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This paper deals with a partially-embedded single-fiber under pull-out force in comparison with a single fiber
embedded in matrix focusing on two distinct singular stress fields. Then, the intensities of the singular stress
fields (ISSFs) are compared at the fiber end named Point A and the fiber/surface intersection named Point E. The
results show that if the embedded length [;, is shorter, interface debonding may occur at Point A. Instead, if [;,
is longer, the interface debonding may occur at Point E. To analyze the ISSFs accurately, a mesh-independent
technique coupled with the finite element method (FEM) is indicated by applying the same FEM mesh pattern

to the pull-out model and the reference model. As the reference solution, a single fiber embedded in matrix is
also calculated under arbitrary material combinations by using the body force method (BFM). Stress distributions
along the fiber/matrix interfaces are also calculated for carbon and glass fibers.

1. Introduction

Wide application of fiber composite technology in various fields is
based on taking advantage of the high strength and high stiffness of
fibers. In fiber composites, both the fiber and the matrix retain their
original physical and chemical identities, yet together they produce a
combination of mechanical properties that cannot be achieved with ei-
ther of the constituents acting alone [1,2].

Many different alternative test set-ups and experimental techniques
have been developed in recent years to gain more insight into the basic
mechanisms, dominating the properties of the fiber/matrix interface.
One of the most popular is the pull-out test as shown in Fig. 1, where
a single fiber or bar partially embedded in resin is pulled out from the
surrounding matrix and the corresponding relation between load P(5)
and displacement § is recorded [3]. Typical relation between the pull-
out load vs. displacement contains three typical zones, that is, linear
elastic zone, crack extension zone and fiber extruding zone [4].

Such debonding test or pull-out test has been used as an advanta-
geous micromechanical test used to characterize interfacial fiber/matrix
bonding. To pull out the fiber, since the debonding strength should be
smaller than the tensile strength of the fiber, high adhesion systems re-
quire very small embedding lengths l;;, (<100 ym) [2]. The small em-
bedding lengths sometimes make the test unusable because the pull-out
force has to break the adhesion at the fiber end. The effect of the embed-
ded length on the debonding stress at the fiber end should be clarified
especially in the range of short embedded length around [;, =5D.

* Corresponding author.
E-mail address: shumadong@gmail.com (D. Chen).

https://doi.org/10.1016/j.ijmecsci.2019.105196

Fig. 1 shows a two-dimensional single fiber partially embedded con-
sidered in this study. The shaded (slashed) part represents a rectangular-
shaped fiber whose Young’s modulus is denoted by Er and whose Pois-
son’s Ratio is denoted by vg. The grey portion represents the matrix hav-
ing a semi-infinite region whose Young’s modulus is denoted by E,; and
whose Poisson’s Ratio is denoted by v,,. Subscripts M, F represent the
matrix and reinforcing fiber, respectively. Assume that perfectly bonded
fiber/matrix interface whose material properties vary in a stepwise man-
ner across the interface. A uniform tensile stress is distributed at the free
end of the fiber, and the total force is P. The embedding length [;, rep-
resents the distance from the surface of the matrix to the buried end of
fiber. Notation D represents the diameter of the fiber, i.e. the width of
the fiber in this 2D analysis. Point E is used to represents the interface
on the surface of the matrix. Similarly, Point A represents the interface
corner at the fiber end. Notations E, vg, Ey;, vj, represent the Young’s
modulus and Poisson’s ratio of fiber and matrix, respectively. Singular
interface stress fields [5-7], which will be explained in the next section,
are indicated in Fig. 1 around Point A and Point E. They are controlled
by the intensity of the singular stress fields (ISSFs, denoted by K;" A

etc.) [5-7]. 1
Many researchers have been working on fiber pull-out experiments.
For example, Scheer et al. [8] experimentally investigated interfacial
peeling of reinforcing fibers, focusing on the energy release rate. Zhan-
darov et al. [9,10] investigated the pull-out force versus displacement.
The P(5) curve of pull-out test and P(§) curve of micro-bond tests is simi-
lar, i.e. crack propagation may starts from the fiber entry Point E [8-10].
Marotzke C. et al. [11] investigated the influence of thermally induced
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Nomenclature

