3D AB joint, where r is the radial distance from the
interface edge B, 0 is the angle between r axis and the line which is parallel to x axis and passes through the interface edge B, ¢ is the
angle between the interface edge which passes through the interface edge B and r axis. When ¢ = z/2 and ¢ = z/4, the y directional
singular stress along r axis from the interface edge B is expressed with the singular function of r as follows.

dge

c |

edge
oy (r)

q,:%‘)irl e (r=0), K 2= = limr' o7 r) (13)

Here, K2%°| p=ny4 15 the ISSF defined from the singular stress along the radial line ¢ = z/4 on the interface =z/2. When# =z/2and ¢ =

/4, the average of the y directional stress from the interface edge B to r = v/2¢5, Trf,dge, is expressed as follow.

A 1 ﬁegdge ” Kfrdge‘w:i—i e\ Fedze —1
Gedse edge _ edge
o} \/_ee — e / 0% (r)dr = e (\/ﬁ e ) (14)
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When the element at the interface corner A is the same shape as that at the interface edge B, the y directional FEM stress in the element
at the interface corner A has almost the same computational error as that at the interface edge B. The computational errors in the y

directional FEM stresses are canceled by taking the ratio of the )" to the Ef,dge as follows.

Keor ‘
—cor

z Aeor—1 oo 0) (VZer
4(\/_ ecor) 'y FEM yFEM 2e3”")

0- /Le e
= s (15)
ool K (0)+05%82, (V2eS , 5

T Aedee—1 Oy FEM 'y FEM
ot odge'\ Aedse
<\/§ &) 2

Aedge

In Eq. (15), 0%z (0) is the FEM stress at the interface corner A, and @?}EM(\/Qeg"’) is the FEM stress at the point (r, 0, ¢) = (v/2e", 7/
2,7/4) on the interface which is located diagonally opposite to the interface corner A. Also, a§d,§§M( 0) is the FEM stress at the interface

edge B, a;dng(\/_ 26| =ny4 is the FEM stress at the point (r, 6, ¢) = (V2€%, 1/2, 7/4) on the interface which is located diagonally
opposite to the interface corner B. Equation (15) can be rewritten as follows.
1—lcor 1=Jeor
Kyt e 0ma(0) (VEET) T 4 o, (VIG) - (VIE)
Tedge| 1= Aedge 1—Jedge
Ke |{p7% }Ledge ;dgEeM( ) (\/—eedge) dge edgéM(\/—ecor)l .- <\/§egdge) dg

=7

(16)

In Eq. (16), 055y, (V2e5™) - (V2 e“”) " is also mesh-independent as well as o5 (0) - (V2 eg°’)171‘°’ as described in Sect. 2.3.

Also af,dng(\/i )y - (\/i ef)dge> * s also mesh-independent as well as oﬁdng(O) (\/Q egdge) e Therefore, the right side of
Eq. (16) is mesh-independent as described in Sect. 2.3.

As shown in Fig. 2(b), the local polar coordinate (r, §) is set at the interface edge C in the 2D AB joint, where 0 is the angle between
the free edge which passes through the interface edge C and r axis. When 6 = z/2, the singular stress along r axis from the interface
edge C is expressed with the following equation.

2D

K o
azn(r)—>r13m (r—0), K* zlrlggrl 2620 (r) a7)

Here, r is the radial distance from the interface edge C, Aop is the singularity index, K2 is the ISSF at the interface edge C. The interface
edge C in the 2D AB joint is divided into regular square elements with an edge length of e2P. The average of the y directional stress from
r = O(interface edge C) to r = €2l is expressed by the following equation.

2D

. 1 [% K2P lp—1
= || =2 () e

A2p
When 6 = z/2 and ¢ = 7/2, the y directional singular stress along r axis from the interface edge B is expressed with the singular
function of r as follows.

dge

o

=5 (r—>0)~K‘fge} 7 = limr! ‘”’af,dge(r) 19)

edge
[ r =
Y ( ) ,/,:% 1 Aedge : =2 r—0

Here, Ke%e

o] ,=z/2 1s the ISSF defined from the singular stress along the radial line ¢ = 7/2 on the interface & = /2. The average of the y

directional stress from the interface edge B to r = e2*®° in the 3D AB joint, 55, is expressed as follows.
edge Kedge|
1 ) ¢ _Z Jedge—1
i — / o (r)dr = "2 (g™ 20)
€y 0 edge

The following equation is obtained by taking the ratio of the 72" to the 5o,

1= edge i 1= egge
K, s g o) (%) +oyin(e™) - () on
D ’ -7 1-2
K3 A2p GﬁgEM(O) (eo ) * +o yFEM( f)dg ) (C%D) i

In Eq. (21), ;,d}f‘fEM(egdge) is the FEM stress at the point (r, 0, p) = (¢, 7/2, 7/2) on the interface which is located next to the interface

edge B in the x direction. Also, o}’ 2D 1(0) is the FEM stress at the interface edge C, and o' oy, 2D (e gdge) is the FEM stress at the point (r, ) =

. S . . L 1 Aedge
(e2?,7/2) on the interface which is located next to the interface edge C in the x direction. Note that o;dng <ef)dge> ,

—Aedge
;dggM <ef)dge> *, 0 e - (e2%)' " and 0 Em - (e2°)'~"*” are mesh independent. Therefore, the right side of Eq. (21) is independent

10
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of the mesh.
Consider the real stress edge(r 0, p) expressed by the local spherical coordinate (r, 0, ¢) whose origin is at point B on the edge as
shown in Fig. 2(c). Since the real stress o3 (r = ry,0 = 7/2, ¢ = 1/4) nearly equal the real stress o\ (r = ro/v/2,0 = 7/2,¢ = 1/2),

the following relation can be derived.
K|, s K

2 7 (22)
(ro/v2) " (ro)" "

{ a;dge(r:ro,azﬂ/2,(p:7r/4):a;dge(r:ro/\/i,a:rr/2,cp:7r/2>]

Therefore, the FEM stresses o, FEM(ro /V2)| p—r/2 a0d 0} FEM( 10)|,—r/4 are almost the same as shown in Eq. (23).

g=n/
oytin(ro/V2), EE ﬂypEM(ro)lw:g_; (23)

From Egs. (16), (21), (22) and (23), the following equation is obtained.
Kyt oo Ofa(0) - (V2E§) ™ + ot (V2eET) - (V2ef7)

K2y 02(0) - (ed” )1 g e (€5”) - (e%D)liﬂZD

(24)

It may be expected that applying a finer mesh would result in more accurate stresses and ISSFs. However, the present method is
independent of the mesh size providing the same accurate ISSF values. It should be noted that although the FEM stress 6, my at the 3D

. . . . .. . 1-4 .
interface corner varies depending on the mesh size enin, 6y rgy is inversely proportional to (emin) ~ as shown in Eq. (8). In other words,

1—4ss

the term “oy gy - (€min) is mesh-independent and can be used efficiently to analyze ISSFs.

n Eq. , the term “¢ 2¢€ er)” " is also mesh-independent as well as the term . e
In Eq. (24), th “oeoran(VZelr) - (V2egr) 1 h-independ 11 as th 05 (0) - (V2 g

described in Sect. 2.3. Also, the term “c25;,,(e5”

Wl o

)- (€2°)' "> is mesh-independent as well as the term “020p(0) - (e20)' > as
described in Sect. 2.3. Therefore, the right side of Eq. (24) is mesh independent and provides the same accurate ISSF values inde-
pendent of mesh pattern.

When the 3D corner ISSF is analyzed by the H-integral method, the eigen analysis based on the FEM must be performed by setting
many integration points around the interface corner. The singularity index 4 and the function f,,; are obtained from the stress values,
displacements and angle functions at these points. The ISSF is obtained by performing double integral numerically. Instead, the present
methods require only two stress values in the unknown and reference problems by applying a similar mesh pattern without complex
and difficult calculations [see Fig. 1(b) and Fig. 2(b)]. The 3D corner ISSF can be obtained by substituting the FEM stresses into Eq.
(24). The present methods are much more efficient and convenient than the existing method, such as the H-integral method.

3. Validity and accuracy of the proposed mesh-independent method for the 3D corner singularity index and 3D corner
ISSF of the AB joint

3.1. Several AB joints towards analyzing the 3D corner ISSF

In Section 3, the validity and accuracy of the proposed method in Sect. 2 will be confirmed by analyzing AB joint that was pre-
viously analyzed using conventional method. Table 1 shows the elastic modulus and the Poisson’s ratio for the combination of Si (=
Material 1) and resin (= Material 2), Dundurs’ parameter (a,f), the singularity index 1,p and the ISSF for the 2D AB joint in Fig. 4(a)
normalized by the plate width W, F2, = K2" /(6o W'~*»). Here, (a, ) are defined as Eq. (2) [56]. The 3D prismatic AB joint composed
of Si (= Material 1) and resin (= Material 2) in Table 1 will be investigated since Koguchi et al. analyzed the combination previously
[48]. The singularity index A;p = 0.6805 can be determined by solving Bogy’s characteristic equation (3) [57,58]. Then, the
dimensionless ISSF FEQ;, = 0.407 can be obtained from the previous references [61,62].