FEM Finite element method

ISSF Intensity of singular stress field

BFM Body force method

RWCIM Reciprocal work contour integral method
Point A Fiber buried end

Point E Fiber intersection on the surface of the matrix
E, Ep, Ey Young’s modulus

Vs Vi Vg Young’s modulus

G, G, Gy Shear modulus

K, Ky, Ky, K, K, Intensity of singular stress field (ISSF)

F, F, Fy Dimensionless ISSF

Ox> Oy Tension or compression stress

T Shear stress

l Fiber length

Lin Fiber embedding length

D Width of the fiber

0o Tension stress on the boundary of infinite plate
P Pull-force on the free end of fiber

a, p Dundurs’ material composite parameters
A, A, 44, AF, AL Singular index

Minimum element size in FEM
Distance from Point A or Point E along the in-
terface

ri, Iy, Iy

Subscripts
F

M

FEM

Fiber

Matrix

Corresponding values in FEM analysis
Mode I deformation

Mode II deformation

Corresponding values at Point A
Corresponding values at Point E

I
II
A
E
* Corresponding values in reference model

stresses and interfacial friction on the interfacial debonding process, fo-
cusing on the energy release rate. Wang C et al. [12] and K.-H. Tsai et al.
[13] investigated the process of fiber pull-out test, focusing on peeling
and friction slip, it is observed that crack initiate at the fiber bonded end
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Point A during the fiber pull-out test [12,13]. In a rod pull out test that
very similar to fiber pull-out test, Atkinson, et al. [14] observed crack
initiation sometimes occur at Point A and sometimes occur at Point E in
Fig. 1.

In the previous pull-out experiments, the interface strength was dis-
cussed between the fiber and the matrix without paying attention to the
intensity of singular stress field (ISSF). As shown in Fig. 1, however, due
to the singular stress fields crack initiation sometimes occurs at Point A,
sometimes occur at Point E. Then, the crack may propagate causing final
failure. Therefore, to evaluate the mechanical strength of the compos-
ites, it is necessary to know the ISSFs at these two points. In the previous
studies, the shear-lag theory was widely used to discuss the shear stress
distribution of the fiber interface. However, this theory is simply based
on one-dimensional fiber model assuming the fiber interface transmits
only the shear stress [15-17]; and therefore, this theory cannot express
the singular stress fields. In other words, a lot of analytical studies have
been done to clarify pull-out phenomena [18-20], but no studies are
available for the ISSF.

The authors’ recent studies have shown that the ISSFs are useful
for evaluating the interface strength because they control the adhesive
strength for butt and lap joints [21-27]. Therefore, this paper will focus
on the ISSFs of a single fiber partially embedded in a matrix under pull
out force. Then, the effect of fiber embedded length on the ISSFs will be
investigated and the severities at the fiber end Point A and at the fiber
entry Point E will be compared by considering their fiber interface stress
distributions. The final goal of this study is to clarify the fiber pull out
mechanism toward designing suitable fiber reinforced composites.

2. Singular stress fields and the ISSF at the fiber end

In this study the finite element method (FEM) is applied to calculat-
ing the ISSFs. Since the FEM stress values are usually affected by the
mesh size, in the previous study [28,29] the same mesh pattern is ap-
plied around the singular points for unknown and reference problems.
Then, it was found that the FEM stress ratio of the unknown and refer-
ence problem is constant independent of the mesh size. Therefore, the
FEM stress ratio is equal to the ISSF ratio because the FEM mesh error
can be eliminated by considering FEM stress ratio and applying the same
mesh (Detail is discussed in Tables 2a and 2b). By choosing the refer-
ence problem as an exact solution available, the ISSF of the unknown
problem can be obtained by multiplying the FEM stress ratio and the

A A A A Fig. 1. Two-dimensional pull-out model for partially em-
K K K K
A o, }{? g, /'l‘/é\ A o, ,1? o, 19 bedded fiber with the singular stress fields along the local
Oy (T'l) = 1A + 1A Ox (T'z) = 1A - 1A coordinates ry, ry, 3. The intensities of the singular stress
&1 1 141 2 &) 1 &) 2 fields (ISSFs) are denoted by K*  etc. [5-7].
Kla K2 Kla Kl
T, A T, A T, A T, A
TA (7”1) — 1 2 TA (T.z) — 1 2
yx - —}A A xy - _A _A
E E
Kot | Ko a8
O'E (T' ) 14 2
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Fig. 2. 2D modelling: (a) a single rectangular fiber
pull-out from a semi-infinite plate; (b) a single rect-

angular fiber in an infinite plate under remote tension
used as the reference solution.

(@)

Fiber, Eg, vg |:|Matrix, Ey, vy

Table 1
Mechanical properties.

Fiber/Matrix (a): Carbon Fiber/ Epoxy (b): Glass Fiber/ Epoxy
Er(GPa) 276 75
Ey;(GPa) 3.03 33

Vg 0.30 0.17

v 0.35 0.35

a 0.9775 0.9071
B 0.2250 0.2016
ap 0.7784 0.7632
Pt 0.6158 0.6218
AE 0.6751 0.6592
i 0.9999 0.9992
D(um) 20 20
lin(um) 100 100
Crack initiation ~ Point A Point A

ISSF of the exact solution. Regarding fiber end Point A, a single fiber in
an infinite plate can be chosen as the reference problem. The analysis
method used in this study can be called the proportional method since
the method is based on the proportional FEM stress fields [30-35]. This
mesh-independent technique is a convenient ISSF calculation method,
and the obtained ISSFs are denoted by K : o ete [5-71

Fig. 1 shows the two-dimensional model of fiber pull-out problem
considered in this paper. Here, a 2D rectangular shape is used to repre-
sent the fiber focusing on the singular stress fields at Point A and Point
E. Although cylindrical shape may be more suitable for representing the
fiber, the non-singular term caused by the circumferential strain must
be removed and the analysis becomes complicated [24,25]. Therefore,
this modelling should be considered after considering the rectangular
modelling.

Table 1 shows mechanical properties of the Fiber/Matrix considered
in this study. The base material Epon 828 can be obtained by curing
a bisphenol A type liquid epoxy resin with m-phenylenediamine. In
the previous study, for example, a pull-out test was conducted for a
single glass-fiber whose diameter D=21um from the matrix Epon 828
[28]. Since the aspect ratio ;,/D mainly controls the pull-out behavior,
D =20um is assumed as shown in Table 1 and Fig. 2. Here, [ denotes the
total fiber length and [;, the denotes the embedded length; then, [;,/D =5
means [;;, =100um. To obtain the ISSF at the fiber end, model as shown
in Fig. 2(b) is used as a reference problem. This is because the exact
solution is available for the problem as shown in Fig. 2(b) [5,36-38],
which is a rectangular fiber fully embedded in an infinite plate and the
total length of the fiber is 21;,. Symbol o, in Fig. 2 denotes the uniform
tensile stress on the boundary of the infinite plate.

In this study, the ISSFs at Point A and Point E, for the problem as
shown in Fig. 1, are mainly discussed by varying l;,. Then, the x-y co-
ordinate system as shown in Fig. 1 is used. The y-direction corresponds

2222222

(b)

to the axial direction of the fiber, and the x-direction corresponds to the
radial direction of the fiber. Notation r; denotes the distance from Point
A in the x-direction, and r, denotes the distance from Point A in the
y-direction. Then, r; =0 and r, =0 means Point A. Notation r3 denotes
the distance from Point E in the y-direction, and r; =0 represents Point
E.

Note that the singular stress field at Point A in Fig. 2(a) is similar to
the singular stress field at Point A* of the reinforcing fiber in the matrix
shown in Fig. 2(b). The ISSF of Point A* in Fig. 2(b) can be calculated by
the body force method (BFM) [5,36-38]. The BFM is a powerful analyti-
cal method to obtain accurate solutions, which can be virtually regarded
as exact solutions.

Till recently, a lot of studies have considered Dundurs’ composite
parameters of typical engineering materials. Suga et al. investigated
the parameters and mechanical compatibility of various material joints
[39]. Yuuki [40] showed the variations of the parameters in the a — g
space for the materials combinations among metal, ceramics, resin, and
glass. Here, a, f denote Dundurs bimaterial parameters [41] defined
by equation (A.1) in Appendix A. In this study, analysis is carried out
under plane strain assumption. Singular indexes Af and /15‘ at the cor-
ner A can be calculated by solving equations (A.2a) and (A.2b), re-
spectively [36,42]. For the material combination Carbon Fiber/Epoxy
in Table 1(a), =0.9775, §=0.2250), 44 = 0.7784 and 44 = 0.6158.