Fig. 4 illustrates 2D and 3D AB joints to confirm the validity and usefulness of the mesh-independent method for the 3D corner
singularity index and the ISSF. As shown in Fig. 4(a), (b), (c) and (d), 4 models are discussed when L/W =1, W = 2 mm and oy =00 =
1 MPa. Fig. 4(a) shows a 2D AB joint which can be used as a reference problem because the analytical exact solution obtained by the

Table 1

Material properties of 2D and 3D AB joints in Fig. 4(a)-(d). Fig. 4(a) is a reference problem used as K2 in Eq. (24) and Fig. 4(d) is an unknown problem
whose ISSF is compared with Koguchi et al[48]. Since Fig. 4(a) is used as a reference problem, Fig. 4(b), (c) are also considered as other unknown
problems since they are in plane strain condition. All AB joints in Fig. 4(a)-(d) are composed of A = Si and B = epoxy resin.

Material 1 Material 2 a p A2p Reference value F25,
E;[GPa] v E»[GPa] 2 in Fig. 4(a)
166.0 0.26 2.74 0.38 0.9647 0.1844 0.6805 0.407

11
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(a) 2D AB joint including plane strain condition as (b) 3D AB joint whose z = + W /2 surfaces are fixed

&, = 0 used as a reference solution since the exact so that €, = 0. Since Fig. 4(a) is used as a
solution is available under arbitrary material reference problem, Fig. 4(b) is considered as an
combination. unknown problem since it can be regarded as a

plane strain 2D problem.

o= 0y y 0y =0y y

Prtfttt
S ~ -
~ S > -
g € ¥ afa[ B

W=L p=w I’

(c) 2D AB joint under plane strain condition as €, = (d) 3D AB joint to obtain 3D corner ISSF as the target
0. Since the 2D problem in Fig. 4(a) is used as a problem to be compared with Koguchi et al“®),
reference problem, Fig. 4(c) is considered as an
unknown 2D plane strain problem.

Fig. 4. Several AB joints considered in this study toward analyzing the 3D corner ISSF in Fig. 4(d) to be compared with Koguchi et al [48]. Since the
2D problem in Fig. 4(a) is used as a reference problem, Fig. 4(b), (c) are also considered as other unknown problems since they can be regarded as
2D plane strain problems. All 3D AB joints in Fig. 4(a) ~ (d) are composed of A = Si and B = epoxy resin.

body force method [61,62] is available under arbitrary material combinations. Note that L/W = 1 in Fig. 4(a) can be regarded as when
L/W > 1. Fig. 4(d) shows a target problem whose corner ISSF will be compared with the results of Koguchi et al [48] to confirm the
validity of the proposed analysis method.

In this analysis, Fig. 4(b), (c) are also considered as other unknown problems. This is because Fig. 4(a) is used as the reference
problem but 2D problem including plane strain condition. In Fig. 4(b), the displacement in the z-direction are fixed at z = +W/2 so that
Fig. 4(b) can be regarded as 2D plane strain condition &, = 0. In this way, the accuracy and validity of the proposed method is
confirmed. The length of AB joints in Fig. 4(b), (c) is set as L equal to the length of the target problem in Fig. 4(d) and half of 2L in the
reference problem in Fig. 4(a). In Fig. 4(b), the ISSF at the interface edge B will be analyzed. In Fig. 4(d), the ISSFs at the interface
corner A and the interface edge B in the 3D AB joint will be analyzed. The elastic stress analyses are performed by using the commercial
FEM code MARC.

Fig. 5(a) illustrates the FEM mesh used for the reference 2D AB joint in Fig. 4(a). The same mesh pattern is also used in the 2D AB
joint in Fig. 4(c). Fig. 5(b) illustrates the mesh used for the 3D AB joints in Fig. 4(b) and (d). The 8-node hexahedral element is used in
the 3D AB joints in Fig. 4(b) and (d). Also, the 4-node quadrilateral element is used in the 2D AB joint in Fig. 4(a) and (c). The linear
element is used in all 3D and 2D AB joints. The FEM analyses are performed on all 3D AB joints when ef’"/(W/2) = egdge /(W/2) =
4.360 x 107% and 1.744 x 107> to confirm the mesh independency. Similarly, the FEM analyses are performed on all 2D AB joints

under 2P /(W/2) = 3712 and 37°.

12
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Material 1

Matcrial 2

2D
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(a) FEM mesh with square element of edge length (b) FEM mesh with cubic element of edge length e§°" used
egdg used for 2D AB joint in Figs. 4(a), (c). for 3D AB joint in Figs. 4(b), (d).

Fig. 5. FEM mesh to be used to analyze both ISSF and singularity index in Fig. 3. Fig. 5(a) shows FEM mesh in composed of square element of edge

length ee’ig“ to analyze the 2D AB joints in Fig. 4(a), (c). Fig. 5(b) shows FEM mesh composed of cubic element of edge length ef’" to analyze the 3D
AB joints in Fig. 4(b), (d).

3.2. Vdlidity and accuracy of 3D corner singularity index Acor as well as 3D edge singularity index A.qge obtained by the mesh-independent
method

Table 2 shows the singularity indexes legee and Acor to confirm the accuracy of the mesh-independent method. In Table 2, the
minimum cubic element size at the interface corner A, ef”"/(W/2), and the minimum cubic element size at the interface edge B,

2% /(W/2), are set to be equal. In the fine mesh, they are changed in the range 5 /(W/2) = e2*°/(W/2) = 4.360 x 1075 ~ 2.790 x

10~*. In the coarse mesh, the minimum cubic element size is set to be in the range e§” /(W/2) = edge /(W/2) =1.744 x 105 ~ 1.116 x
103, which are 4 times larger than that in the fine mesh. Table 2(a) shows the results for smgularlty index Zcqg at the interface edge B
in Fig. 4(b) under plane strain condition as &, = 0 to confirm the validity of the proposed method. As shown in Table 2(a), the values of
Jedge ODtained from Eq. (9) for Fig. 4(b) are independent of the mesh size agreeing well with the results of 15p, which are obtained from
the 2D characteristic equation (3) to the three digits. Since the singularity index is determined from the local geometry around the
singularity point, the plane strain deformation and the external force do not affect the singularity index.

Tables 2(b), (c) examine the results for Fig. 4(d) obtained by the proposed method. As shown in Table 2(b), the values of A, at the
interface corner A obtained from Eq. (9) are independent of the mesh size agreeing well to the three digits with the results of Koguchi
et al.[48], which are obtained through the eigen analysis. Since Egs. (9) and (10) provide accurate values of Ac,r and Aegee, the validity
and usefulness of Egs. (9) and (10) are confirmed.

As shown in Table 2(c), the values of 1.4 at the interface edge B in Fig. 4(d) are mesh-independent and they agree with the results
in Table 2(a) as well as the results of characteristic equation (3). Comparing Table 2(a) and Table 2(c) confirms that the same sin-

gularity index Zeqe. can be obtained from Eq. (10) as A4, = 0.681 although the FEM stresses yd,fEM(O) are very different in Table 2(a)
and Table 2(c).

3.3. Validity and accuracy of 3D edge ISSF K2%¢ obtained by the mesh-independent method

Table 3(a) shows mesh-independency of the obtained ISSF Kfydge in Fig. 4(b) where ¢, = 0. Table 3(b) also shows the ISSF KﬁD is
mesh independent in 2D AB joint in Fig. 4(c) where ¢, = 0. Those results are obtained for 3D and 2D AB joints in Fig. 4(b), (c) with A =

Si, B = Epoxy resin when W = 2 mm and ¢}° = 1 MPa. In Table 3, the ISSF K¢%° values are obtained by substituting the FEM stresses
;di‘gM(O) in Table B1 into Eq. (21). Although the fine mesh pattern and the coarse mesh pattern are combined variously, K2%¢ = 0.0567
MPa - m' % is obtained. Then, the K°%¢ almost equals the K?°. There is about 0.43 % error between them. Fig. 6 shows the y

directional FEM stress distribution by FEM analyses and the asymptotic solution with .4, = 0.6809 and Ke%¢ = 0.0567 MPa - m! e

13
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Table 2

Mesh-independency of singularity index 4 by varying the minimum element size ey,;, obtained by the proposed method in Egs. (9), (10) although FEM
stress opgy varies depending on ey, [consider AB joints in Fig. 4(b), (d) (A = Si, B = Epoxy resin when W = 2 mm and o =00 =1 MPa)]. In Table 2
(a), plane strain condition ¢, = 0 in Fig. 4(b) having no effect on 1 is considered to confirm the validity of the proposed method. Table 3(a) referring to
Fig. 4(b) where 4 = A.qq is independent of ey = egdge but oy rpyr = aj‘%ﬁM(O) varies. Table 3(b) referring to Fig. 4(d) where 1 = A,r is independent of
emin = €5 but oy = 0%, (0) varies. Table 3(c) referring to Fig. 4(d) where 2 = A.gq is independent of emin = egdge but oy = of,‘_il‘fEeM(O) varies.