The ISSF at Point A* in Fig. 2(b) was discussed in [5,37,42]. It should
be noted that Egs. (1) and (2) [28,42] express the singular stress at Point
A* in Fig. 2(b) and also Point A in Fig. 2(a). Here, K:AA’ K:AA denote
ISSFs for normal stress at Point A and K: , and K:*/1 , denote ISSFs for

A :

2

shear stress. ISSFs KA/1A and KA/1 correspond to Mode I deformation
o, T,

A

1

and ISSFs K* | and K* , correspond to Mode II deformation.
0.4y 7,45

A A
Ko' A Ko A
oA(r) = —L 4 21
y 1 1-24A 1-24
ry 1 ry 2 M
A A
K‘r a K‘r an
M) = =i+
T\ 1-2A [
ry 1 ry 2
A A
KU n Ka A
oAry) = — L 25
x\T2) 7 A -4
ry 1 ry 2 2
P,
KA KA @
7, AN T, a8
A (,,)_ e U
xy\"2) = A _A
1-4 1-4
rys 1 ry 2

For the singular stress field at Point A, the interface corner of dif-
ferent materials, the indexes of the singular stress field are different
depending on the mode I and mode II deformation [5]. In order to de-
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Table 2a

FEM Stress ratio of symmetrical type with A{ = 0.7784
when [;, =100xm in Fig. 2(a) and ;, = 500ym in Fig. 2(b)
for the material combination in Table 1(a).

Smallest mesh size
emin = 3710 [mm]

Smallest mesh size
emin=3"° [mm]

B o pen ™) 5 ) o ren
. [MPa] TG - [MPa] o e ()
0.0 1.290 0.117 0.0 1.647 0.117
0.5 1.038 0.117 0.5 1.328 0.117
1.0 0.779 0.116 1.0 0.998 0.117
1.5 0.699 0.116 1.5 0.896 0.116
2.0 0.692 0.115 2.0 0.889 0.116

Table 2b

FEM stress ratio of skew-symmetrical type with 1} =
0.6158 when [;, =100um in Fig. 2(a) and [;, =500um in Fig.
2(b) for the material combination in Table 1(a).

Smallest mesh size
emin = 3710 [mm]

Smallest mesh size
€min =3~° [mm]

B ‘711?, rem) on ren) ”11?, rem() O )
o [MPa] T [MPa] N e )
0.0 10.161 0.104 0.00 15.497 0.104
0.5 4.279 0.104 0.5 6.524 0.104
1.0 1.821 0.104 1.0 2.773 0.104
1.5 2913 0.104 1.5 4.438 0.104
2.0 3.048 0.104 2.0 4.642 0.104

termine the ISSFs, it is necessary to consider the two distinct mode I
and mode II singular stress fields at the same time. The shear stress
along the interface of fiber and matrix has been widely discussed by
using the shear-lag theory [8,10,15-17], which is simply based on a
one-dimensional model and cannot express singular stress fields.

At the vicinity of Point A, the stress distribution corresponding to
Mode I deformation is denoted by o']A(r), as shown in Eq. (3). It is pro-
portional to 1 /rl_’lf. And the stress distribution corresponding to Mode
II deformation, denoted by oﬁ‘ (r), is proportional to 1/ rl”lé\. These sin-
gular stress fields together determine the stress distributions along the

interfaces near Point A. Each ISSF can be defined as parameters KIA A
7

and K*

2 as shown in Eq. (4). In this equation, we can putr=r; =ry.

261'4(1') = ;‘(rl) + crf (rz)

=r = 3)
263(?‘) = 0';‘ (ry) - o (r2) (r=ri=r)

. 1-a4
KA =11m[0'Ar-r 1]
Lt rsoll r)

. 1-44
KA =11m[o-'4r-r 2]
LA -0 i)

“

The ISSFs K AA ,and K AA » inEq. (1) can be determined from the ISSF
0.4 7.4
A : A A ; A
KLA . For Fig. 2, the ISSFs KW1 A and Km A are proportional to KI,A . and
A A ; A
the ISSFs K“/z\ and KM? are proportional to KH’/1 A

Table 3a
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The normalized stress intensity factors F{* and F;, can be acquired
on the basis of BFM [37-42]. And the definition of FI* and F;*I of the
reference problem were expressed as shown in Eq. (5) [37], in which
0. =1 is tension stress at the boundary of the infinite matrix, as shown
in Fig. 2(b).

F=K, /[aoo \/;(D/Z)]_’lf]
|

s * 1-24 (5)
Fy = KH,A;/[G‘” \/;(D/2) 2]

Therefore, the normalized stress intensity factors of the fiber pull-out
problem, as shown in Fig. 2(a), are defined similarly as follows:

Fi=K2 /|(P/D)YrD/2) ]
1

) ©
Fu=K} /[P/D)/r(D/2)
2

1LA

By using the proportional method [30-35] mentioned above, F; and
Fy for the pull-out problem can be calculated from the ISSFs Fj*and
Fyof the reference problem. As is shown in Eq. (7). Here, "IA ram®

and c*. . (r) represent the stress distributions corresponding to Mode

I, FEM

. . . i A
I deformation in FEM analysis as mentioned above. Similarly, Ol FEM (r)

and o4*

1" rE MG correspond to Mode II deformation.

A A
F % rem™ Fy o pem®

F* A ’ F T _Ax !
1 9 rem® T O ppn ™)

(O]

The Finite Element Method (FEM) has been widely used for many
engineering applications [43-45]. Regarding fiber reinforced compos-
ite analyses, Stern et al. [46] developed a path independent integral
formula for the computation of the intensity of the stress singularity by
using FEM. Atkinson et al. [14], Povirk et al. [20], and Freund et al.
[47] conducted fiber pullout simulation studies by using a circular rigid
cylinder. Hann et al. [48] investigated the effect of contact angle, load-
ing position and loading type in micro-bond test by using FEM. Ash
et al. [49] investigated the effect of bead geometry and knife angle in
micro-bond test via FEM. Zhang et al. [50] studied the effects of in-
terfacial debonding and sliding on fracture characterization of unidi-
rectional fibre-reinforced composites by using FEM. Brito-Santana et al.
[51] studied influence of the debonding between fiber and matrix in
micro scale via the FEM. FEM is widely used in studies in fiber rein-
forced composites [52-58]. Ahmed et al. [59-63] studied sensing, low
loss and birefringent etc. by using FEM. In this analysis software MSC
Marc is used to express the pull-out model for Figs. 1 and 2(a), and the
reference model for Fig. 2(b). Stress distributions along the interfaces
(rq, ry) are calculated by applying the same mesh pattern to the pull-out
model and reference model. Thus stress ratio[af rep M/ af*F PGl and
[a;‘[’ ran® /0'}\[*’ i ()] can be calculated between the pull-out model
and the reference model. This method was used in [23-29].

As is shown in Eq. (3), a{_‘ rep M 18 calculated from the stress distri-
butions a;‘(rl) along the interface r; and 64 (r,) along the interface r, by
using the pull-out model (Fig. 2(a)). Similarly, o{f*F EM
from the stress distributions a;‘*(rl) along the interface r; and af*(rz)
along the interface r, by using the reference model (Fig. 2(b)). Material

(r) is calculated

FEM stress ratio of the first term with A = 0.6751 when [;, =100xm and [;, = 200um
in Fig. 1(a) for the material combination in Table 1(a).

Smallest mesh size e,;, =37° [mm] Smallest mesh size e,,;, =371° [mm] RWCIM
r NG Femn Ko,

o u'fEM'AI (r) [MPa] ) — afb-EM,/ll (r) [MPa] T I

0.0 13.022 1.34 0.0 9.114 1.34

0.5 11.102 1.34 0.5 7.770 1.34

1.0 8.131 1.34 1.0 5.691 1.34 1.34

1.5 6.775 1.34 1.5 4,742 1.34

2.0 6.389 1.34 2.0 4.472 1.34
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Table 3b
FEM stress ratio of the second term with A¥ = 0.9999 when [, =100xm and I, = 2004m
in Fig. 1(a) for the material combination in Table 1(a).