(a) Edge singularity index Aqg obtained from FEM stress in Fig. 4(b) under plane strain condition &, = 0 using Eq. (10):
detge = 1 ~In{ o5 (0)/078 (0], _peeee }/Inm in Eq. (10).

Fine mesh Coarse mesh Aedge from Eq. (10) A2p from Eq. (3) (conventional method)
e/ (W/2) o0 &/ (W/2) oy (0)

4.360 x 106 40.63 1.744 x 1075 26.10 0.6809 0.6805

1.744 x 10~ 26.10 6.975 x 105 16.77 0.6807

6.975 x 10~° 16.77 2.790 x 104 10.77 0.6809

2.790 x 1074 10.77 1.116 x 1073 6.919 0.6807

cor(a) cor(b)

(b) Corner singularity index .- obtained from FEM stress in Fig. 4(d) using Eq. (9): Zcor = 1 *ln{%.FEM(O)\Z,..M:C;"' /Jy.FEM(O)le,“m:neg” } /Inn in Eq. (9).

Fine mesh Coarse mesh Acor

e/ (W/2) o (0) e/ (W/2) o5 %em(0) From Eq. (9) (Proposed method) Koguchi et al.[48] (Conventional method)
4.360 x 107° 104.9 1.744 x 1075 60.64 0.6050 0.605

1.744 x 10°° 60.64 6.975 x 1075 35.06 0.6048

6.975x 1075 35.06 2790 x 107* 20.28 0.6050

2.790 x 104 20.28 1.116 x 1073 11.73 0.6049

(c) Edge singularity index g, obtained from FEM stress in Fig. 4(d) using Eq. (10): Aegee = 1 —ln{(r;‘.if;;;) (0) /a}e,fipggg;) (0)\em|“:ne;dgc } /Inn in Eq. (10).

Fine mesh Coarse mesh Aedge from Eq. (10) (Proposed method) Aop from Eq. (3) (Conventional method)
™ /(W/2) oyfm(0) &/ (W/2) oy few(0)
4.360 x 10° 34.73 1.744 x 1075 22.32 0.6809 0.6805
1.744 x 1075 22.32 6.975 x 1075 14.34 0.6808
6.975 % 107° 14.34 2.790 x 104 9.212 0.6810
2.790 x 104 9.212 1.116 x 1073 5.918 0.6808
Table 3
Mesh-independency of edge ISSF in Fig. 4 (b), (c) by varying minimum element size ey;,. Table 3 (a) referring to Fig. 4 (b) where FEM

stress a}e,‘_igF;M(O) and cubic element size epin = ef)dge. Table 3(b) referring to Fig. 4(c) where FEM stress a;fiﬁM(O) and square element size

emin = egdge. In AB joints in Fig. 4(b), (c), W = 2mm, W = L and 6;° = 1 MPa.

(a) 3D AB joint under &, = 0 in Fig. 4(b).

2D reference problem in Fig. 4(a) 3D unknown problem in Fig. 4(b) K% [MPa - m! e ]
e&" /(W/2) [see Fig. 4(a)] % /(W) 2)[see Fig. 4(b)]

3712 4.360 x 10°°© 0.0567

3712 1.744 x 1075 0.0567

37 4.360 x 107° 0.0567

37 1.744 x 1075 0.0567

(b) 2D AB joint under ¢, = 0 in Fig. 4(c).

2D reference problem in Fig. 4(a) 3D unknown problem in Fig. 4(c) K2P[MPa - m! /0]
e2" /(W/2)[see Fig. 4(a)] €2l /(W/2)[see Fig. 4(c)]

3-12 3-12 0. 0564

312 3-9 0. 0564

3-9 3-12 0. 0564

379 379 0. 0564

obtained by the present methods. The FEM stress distribution of 3D model is in good agreement with the FEM stress distribution of 2D
model well. The 3D model in Fig. 4(b) is equivalent to the 2D model in Fig. 4(c). Then, since the asymptotic solution is in good
agreement with the FEM stress distributions, it can be said that the K¢%° is evaluated by the present method accurately.
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Fig. 6. Singular stress distribution at the interface edge B in Fig. 4(b) whose surfaces are fixed in the z-direction and the interface edge C in 2D AB

joint under plane strain condition in Fig. 4(c) (A = Si, B = Epoxy resin, W = 2 mm and ¢° = 6o = 1 MPa). In Fig. 6, several plots may have some
FEM errors but they can be eliminated by taking the ratio with the reference solution by applying the same FEM mesh pattern.

10

3.4. Vadlidity and accuracy of 3D corner ISSF K°" obtained by the proposed method

Table 4 shows the 3D corner ISSF K and the 3D edge ISSF K:%¢. The 3D corner ISSF K" can be obtained from Eq. (24) by
substituting the value of A, in Table 2 and the FEM stresses in Table B2 in Appendix B. The 3D edge ISSF K% can be obtained from Eq.
(21) by substituting the value of A in Table 2 and the FEM stresses in Table B2. Table 4 shows that the present results K" = 0.0336
MPa - m' % and K°%¢ = 0.0485 MPa - m! % are mesh-independent for various mesh sizes, 2" in Fig. 4(a) and €5 in Fig. 4(d).
Table 4(a) also indicates the results of Koguchi et al.[48] obtained by using curve fitting the BEM stresses and the H-integral method,
which agree with the present results. In this analysis, as the reference solution, the results of 2D AB joint Fﬁﬁ; in Fig. 4(a) obtained by

Table 4
Mesh-independency of the corner ISSF K" and the edge ISSF K¢%¢ in Fig. 5(b). Consider AB joint in Fig. 4(d), A = Si, B = Epoxy resin when W = 2 mm
and 0';° =09 = 1 MPa.

(a) ISSF at the interface corner A, K" in Fig. 4(d) obtained from the following equation [see Eq. (24)]:
OFin(0) - (V2e") " + o5t (V2€T) - (VEe5)

Acor Oy
Kcor‘[:L! . Zeor | T = .KZD.
T o2 (0) - (57) " + o7 fm(e3”) - (e37) ’
Present method Koguchi et al. in Ref. [48]
e /(W/2) e /(W/2) K" [MPa - m! ] in Fig. 4(d) Curve fitting H-integral method
3-12 4.360 x 107 0.0336 0.0333 0.0336
3-12 1.744 x 107° 0.0336
379 4.360 x 107 0.0336
39 1.744 x 1075 0.0336

(b) ISSF at the interface edge B, K2%¢ in Fig. 4(d) obtained from the following equation [see Eq. (21)]:

1—Jedge 1= Aedge
Jetge Ot (65%°) T + e (es™) - (e5)

K|, = = - T K-
7w oy(0)- (€)' + o (eg™) - (7)"
Present method
e /(W/2) &% /(W/2) K% [MPa - m' <] in Fig. 4(d)
(Kedse [MPa - m!' ] in Fig. 4(b))

312 4.360 x 108 0.0485 (0.0567)

312 1.744 x 1075 0.0485 (0.0567)

39 4.360 x 10 0.0485 (0.0567)

379 1.744 x 1073 0.0485 (0.0567)
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the body force method is used. It can be said that the value of K% from Eq. (24) is as accurately as the F22*. Table 4(b) shows the results
Kd¢ = 0.0567 MPa - m!~*« in Fig. 4(b), which is different from K¢%¢ = 0.0485 MPa - m' % in Fig. 4(d). Unlike the singularity index
indicated in Table 3 where 4.q, = 0.681 in Fig. 4(b) equals dege = 0.681 in Fig. 4(d), they are different as 0.0567 MPa - m! s o
0.0485 MPa - m! % due to the plane strain condition e, = 0 in Fig. 4(b).

Fig. 7(a) shows the singular stress distribution around the interface corner A. And Fig. 7(b) shows the singular stress distribution
around the interface edge B. The solid lines indicate the asymptotic solutions obtained by substituting the singularity indexes in Table 2
and the ISSFs in Table 4 into Eq. (11). In Fig. 7(a) and (b), since the asymptotic solutions overlap the FEM stress distributions, it can be
confirmed that the A.,r and the A4 in Table 2 and the K" and the Kf;dge in Table 4 are calculated accurately.