Smallest mesh size e,,;, =3~° [mm] Smallest mesh size e,,;, =37'° [mm] RWCIM
F paga ) . Fenay, () K7
er JﬁEM_Al(r) [MPa] pra—r " GIE'"EM.A'Z(r) [MPa] C— o
0.0 -0.010 0.873 0.00 -0.011 0.932
0.5 -0.016 0.866 0.5 -0.016 0.908
1.0 -0.016 0.868 1.0 -0.017 0.923 0.970
1.5 -0.016 0.875 1.5 -0.017 0.923
2.0 -0.016 0.879 2.0 -0.016 0.926
Table 4a
ISSFs at Point A, K* ,, K* ., K* ,, K* . inFig. 1 for the material combination in
T A I A
Table 1(a).
ln K: i K: i Kf i K:\ i

1 ) 1 - A
[”m] [MPa . ml —0.7784] [MPa . ml —0.6158] [MPa . ml —0.7784] [MPa . ml —0.6158]

50 0.214 0.288 0.126 0.182
100 0.154 0.224 0.0907 0.141
150 0.126 0.185 0.0742 0.117
200 0.109 0.163 0.0642 0.103
250 0.0970 0.147 0.0572 0.0929
300 0.0875 0.134 0.0516 0.0846
350 0.0805 0.124 0.0475 0.0785
400 0.0749 0.116 0.0441 0.0733
450 0.0698 0.109 0.0411 0.0687
500 0.0658 0.103 0.0388 0.0650
1000 0.0430 0.0689 0.0253 0.0435

Table 4b

ISSFs at point A, K(’: Py K: Py K: Py K: ,» in Fig. 1 for the material combination in

Table 1 (b). E
! KA KA K* KA

in o, A o, A o A o A

LA s A > %2
[pm] [MPa - m!-07632] [MPa - m!-06218] [MPa - m!-07632] [MPa - m!-06218]

50 0.220 0.343 0.128 0.175
100 0.152 0.258 0.0885 0.131
150 0.120 0.207 0.0696 0.106
200 0.101 0.177 0.0585 0.0905
250 0.0873 0.156 0.0507 0.0796
300 0.0767 0.139 0.0445 0.0706
350 0.0689 0.126 0.0400 0.0641
400 0.0627 0.115 0.0364 0.0587
450 0.0571 0.106 0.0332 0.0538
500 0.0528 0.0980 0.0307 0.0500
1000 0.0296 0.0565 0.0172 0.0288
Table 5a Table 5b
ISSFs at point E, K f & Kf e in Fig. 1 for the material ISSFs at point E, Kf R Kfrr in Fig. 1 for the material com-
combination in Table 1‘(a). I bination in Table 1(b|). I
lin [um] Kf, . [MPa - m'~0:6752] K::: . [MPa - m'~0:6752] I, [um] KL]:, . [MPa - m!-0:6591] K: . [MPa - m!-0:6591]
50 0.470 0.166 50 0.530 0.197
100 0.346 0.122 100 0.433 0.161
150 0.291 0.103 150 0.389 0.144
200 0.259 0.0915 200 0.364 0.135
250 0.238 0.0840 250 0.349 0.130
300 0.223 0.0787 300 0.339 0.126
350 0.212 0.0747 350 0.332 0.123
400 0.203 0.0717 400 0.326 0.121
450 0.196 0.0693 450 0.322 0.120
500 0.191 0.0674 500 0.319 0.119
1000 0.170 0.0599 1000 0.312 0.116
properties for the fiber and matrix are set to be same for the reference FEM stress distributions along the interfaces near Point A of different
model and pull-out model, respectively. In other words, material prop- mesh size are shown in Tables 2a and b. Results of inclusion model
erties of fiber in Fig. 2(b) and inclusion in Fig. 2(b) are set to be the when [, =500um and pull-out model when [;,, =100um are shown as

same. example. As shown in Table 2a ”IA (r) is FEM stress distribution,

FEM
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(a) 0.30 . — — . Fig. 5. (a). ISSFs at Point A vs. embedding length for Carbon
| K A R K A R 12 {1 = 0.7784 Fiber/Epoxy. (b). ISSFs at Point A vs. embedding length for Glass
A _ oM oA A : Fiber/Epoxy.
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corresponding to /1{‘, of carbon fiber/epoxy as shown in Table 1a, when
l;; =100xm in pull-out model. crf*F gy (1) is FEM stress distribution, cor-
responding to Af, of the same material combination, when [;, = 500um
in the reference model, whose ISSF can be calculated by BFM. Simi-
larly, aﬁ‘, rey @ in the pull-out model and "1/?,* rey (™ in the reference
model, corresponding to A; are shown in Table 2b. In addition,

: A Asx A Asx
the FEM stress ratios o FEM(r)/aL ey s of FEM(r)/aIL rEn™

are calculated from the above mentioned FEM stress
distributions.