In Section 2, the mesh-independent analysis methods were proposed for the singularity index and the ISSF for the 3D bonded
structure. In this Section 3, the validity and accuracy of the proposed methods were confirmed. Although this paper assumes that the
3D corner has a real singularity index, there are other cases that the 3D corner has more than one real and complex singularities
depending on the corner geometry and the material combination. The proposed mesh-independent analysis method can be extended to
such cases. For example, the authors’ previous study discussed the ISSF analysis method useful for two real singularity indexes in 2D
bonded structures[45].

4. Adhesive strength of ABA butt joint (BJ-ABA) expressed as a constant ISSF at the interface corner and at interface edge
4.1. Singular stress distributions at the interface corner and the interface edge

The difference of the critical singular stress distributions will be discussed at the interface corner and at the interface edge in the 3D
ABA joint by using the experimental results[46]. Fig. 8 shows the schematic illustration of the 3D ABA joint. Note the 3D butt joint with
the similar adherends is named 3D BJ-ABA model, and 3D butt joint with the dissimilar adherends is named 3D BJ-ABC model. The
model consists of two prismatic adherends (Materials 1 and 3) with length L, width W and depth D and thin adhesive layer (Material 2)
of thickness h sandwiched between them. L = W = D = 12.7 mm is set. The h is changed from 0.05 mm to 5 mm. The remote uniform
tensile stress 0y =00 =1 MPa is set. Table 5 shows Young’s moduli, Poisson’s ratios of the adherend and adhesives, Dundurs’ pa-
rameters, the singularity index A,p and the dimensionless ISSF F25,, [ = K2"" / (5,W'~*»)] for the 2D AB joint model. 0.35 % carbon steel
(JIS S35C) was used as the adherend. Two kinds of epoxy resins were used as the adhesive. The epoxy resins A and B are a brittle
adhesive and a ductile adhesive, respectively.

Fig. 9 shows the singular stress distributions at the interface corner A and the interface edge B under 6y = 1 MPa. The solid lines are
the singular stress distributions at the interface corner A expressed with o} = K¢ /ri~%or_ The dashed lines are the singular stress

distributions at the interface edge B expressed with a}e,dge = K¢%¢ /r1 =% Then, the colored circle marks are the intersections of the oy

and the ajdge with same adhesive thickness h. When 0.05mm < h < 2.0mm, there are the circle marks within the range of

7pm < r < 270 pm. Since there is about only 10 % difference between the 1., and the A4, the similar singular stress distributions are

3 3
10 10
3Dm0de' .f‘.-.. Face @
Interface corner 3D model Interface edge
4
= [é A = f B A Fine FEM
A 2. k I g a5 2 - —]L A Coarse
z 10 \\"E‘;"" ' 1 E 10 5302000000 o ‘7.‘24}';’":&’:;@(/?'! Fnige
= 68 106050 =
£ Lk 1
‘b" 1 O Fine bﬂ 1 Q 1-0.6805
E ¥ e
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-6 5 4 3 -6 5 -4 3
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(a) Interface corner A. (b) Interface edge B.

Fig. 7. Singular stress distribution at the interface corner A and singular stress distribution at the interface edge B in Fig. 4(d) (see AB joint in Fig. 4
(d), A = Si, B = Epoxy resin, W = 2 mm and rr;" = 0o = 1 MPa). In Fig. 7(a), (b), several plots may have some FEM errors, but they can be eliminated
by taking the ratio with the reference solution by applying the same FEM mesh pattern.
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Fig. 8. Schematic illustration of 3D butt joint named BJ-ABA in this study (BJ = Butt Joint, A = Material 1, B = Material 2).

Table 5
Material properties used in the BJ-ABA in the present analyses[42,43].
Adherend Adhesive a p Aap F(ZTDV:,
Material E;[GPa] 21 Material E>[GPa] Vo
Steel 210.0 0.3 Epoxy Resin A 3.14 0.37 0.969 0.199 0.684 0.405
(JIS 35C) 210.0 0.3 Epoxy Resin B 2.16 0.38 0.978 0.188 0.673 0.404
2 2
10 ey 10° e
a8 = K§%/ pl-ieor ] b o5 = Kg"/ pl-teor
E o a.fdge = K,‘;‘]g“/rl Ledge 5 E I a.;’dge = Kl‘;'{]g"/ I"l eedee
e Intersection point 1 L @ Intersection point

between 0';,.‘“" and ().sz([ge between (T;‘UF and O.;/z[ge

dge [MPa]
=

dge [VIPa]
=

‘\\Jb;\ Qbk
s 10° s 10°
IS < Iy
_ 0.1mm RN
e _ 0.05mm ™ == 0" o |
10° 10" 10° 10° 10° 10" 10 10°
 [um]  [um]
(a) A=S35C, B =Epoxy resin A. (b) A =S35C, B =Epoxy resin B.

Fig. 9. Singular stress distribution 6}°" = K¢ /r' % at the interface corner and singular stress distribution (rf,dxe = Kede /rl-ae at the interface edge
in the 3D BJ-ABA model under 6y = 1 MPa (see BJ-ABA in Fig. 1(a), A = S35C, B = Epoxy resin A or Epoxy resin B).

formed at the interface corner and the interface edge.
Fig. 10 shows the critical singular stress distributions at the interface corner A and the interface edge B under 6y = o, where the o,
is the critical failure stress and is shown in Table 8. The solid lines denote the singular stress distributions at the interface corner A
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Fig. 10. Critical singular stress distribution 632" = K%' /r' %= at the interface corner and critical singular stress distribution o2l — gl /- at
the interface edge under oy = o, (see BJ-ABA in Fig. 1(a), A = S35C, B = Epoxy resin A or Epoxy resin B).

expressed with 6" = K"/ rl=%r_The dashed lines denote the singular stress distributions at the interface edge B expressed with

a;’ﬁge = Kﬁfge /ri~%, Then, the circle marks denote the intersections of the oy and a;ige with the same h and correspond to those in

Fig. 9. The o3¢" and the af,‘ige are similar within the range of 7um < r < 270 pm independent of the h.
Fig. 11 shows the average critical singular stress distributions at the interface corner A and the interface edge B which are given by
the average of the critical ISSFs. When B = epoxy resin A, K% = 0.526MPa - m' % and Kf;‘g‘?ﬁve =1.058MPa - m! %, The 6" and

oc.ave yc.ave

a}e,‘ciﬁfve intersect atr = 101.3um. Then, when B = epoxy resin B, K" . = 0.595MPa - m! % and Kf;f‘if‘,e =1.227MPa - m' %, The 67"

oc.ave yc.ave

and af,‘ci“g;ve intersect at r = 93.1pm. It can be confirmed that the roughly equal singular stress distributions are formed at the interface
corner and along the interface edge independent of the h when 6y = o,.

As shown in Fig. 11, the critical singular stress distributions causing debonding are similar at the interface corner and at the

interface edge. As shown in Fig. A2(d) in Appendix A, however, the largest ISSF region at the interface corner is much smaller than the

large ISSF region along the interface edge (detail can be seen in Ref [63]). This is the reason why the debonding failure does not always

10° T T 10° o T
i sevve = 0.526 MParm' =% ] g cor o =0.595 MPa:m'
—_ ;g%ﬁe =1.058 MPa-m! e ] — I g‘c’%ﬁe =1.227 MPa-m! e
QCE ¢ Keor ./ pl—4 ] Qc?( - Oﬁoz = ;g';ne/ F 1=
2 e = Kaeave / 71~ 2 ye,ave ,ave
2. 107 P~ % e 1 2. 10 1
o : o2
35 35
b’s\ r béx edge _ ypredge edo
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(a) A=S35C, B =Epoxy resin A. (b) A=S35C, B =Epoxy resin B.

Fig. 11. Average critical singular stress distribution ¢}, = K, /r' = at the interface corner and critical average singular stress distribution

af,??(fve = K%, /ri~/a at the interface edge under oo = o, (see BJ-ABA in Fig. 1(a), A = S35C, B = Epoxy resin A or Epoxy resin B).
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occur at interface corner and the debonding often occurs at the interface edge even though the value of A, is about 10 % smaller (more
severe stress state) than the value cqg[ 63].

4.2. ISSF at the interface corner and ISSF at the interface edge

The ISSFs at the interface corner A and the interface edge B are computed by changing the h. Table 6 shows Young’s moduli and
Poisson’s ratios of the materials used in numerical simulations. The epoxy resin is used in the adhesive. Steel (JIS SS400) and Al alloy
(JIS A5052) are used in the adherends[64]. Table 7 shows Dundurs’ parameter («a, ), the 3D corner and edge singularity indexes Acor
and Acgg, the dimensionless ISSF for the 2D AB joint in Fig. 2(b), FfDW [= K2 /(6oW' )],

Fig. 12 and Table 8 show the dimensionless ISSFs FZ% and Fﬁdfe at the interface corner A and the interface edge B in the 3D BJ-ABA

model, where F¢% and Fffe are defined as follows.