As shown in Tables 2a and b, the stress distributions aI"‘ rEm s
61?, rey (™ are different depending on the mesh size. However,

the stress ratio between unknown model and reference model, i.e.
af Y aI’,**F () and aﬁ’ Y aﬁ,"‘ rey () are independent of
mesh size, and keep in converges within four significant digits. In fact,
the stress at the edge of the interface is infinite. Therefore, the value
of the stress varies greatly depending on the mesh size. From the data
shown in Tables 2a and b, it is found that the stress ratio between the
pull-out problem and the reference problem can be obtained accurately
independent of the mesh size. Then the ISSF of pull-out problem can be
obtained from the FEM stress ratio and the ISSF of reference problems,

as shown in Eq. (7).

3. Singular stress field and the ISSF at the fiber entry point

The singular stress field at Point E as shown in Fig. 2(a) is differ-
ent from that of Point A but similar to the interface end for lap joints
[33,64]. The value of singular indexes (/1{5 s /lf ) around the corner E can
be determined by solving the characteristic Eq. (8) [65,66]. For most of
the material combinations the singular indexes X have two real roots
/lf and /125 corresponding to two different singular fields [67].

4sin2(7r/1){ sin? ( %A ) -2 }ﬂz + 4lzsin2(ﬂi)aﬂ

" {sin2<%) 2 }a2 + 425in(zA)p

2 Lo (wh 1 .,

+ 2{ A% cos 2z A) + sin (7 ) cos (mh) + Estn (Jrﬂ)}a

+sin2(3”7’1)—ﬁ=o ®

Here, a and p are defined by equation (A.1). Table 1 (a) shows for
the Carbon/Epoxy material combination, « =0.9775, =0.2250, /IIE =
0.6751, 47 = 0.9999. Note that the singular index 47 = 0.9999 for K*

o,

2
is very close to 1, corresponding to almost no singularity having little

effect on the singular stress distribution.
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Fig. 6. (a). ISSFs at Point E vs. embedding length for Carbon

@ 050 ——————————— : : . .
L 1 2 = 0.6752 Fiber/Epoxy. (b). ISSFs at Point E vs. embedding length for Glass
L i, Fiber/Epoxy.
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The singular stress field at the vincinity of Point E in Fig. 1 can be
expressed as Eq. (9). This singular stress field is identical to that of lap
joints [33,64].

KE E
E E
O-E(r ) _ o, /11 o, A.z
x\'3 1-4E 1-E
ry 1oy 2 9
E E )
KT AE z, AE
78 (r ) = - ~ 2
xy\73 1-E 1-AE
r3 1 r3 2

As the reference solution Reciprocal work contour integral method
(RWCIM) can be used [33,34,64,68]. Recently, Miyazaki et al. [34,35]
proposed a technique of how to obtain two ISSFs corresponding to two
distinct singular stress fields by applying proportional method. To apply
this method to the pull-out problem, Fig. 4 illustrates 3 kinds of the pull-
out models used in this technique.

The model (a) has minimum elements whose size e;, = ¢;. The FEM
stress of the model (a) is denoted by o‘f’: E M(r3)|emm:80and the ISSFs

¢, and K E’;E. Here, r3 is the distance
o,

in model (a) are denoted by K f; E

1 2
from the corner edge Point E in Fig. 2(a). The model (b) has the same
size of the model (a) but having larger minimum elements e,,;,, =n - e,
compared to model (a). The FEM stress of model (b) is denoted by

Eb : Eb
0, pear(r3)le,,=ne,and the ISSFs in model (b) are denoted by KW1 v and

K E’bE. The model (c) is n times larger than models (a) including all ele-
L)
ments and therefore having the same minimum mesh size of model (b).

The FEM stress of model (c) is denoted by b It can be

C
M T)ey=ney:
g E.c
verified that the stress O rEM

The ISSFs in model (c) are denoted by K E:E and KF
o, 1 o,

; E.a
atn - ryis equal to the stress o, ",

.. The FEM stress
AZ

atry.