K,

Fop=—_ 2
oh 0'0h17}‘ ( 5)

As shown in Table 8, when h < 1.0 mm, the F2% and Pﬁdfe are constant independent of the h. Therefore, when h < W, F;”,{ ~ 0.33 and
F*% ~ 0.38 for the steel adherend, and F*%, ~ 0.37 and F*% ~ 0.41 for the Al alloy adherend.

4.3. Critical ISSFs of BJ-ABA expressed as a constant ISSF

Table 9 and Fig. 13 show the critical ISSFs for the BJ-ABA with the steel adherend and the epoxy adhesive at the failure in Section
4.1,K, Kf;?ge and Kﬁ?. In the case of both epoxy adhesives (Resin A and Resin B), the failure stress 6, decreases with increasing the h as
shown in Table 9. As shown in Fig. 13(a) and (b), however, the K" and Kffclge values are each plotted in the narrow bands with +10%
width around the average and approximately constant independent of the adhesive layer thickness h. Then, the K% values almost
correspond to the K22 values. That is because the roughly equal singular stress distributions are formed at the interface corner and
along the interface edge independent of the h when 6y = o, as mentioned in Sect. 4.1. In fact, it has been reported that the fracture
origins were observed along the interface edge more frequently than at the interface corner[63]. Therefore, the debonding strength can
be evaluated by using both conditions K% = K¢ and K¢%¢ = K%%°. Since the interface edge in the 2D BJ model is equivalent to the
interface edge in the 3D BJ model, the 2D BJ model can be used to evaluate the debonding strength as well as the 3D BJ model. In
Fig. 13, ISSF values at the 3D corner and the edge cannot be compared directly since they have different units depending on the
singularity exponents. Fig. 13 shows that the adhesive strength can be expressed as a constant value of those ISSFs.

Fig. 13 is based on linear elastic analysis. One may think the effect of adhesive plasticity should be discussed since most adhesives
are not linear elastic. Fig. 14 shows the stress—strain relation of the bulk adhesive and the stress—strain relations of the adhesive layers
in a metal/resin butt joint. In Fig. 14, o} is the remote tensile stress, 51;””‘ is the strain of the bulk adhesive, eJy‘“i" is the strain of the
adhesive layers, and the adhesive layer thickness is changed as h = 0.05, 0.1, 0.3, 0.6, 1.0, 2.0 mm [65]. As shown in Fig. 14, although
the bulk adhesive o}° — e}’f“”‘ relation shows the non-linear elastic behavior, the adhesive layer o}° — 8}‘5&“'” relation shows the linear
elastic behavior independent of the adhesive layer thickness. That is because the adhesive layer is constrained by the adherends.
Fig. 14 shows Young’s modulus of the adhesive layer coincides with the constrained Young’s modulus of the resin E;R“i” =(1-v)/
(1-2v)1+ z/)]E)lfeSi" = 4.05 GPa. The FEM elastic-plastic analysis showed that the plastic zone size r;® ~ 12 pm satisfies the small-
scale yielding condition rgEM < W[65] independent of the adhesive layer thickness. Those findings provide the validity of the adhesive
strength being expressed as a constant ISSF in Fig. 13 based on the linear elastic analysis.

5. Comparison of critical ISSFs focusing on AB interface between ABC joints and ABC joints
5.1. ISSF difference focusing on AB interface between BJ-ABA and BJ-ABC
In this Section 5, bonded dissimilar materials will be newly considered. Fig. 15 illustrates the 3D butt joint named BJ-ABC in this

study (BJ = Butt Joint, A = Material 1, B = Material 2, C = Material 3). The ISSF of BJ-ABC will be analyzed and compared with the
ISSF of 3D BJ-ABA. The adherends A, C and the adhesive B in Table 6 are used. Fig. 16 and Table 10 show the dimensionless ISSFs, F%

Table 6

Young’s moduli and Poisson’s ratios of the materials used in numerical simulations

[64].
Material E[GPa] v
Steel (JIS SS400) 206 0.30
Al alloy (JIS A5052) 70 0.34
Epoxy resin 3.34 0.38
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Table 7
Dundurs’ parameter (, ) and singularity indexes Acor and Zegge.
Material combination a p Acor Aedge F2,
Steel / epoxy resin 0.9661 0.1854 0.6043 0.6800 0.411
Al alloy / epoxy resin 0.9060 0.1731 0.6462 0.7122 0.445
1 T T
< Steel / Epoxy resin cor S;Eggeel
5
LS UKo o /
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Fig. 12. Dimensionless ISSFs F = K< /(aoh! ) and F*& — K2l /(goh! ) for the 3D BJ-ABA (A = Steel, B = Epoxy resin).

Table 8
Dimensionless ISSFs F% = K% /(6oh! ) and F*%¢ — K¢ /(gohl ) by varying the adhesive thickness h for the 3D BJ-ABA (A = Steel, B = Epoxy
resin).

h[mm] Steel adherend Al alloy adherend
Interface corner A Interface edge B Interface corner A Interface edge B
0.05 0.332 0.383 0.365 0.410
0.1 0.334 0.386 0.367 0.413
0.3 0.338 0.391 0.371 0.419
0.6 0.344 0.400 0.377 0.427
1.0 0.353 0.412 0.386 0.440
2.0 0.379 0.442 0.410 0.472
5.0 0.439 0.460 0.474 0.496

[= K< /(6oh' )] at the interface corner A and F*% [ = K%%¢/(goh! )] at the interface edge B in BJ-ABC. When the adhesive

thickness h is small enough, Fff",{ and Pﬁdfe are not constant and they vary depending on h. This is because the upper and lower interfaces
interfere with each other.

Fig. 17 shows the ratio of the ISSF for the 3D BJ-ABC model to the ISSF for the 3D BJ-ABA model. The ISSF ratios at the Al/epoxy
interface corner and edge decrease with decreasing h. On the other hand, the ISSF ratios at the steel/epoxy interface corner and edge
increase as the h decreases. Moreover, the ISSF ratio at the steel/epoxy interface corner is larger than that at the steel/epoxy interface
edge. Note that the ISSF ratios can be compared because of dimensionless. When h = 0.05 mm, the ISSF ratio at the steel/epoxy
interface corner is about 1.73, and the ISSF ratio at the steel/epoxy interface edge is about 1.43. When the opposite adherend is
changed from the steel to the Al alloy, the ISSF at the steel/epoxy interface corner changes about 20 % larger than that at the steel/
epoxy interface edge. Therefore, when the one side of the adherends is changed, the ISSF at the interface corner with the smallest
singularity index is strongly influenced.
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Table 9
Critical ISSFs obtained thrfough 2D modeling K2 and through 3D modeling K%', K¢ for BJ-ABA in Fig. 8 [A = $35C, B = Epoxy resin A in Table 5(a)

or Epoxy resin B in Table 5(b)]. Note that in BJ-ABA, plane strain condition appears more significantly compared to AB joint corresponding to
extremely large h when h/W > 1.

(a) A =S35C, B = Epoxy resin A in Fig. 8

h[mm] o.[MPa] [37] 2D model 3D model
K?P[MPa - m!~#»] K" [MPa - m! %] K% [MPa - m! e

0.05 57.2 0.970 0.392 0.966
0.1 53.3 1.120 0.482 1.130
0.3 325 0.978 0.458 0.989
0.6 25.9 0.981 0.487 0.983
1.0 22.6 1.017 0.532 1.055
2.0 18.4 1.071 0.606 1.138
5.0 13.4 1.135 0.724 1.144
Average 1.039 0.526 1.058

Aop = Aedge = 0.684, Acor = 0.608
(b) A =S35C, B = Epoxy resin B in Fig. 8

h[mm] o.[MPa] [37] 2D model 3D model
KP0MPa - mi-4o] Ky IMPa -] K P e

0.05 76.8 1.147 0.457 1.144
0.1 71.4 1.339 0.565 1.346
0.3 49.7 1.342 0.621 1.361
0.6 41.2 1.411 0.694 1.428
1.0 25.3 1.042 0.539 1.082
2.0 19.7 1.060 0.596 1.132
5.0 13.6 1.085 0.691 1.094
Average 1.204 0.595 1.227

22D = Jedge = 0.674, Aeor = 0.596
5.2. Comparison of critical ISSF between BJ-ABA and BJ-ABC (BJ = butt Joint)

In this Section, the debonding strength for the butt joints with similar/dissimilar adherends by the 3D model will be discussed by
using the experimental results[66,67]. The tensile tests were performed on the BJ specimens with similar/dissimilar adherends in
Fig. 8 and Fig. 14 when L = W = 32 mm, D = 9 mm and h = 0.1 mm. Steel (JIS SS400) and Cu alloy (JIS C2800) were used as the
adherend. The epoxy resin was used in the adhesive. Table 11 shows Young’s moduli and Poisson’s ratios of the steel and epoxy resin.
Table 12 shows Dundurs’ parameter (a, §5), the 3D corner and edge singularity indexes Acor and Aegge, the dimensionless ISSF for the 2D
AB joint in Fig. 2(b), FZ, [= KZ?*" /(6oW'~*»)]. The combination of the steel and the epoxy has smaller singularity indexes than the
combination of the Cu ally and epoxy. The steel and the epoxy resin are chosen as the materials 1 and 2, respectively. Then, the steel
and the Cu alloy are chosen as the materials 3 for the similar adherends and the dissimilar adherends, respectively.

The dimensionless ISSFs at the steel/epoxy resin interfaces in the 3D BJ-ABA and the 3D BJ-ABC, F%, = K"/ (6ph!~*) and P —

K¢%¢ /(6oh! %), are shown in Table 13, where the F¢ and the Ff;d,fe are the dimensionless ISSFs at the interface corner A and the
interface edge B in Figs. 8 and 15, respectively. When one side of the adherends is changed from steel to Cu alloy, the FS} increases by

0.119 (35.4 %) and the Ff;d,fe increases by 0.093 (24.1 %). The F% increases more significantly than the Ff;_dfe

Table 14 shows the critical tensile stress experimentally obtained o, the critical ISSF at the steel/epoxy interface corner A, K5, and

the critical ISSF at the steel/epoxy interface edge B, K% When the one side of the adherend is changed from the steel to the Cu alloy,
the critical tensile stress o. decreases by 7.5 MPa, that is, by 27.7 %. The critical 3D corner ISSFs K¢ coincide each other within 0.07

MPa - m! %, that is, within 2 %. The critical 3D edge ISSF K¢ values agree within 0.51 MPa - m! % that is within 10.2 %. It is seen
that the K% values are almost constant independent of the adherend combination.

5.3. Comparison of critical ISSF between TSLJ-ABA and TSLJ-ABC (TSLJ = Three-Step lap Joint)

The adhesive strength for the three-step lap joint with similar/dissimilar adherends (named TSLJ-ABC in this paper) will be dis-
cussed by analyzing the ISSF and using the previous experimental results[64]. The four-point bending tests were performed on the
TSLJ-ABC with similar/dissimilar adherends. Fig. 18 shows the schematic illustration of the 3D TSLJ-ABC with experimental di-
mensions L = W =32 mm, D =9 mm, [ = 9.2 mm and h = t = 0.1 mm. Steel (JIS SS400) and Al alloy (JIS A5052) were used as the
adherend. The epoxy resin was used in the adhesive. Young’s moduli and Poisson’s ratios of the adherends and the adhesive used in the
experiment are shown in Table 6. Then, Dundurs’ parameter (, §), the 3D corner and edge singularity indexes Acor and Aegg, the

dimensionless ISSF for the 2D AB joint in Fig. 2(b), F2, [ = K?** /(6oW! )] are shown in Table 7. The TSLJ-ABC is composed of A =
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(b) A=S35C, B = Epoxy resin B in Fig. 8.

Fig. 13. Adhesive strength expressed as critical ISSF K,. = const. in Fig. 8 independent of adhesive layer thickness h for BJ-ABA, A = S35C, B =
Epoxy resin A in Fig. 13(a) and Epoxy resin B in Fig. 13(b). Note that in BJ-ABA, plane strain condition appears more significantly compared to AB
joint corresponding to extremely large h when h/W > 1.
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Fig. 14. o — eﬁesm relation of adhesive layer in butt joint for Resin B/S35C in comparison with o}° — ely’””‘ relation of bulk adhesive, where ¢} is a

remote tensile stress, s?”lk a strain of an adhesive bulk, s;‘“i" a strain of an adhesive layer[65].
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Fig. 15. Schematic illustration of the 3D butt joint named BJ-ABC in this study (BJ = Butt Joint, A = Material 1, B = Material 2, C = Material 3).
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Fig. 16. Dimensionless ISSFs F< [= K¢ /(coh! )] and Ff,d;fe [ = K% /(5oh' )] for BJ-ABC (A = Steel, B = Epoxy resin, C = Al alloy). Both
interfaces AB and BC are considered.

0

10

Steel, B = Epoxy resin, C = Al alloy. As shown in Table 7, the singularity index at the AB corner interface (= steel/epoxy corner
interface), Acor = 0.6043, is the smallest among four singularity indexes. Since all debonding occurred at the AB interface in the ex-
periments, the ISSF at the AB interface is considered.

The dimensionless ISSFs for the TSLJs with similar/dissimilar adherends, F5% and Ff;‘_i,fe, are shown in Table 15, where the F3 and

the Pf;dfe are the dimensionless ISSFs at the interface corner A and the interface edge B in Fig. 18, respectively. When one side of the

adherends is changed from the steel to Al alloy, the F:% increases by 0.0895 (27.8 %) and the Pf;dfe increases by 0.0474 (12.7 %). The

FZ% increases more significantly than the Pff;fe, which suggests that the debonding is initiated from the interface corner easily than the
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Table 10
Dimensionless ISSFs F% [ = K. /(ooh'~*=r)] and F;, fi,‘fe [ = K% /(goh! )] for BJ-ABC (A = Steel, B = Epoxy, C = Al alloy). Both interfaces AB and BC
are considered.

h[mm] Steel/epoxy interface Al/epoxy interface
Interface corner Point A Interface edge Interface corner Point A Interface edge
Point B Point B
0.05 0.573 0.548 0.287 0.343
0.1 0.514 0.505 0.286 0.347
0.3 0.435 0.453 0.307 0.372
0.6 0.403 0.436 0.330 0.394
1.0 0.393 0.436 0.351 0.417
2.0 0.401 0.455 0.389 0.459
5.0 0.446 0.463 0.467 0.493
2 : :
Steel / Epoxy resin Steel
1.75 A —) — cor edge
< ‘\1 K o a
m S————————
ESR R SR ; .
X Epoxy resin Epoxy resin
Sl L &oally
M
S0 s
S
0.75 Al alloy
Al alloy / Epoxy resin Epoxy resin
0.5 : :
-3 -2 -1 0
10 10 10 10
h/ W

Fig. 17. ISSF for the 3D BJ-ABC in comparison with that for the 3D BJ-ABA (BJ = Butt joint, A = Steel, B = Epoxy, C = Al alloy). Both ISSFs at AB
and CB interfaces are considered.

Table 11

Young’s moduli and Poisson’s ratios of the steel, Cu alloy and epoxy resin[66,67].
Material E[GPa] v
Steel (JIS SS400) 209 0.29
Cu alloy (JIS C2800) 103 0.35
Epoxy resin 3.34 0.38

interface edge.

Table 16 shows the critical bending moment M, experimentally obtained, the critical bending stress 6. = 6M./(DW?), the critical
ISSF at the steel/epoxy interface corner A, K5, and the critical ISSF at the steel/epoxy interface edge B, Kf;‘fge. When the one side of the
adherend is changed from the steel to the Al alloy, the critical bending moment M, decreases by 21.1N- m, that is, by 25.4 %. However,
the critical 3D corner ISSF K coincides with each other within 0.021 MPa - m! %, that is, within 4.7 %. The critical 3D edge ISSF
Kﬁfg‘e coincides each other within 0.165 MPa - m! %, that is, within 15.7 %. It is seen that the K¢ values are almost constant in-
dependent of the adherend combination. Fig. 19 shows (a) the critical ISSF at the steel/epoxy interface corner A, K¢, and (b) the
critical ISSF at the steel/epoxy interface edge B, Kﬁ‘zge when the adhesive thickness h = 0.1 mm and h > W = 32 mm. The critical 3D
corner ISSFs for TSLJ with h = 0.1 mm coincides that with h > W = 32 mm. It is seen that the adhesive strength of ABC joint can be
expressed in a more suitable way by using the critical 3D interface corner as K%' = constant.

Table 12

Dundurs’ parameter (a, ) and singularity indexes Acor and Zeqg for the material combinations of steel / epoxy resin and Cu alloy / epoxy resin.
Material combination a p Acor Aedge 2
Steel / epoxy resin 0.9664 0.1853 0.6040 0.6798 0.411
Cu alloy / epoxy resin 0.9356 0.1799 0.6266 0.6969 0.429
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Table 13

Dimensionless ISSFs F.% and Ff;d,fe both focusing on AB interface (= steel/epoxy interface). Comparison between BJ-ABA and BJ-ABC (BJ = Butt Joint,
A = Steel, B = Epoxy resin, C = Cu alloy, h = 0.1mm).

Adherend combination F2% = K27 /(6oh' ~*) focusing on AB interface pf,d]fe = K2%¢ /(ooh! ) focusing on AB interface

ABA 0.335 0.383
ABC 0.453 0.476
Table 14

Critical tensile stress o. experimentally obtained, critical 3D corner ISSF K& and critical 3D edge ISSF K% both focusing on AB interface (= steel/
epoxy interface). Comparison between BJ-ABA and BJ-ABC (BJ = Butt Joint, A = Steel, B = Epoxy resin, C = Cu alloy, h = 0.1mm).

Adherend o.[MPa] experimentally obtained K [MPa - mm' %] focusing on AB Kf,‘:ge [MPa - mm!~“ ] focusing on AB
combination [56,571] interface interface

ABA 27.1 3.65 4.97

ABC 19.6 3.57 4.46

i
‘ g | Material 1
3 wltwitw Ey, v
B ...
| 1~ Material 2
4 | Z E'), Vs
= |—’_ o
o T~Material 3
W p E}, Vi
Q L

edge
o

Fig. 18. Schematic illustration of three step lap joint named TSLJ-ABC in this study (TSLJ = Three-Step Lap Joint, A = Material 1, B = Material 2, C
= Material 3). The experimental dimensions are L =W =32 mm, D =9 mm, [ = 9.2 mm and h =t = 0.1 mm[64].

Table 15

Dimensionless ISSFs Fg% and Fﬁdfe focusing on the steel/epoxy interface. Comparison between TSLJ-ABA and TSLJ-ABC (TSLJ = Three-Step Lap Joint,
A = Steel, B = Epoxy resin, C = Al alloy, h =t = 0.1 mm).

Adherend combination Fr[ = K"/ (oh! )] focusing on AB interface Fe%¢[ = K¢ /(goh! )] focusing on AB interface
ABA 0.322 0.372
ABC 0.411 0.419
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Table 16
Critical bending moment M, and critical bending stress 6. both of which are obtained experimentally[64] and critical 3D corner ISSF K" and critical

3D edge ISSF K% both of which focus on AB interface (= steel/epoxy interface). TSLJ-ABA and TSLJ-ABC are compared (TSLJ = Three-Step Lap
Joint, A = Steel, B = Epoxy resin, C = Cu alloy, h =t = 0.1 mm).

Adherend M[N - m] 6. = 6M./(DW?)[MPa] experimentally ~ KZ'[MPa - m! %] K%%°[MPa - m! ] focusing on AB
combination experimentally obtained obtained focusing on AB interface
[64] interface
ABA 83.0 54.0 0.452 1.054
ABC 61.9 40.3 0.431 0.889

1.2 1.2
o A\ § Steel
o 10 @ ; 1.0 = 15_7»,‘,3 @ /—/rﬁ” J‘ E1=210GPa)
= 08 A % 08 B ' j| s
= B| . ;
s © A | —FEpoxy resin
& 06 S 06 == :
= ~4.7% =, = E;=3.14GPa
= 04 . 04 g‘:ﬁ Lvamoa7
S8 £ 13 W
X 02 0.2 +—Al alloy
By, A [(Es=70GPa
0 0 T | vi=034
h=01 h>W=32 h=0.1 h=>W=32 ‘
Adhesive thickness # [mm] Adhesive thickness 2 [mm]
(a) Critical 3D corner ISSF K52" (b) Critical 3D edge ISSF K;gge (c) Three-Step Lap Joint, A =
Steel, B = Epoxy resin, C =
Cu alloy

Fig. 19. Critical 3D corner ISSF K& when h = 0.1 and h > W = 32 mm and critical 3D edge ISSF Kf}fge are compared when h = 0.1 and h > W = 32
mm. Both ISSFs are on the AB interface (=steel/epoxy interface). The adhesive strength for TSLJ-ABC can be expressed as a constant ISSF in Fig. 19
(a) better than in Fig. 19(b). The results of TSLJ-ABC when h > W = 32 mm is corresponding to the results of AB joint (TSLJ = Three-Step Lap Joint,
A = Steel, B = Epoxy resin, C = Cu alloy).

6. Conclusions

In this paper, an efficient method was proposed and named as the mesh-independent proportional method, which is useful for the
ISSF at the interface corner as well as the singularity index 4 in 3D dissimilar bonded joint. The validity and accuracy of the proposed
methods were confirmed by analyzing the AB joints composed of A = Si and B = Epoxy. The adhesive strength was confirmed to be
expressed as constant ISSF based on the previous experimental data for the ABA and ABC butt joints and the ABA and ABC three-step
lap joints with similar/dissimilar adherends composed of A = Steel, B = Epoxy, C = Cu alloy. The conclusion can be summarized in the
following way.

(1) By investigating relation between the minimum mesh size ey, and the FEM stresses oy (7), mesh-independent formulas such as
opEm(r) - (emin)' " = const. [see Eq. (8)] were theoretically derived from the proportional stress fields in AB joints having similar
FEM mesh pattern (see Fig. 3). This mesh-independent expression is extremely useful because it uses only two stress values
instead of many stress values etc. in conventional analysis [see Eq. (24)]. The ISSF obtained by the proposed proportional
method coincides with the previous results to the three digits (see Table 4).

(2) A mesh-independent formula [Eq. (9)] useful for 3D corner singularity index was also derived theoretically by considering AB
joints having similar FEM mesh (see Fig. 3). The 3D corner singularity index was previously analyzed also by using complicated
methods such as eigen analysis method. The singularity index obtained by the proposed proportional method coincides with the
previous results to the three digits. It was confirmed that the singularity indexes and the ISSFs are determined accurately by
using the mesh-independent proportional method.

(3) The critical singular stress distributions at debonding were compared at the interface corner and at the interface edge by using
previous experimental data of BJ-ABA (see Figs. 10, 11). The roughly equal critical singular stress distributions were confirmed
at the interface corner and at the interface edge independent of the adhesive thickness h = 0.05mm ~ 5mm. The results showed
that the adhesive strength can be expressed as a constant ISSF by focusing on 2D edge ISSF, 3D edge ISSF, or 3D corner ISSF (see
Fig. 13).

(4) Under unit remote tensile stress, the ISSF for the BJ-ABC is larger than the that for the BJ-ABA (see Fig. 17). The difference
between the ABC and the ABA increases with decreasing the adhesive thickness especially at the interface corner compared to
the interface edge. The adhesive strength was discussed based on the previous experimental data for the BJ-ABA/ABC and TSLJ-
ABA/ABC. The adhesive strength of ABC joint can be expressed more suitably by focusing on the 3D interface corner (see
Tables 14, 16, Fig. 19).
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Appendix A. Use of the term “ISSF” and its usefulness for evaluating adhesive strength

In fracture mechanics, the term “stress intensity factor (SIF)” has been successfully used to evaluate the intensity of singular stress
fields (ISSF) for various cracks as shown in Figs. Al(a), (b). Fig. A1(c) shows that the SIF concept can be extended to sharp notch by
changing the opening angle from zero to a certain value[68-71]. Also, Fig. A1(d) shows that it can be extended to inclusions having
sharp corner whose singular stress field can be characterized Mode I and Mode II in a similar way of cracks[72,73]. In Figs. Al (c), (d),
the term “generalized stress intensity factor” are often used. Also, the SIF concept can be extended to interface cracks as shown in
Fig. Al (e) by using the term “stress intensity factor” or “interface stress intensity factor”’[74]. In those problems in Figs. A1(c)-(e) and
in Figs. A1(f), (), the stress concentration due to geometry is corresponding to the stress concentration due to crack. For example, like
the crack length “c” controlling the SIF in Figs. A1(a), (b), the notch and inclusion dimensions “c” control the GSIF in Figs. A1 (c)-(g).

However, in Figs. A1(h), (i), the stress concentration arises only from the material difference, not the geometry. In Figs. A1(h), (i),
the ISSF is sometimes controlled by the plate width “W” and sometimes by the adhesive layer thickness “h”. In other words, there are
similarities between the cracks in Fig. Al(a), (b) and the notches in Fig. A1(c), (d) but not Figs. A1(h), (i). Therefore, this paper and
authors’ previous papers use the term “ISSF” consistently.

. (a) Crack in the infinite plate  (d) Inclusion (g) Bimaterial V-shaped notch
* (b) Edge crack (e) Interface crack (h) AB butt joint
et alaiia \ (c) V-shaped notch (f) Edge interface crack (i) ABA butt joint

U =J =J 5 R | J
* o o Gummmm —) ——) ‘ © E— ¢ ¢ o ) ) ¢ e
r=Y| By BERCR B Y
. . . . . .
) O . © . . @ .
e e Jlk L
eo e _L > i J- . @ i LR : :
r =3 a ’l j - j | - j J h J
s § ~ . T T ? e
. (e) . f) . (2) . y
‘\ o Jlb eo e SIF (Stress intensity leclor)) 2 : = — :
_____________________ (h) . (i) .
E GSIF (Genelized stress intensity factor) ISSF (Intensity of singular stress field)

Fig. Al. Genealogical chart of various cracks and V-shaped notches and V-shaped inclusions in comparison with genealogical chart of AB- and
ABA-joints.

The usefulness of the ISSF will be shown for the butt joint (BJ) specimen consisting of 0.35 % carbon steel adherend and epoxy
adhesive[42,43]. Fig. A2 (a) shows the experimental results o, by varying the adhesive thickness h = 0.05 mm ~ 5 mm. The critical
remote tensile stress o9 = o, increases with decreasing the adhesive thickness h. Fig. A2 (b) shows the ISSFs analyzed at the interface
edge in the 2D BJ model when the remote stress 6o = 1 MPa. The ISSF decreases with decreasing the adhesive thickness h. Fig. A2 (c)
shows the critical ISSFs when the debonding failure occurs. The adhesive strength can be expressed as a constant critical ISSF inde-
pendent of h as shown in Fig. A2 (c). The results in Fig. A2 (c) can be explained from Fig. A2 (a) and Fig. A2 (b). The critical ISSF
obtained at the interface end in Fig. A2 (c) can be confirmed from the critical ISSF distributions at the interface edge in the 3D butt
joint. Fig. A2 (d) shows that the critical ISSF K, distribution along the interface edge obtained from the 3D BJ model[19] almost
coincides with the results in Fig. A2 (c). In this way, the 2D ISSF and the edge ISSF are useful for expressing the adhesive strength as a
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Fig. A2. Critical ISSF distribution along the interface edge of the 3D prismatic BJ-ABA (BJ = butt joint, A = S35C, B = Epoxy resin). (a) Critical failure stress obtained experimentally [42], (b) ISSF for the
2D BJ under the remote stress MPa [47], (¢) Critical ISSF obtained from the 2D BJ modelling [43], (d) Critical ISSF distribution along the interface edge obtained from the prismatic 3D BJ modelling [19].
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constant value in most cases.
Appendix B. Bad pair conditions at the interface corner and interface edge in 3D butt joint

The material combination yielding the stress singularity at the interface corner and the interface edge is called the bad pair. The bad
pair condition for the interface corner A in Fig. 2 (a) can be expressed by the discriminant AS) as follows[26].

asor — <\/171/1 _\/171/2>(1/_1_v_2> -0 (B1)

E1 E2 E1 Eg

When the combination of material 1 and material 2 satisfies Eq. (B1), the singularity index at the interface corner A is real and smaller
than 1 producing the singular stress field. On the other hand, the bad pair condition for the interface edge B can be expressed by the
edge

discriminant A5 as follows.
+12 v+ 1A\ /1 -2 1-132
Aedge: 2 1 2 1_ 2 >0 B2
* ( E; E; E; E, ®2)

When the combination of material 1 and material 2 satisfies Eq. (B2), the singularity index at the interface edge B is real and smaller
than 1 producing the singular stress field. The condition (B2) can be rewritten in terms of Dundurs’ parameter (a, ) as follows.

AL — A} = a(a—2p) >0 (B3)

Fig. B1 (a) illustrates the bad pair condition (B1) and Fig. B1(b) illustrates the bad pair condition (B2) [26]. When the material
combination satisfies Eq. (B1), the singular stress field in Eq. (10) 63 (r) = K;|,_,/4 /ri~%o appears. Then, as shown in Fig. B1(a), the
material combination belongs to regions I, II, III or IV. If the material combination belongs to region I or region II, the singular stress
field does not appear at the interface edge as shown in Fig. B1.
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Fig. B1. Bad pair condition at 3D interface corner A and edge B in the BJ model on the a-f map [26].

Appendix C. Mesh-dependency of FEM stress oz (r) and mesh-independency of the term “crgy - (€min)’

In Sect. 2.3, to clarify the variation of FEM stress depending on the minimum element size, the formula (8) was derived theoretically

when FEM is applied to analyzing singular stress fields. When (ne§) e g multiplied by both sides of Eq. (7), the following equation
(8) is obtained.

oS0, e (er)t e = om0, e (neg)' " = constant (a-brelation 4) (8)

Equation (8) is important because it provides how the FEM stress 0;‘?;2‘,1\3,(0) .. varies depending on the minimum element size enpin.

Since the real stress at the interface corner diverges to infinity, the FEM provides only the approximate stress different from the real
stress. Although the FEM stress depends on the mesh strongly, the relation between the FEM stress and the mesh is unknown. However,
when the FEM analyses are performed by changing the e, under the element shape kept constant at the interface corner, the FEM
stress is inversely proportional to the (emm)lf}"‘” as shown in Eq. (8).

Table C1 shows the FEM stresses in Fig. 4 (a), (b), (c¢) when W = 2 mm and a;° =1 MPa. As shown in Table C1(a), by varying the
element size in the range e/ /(W/2) = 4.360 x 10~® ~ 1.744 x 1075, the FEM stress in Fig. 4(a) varies in the range a}e,fi‘f,eEM(O) =

1—Aedge 1—dedge
40.63 ~ 26.10 depending on the element size ¢X**°. However, by multiplying by (egdge) “ the value of a;ggﬁ FEM (egdge) -
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0.7907 becomes independent of the element size ¢2*°. This is because the mesh dependency of the FEM stress 2%, (0) around the

singular point r = 0 can be eliminated by multiplying the FEM stress of,fii%M(O) by (emin)' ™. Table C1 confirms the mesh independency
of Eq. (8) numerically.
Table C2 shows the FEM stresses in Fig. 4(d) at the interface corner A in and the interface edge B. By varying the element size in the

range ef” /(W/2)=4.360 x 107® ~ 1.744 x 1073, the FEM stress varies in the range o%,,(0) = 104.9 ~ 60.64 and 0z, (V2 €f) =

76.58 ~ 44.29. However, 6%%,(0) - (\/Eegﬂr)l"”:o.9172 and %% (V2 e§) - (egr)' " — 0.6699 are independent of g This is

because the mesh-dependency of the FEM stress near the singular point can be canceled by multiplying the FEM stress by (epin)'
Table C2 confirms the mesh independency of Eq. (8) numerically.

Table C1
Mesh-dependency of FEM stress opgy (r) and mesh-independency of opgm(r) - (emin)l’x in Fig. 4(a) — (c). Table C1(a) considers Fig. 4(b) where FEM
stress orem(r) = G;fj"”F‘;M(O) and cubic element of edge length epi, = ef)dge. Table C1(b) considers Fig. 4(c) where FEM stress oy (r) = a;’fﬁeEM(O) and

square element of edge length emin = egdge. Table C1(c) considers Fig. 4(a) where FEM stress oy (r) = 0;?%2M(0) and square element of edge length
emin = ef,dge. Fig. 4(a), (c) when W = 2 mm and oy° = 1 MPa.

(a) 3D AB joint in Fig. 4(b) where ¢, = 0 to obtain ISSF as an unknown problem.

1o 1—Aedge
¢/ W/2) o em (0) 0 (0) - (e5) o (45 o (e5te) - (egt)
4.360 x 10°© 40.63 0.7907 31.63 0.6157
1.744 x 1075 26.10 0.7907 20.32 0.6157

(b) 2D AB joint in Fig. 4(c) where &, = 0 to obtain ISSF as an unknown problem.

e/ (W/2) 022 (0) 02 (0) - ()7 ;e (€3°) 02 (e20) - (e30)
3-12 53.32 0.7898 41.51 0.6150
39 18.60 0.7898 14.48 0.6149

(c) 2D AB joint in Fig. 4(a) to be used as a reference problem.

" /(W/2) oy e (0) o2e(0) - (7)) oy pum (€57) e (68°) - (e37)"
3712 52.79 0.7821 41.11 0.6090
379 18.42 0.7820 14.34 0.6089

Table C2

Mesh-dependency of FEM stress oppv(r) and mesh-independency of opeum(r) - (emin)l’A in Fig. 4(d). Table C2(a) referring to the corner in Fig. 4(d)
where opzy () = 6%z, (0) and emin = V/2e". Table C2(b) referring to the edge in Fig. 4(d) where g (r) = a;%eEM(O) and emin = egdge. In Fig. 4(b), W =
2 mm and oy = 1 MPa.

(a) FEM stress at interface corner A.

e/ (W/2) o5hem (0) rean(0) - (V2egr) 0 (V265 O (VZeET) - (V)
4.360 x 1076 104.9 0.9172 76.58 0.6699
1.744 x 105 60.64 0.9172 44.29 0.6699

(b) FEM stress at interface edge B.

or 1—Aedee 1—dedge
e /(w/2) yFem(0) ot (0) (egdge) . o5 (e5T) (e - () et
4.360 x 10 34.73 0.6764 27.04 0.5267
1.744 x 105 22.32 0.6764 17.38 0.5267

Data availability

No data was used for the research described in the article.
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