E.a .. . Ea E.a
O FEM should be divided into O FEM.A, and O FEMA 1O calculate two
ISSFs KE and KE_ .

oA (%)

E,a _ Ea Ea

OwFEM = °FEM.A, T OFEM A, (10)
Similarly, 6 and ¢£¢ should be divided
> Ox FEM x,FEM .

E.b _ Eb Eb
OxFEM = OFEM.A T OFEM.A, (11a)

E.c _ Ec c
O FEM = OFEM.A, T OFEM 4, (11b)

. . E.c
The stress distribution O\ FEM

stress Gf:;EM(V3) at ry =ry as shown in Eq. (12).

(r3) atry =n - ry is exactly equal to the

E.a E,a E.c E.c
J,Afi Ko',)»f _ J,AF U,Af (12)
(ro)l—zf (ro)l_AZE (n . ro)l—af (n ) ro)l—af
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From Eq. (12) the following relation between KE’;E and K E:L can
o, 1 o, 1

be derived.

E,c
cr,/lIE
E,a
o',/lf 3
1 E, (1 )
o',/lf
E.a
o',/lé5

Since the mesh pattern is the same at the vicinity of Point E in model
(b) and model (c), the following relation can be verified.

oA GE];M, i (n-ro)

j,lbf Ggé)M,l] (n-ro)

S (14)
ol OFEM, 1, (n-ro)

Eb ~ _Eb

0E CFEM ., (n-ro)
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Fig. 7. (a). Stress distributions when [, =100 ym for Carbon
Fiber/Epoxy in Table 1. (b). Stress distributions when [;, =100 ym
for Glass Fiber/Epoxy in Table 1.

Substituting Eq. (13) into Eq. (14) and using the oEfEM(r3)|,3=,0 =

X,

of'; Er ") ry=nr,» the following equation is obtained.

).Egﬂ A (ro)
Eb Al
(n-ry) = —224 7

OrEM.A, = 1_iE
n 1
JEa (r ) (15)
Eb _ FEM,\'0
O-FEM,Az(n ) ’0) = Y
n 2

Substituting Eq. (15) into Eq. (11a) the following equation is ob-
tained [34,35].

E.b E.b Eb

O FEM = FEM.A, T OFEM.4,
E.,a E.a

(16)

OFEM.A, N OFEM.Ay

When the simultaneous Egs. (10) and (16) are solved on the

a E,a . . . .
FEM.A, and O FEM.iy the following equations are obtained. By using

this method, the stress distributions corresponding to the two indexes

E
o
X,
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Af:, /12E can be obtained in FEM. by using the technique described above. Here, af EM.A (r) is the value
oEa oEb for 1, =100um and 6FEM (") is the value for l;; =200um. In Table 3a,
pEa CxFEM CxFEM . . .
CFEMA = T phids  whaT — il the stress ratio is 1ndependent of the mesh size and coincides with the
a7 results of RWCIM, which is explained in the Appendix C. In Table 3b,
oEa oEb however, the stress ratio varies by about 10% error. This is because the
ofe o JxPEM_ . OxrEM ingular ind /IE—O9999~IS' MEx Imost no singul
CrEM.3, = TR eyl et singular index ~ 1. Since A> ~ meansEa most no singular-
1-2E .
As shown in Eq. (18), if the ISSFs K fjh and K f;z are known in a ref- ity with smaller values Kf E/ o & and K £ E/ ry * inEq. (9), the sin-
erence problem, the ISSFs of a unknown problem can be obtained from gular stress is mainly controlled only by K E ; and K E £ [28,29]. The

FEM stress ratio £ £ and o£ £ . Here,
UF EM.J "/oppy A ) OFEM. "k e A2 @ RWCIM can be used to obtain the reference values although a large cal-

OFEM.A, (r)and O-FEM o (r) are FEM stress distributions in the model cor- culation time is necessary for the integral path. The proportional method
respondm*g to unknown pl;oblem, and are divided by using Eq. (17). Sim- can be conveniently focusing on the singular point to calculate the ISSFs
ilarly, £, M. (r) and o£, M. ,{z(r) corresponding to the reference prob- by varying the fiber dimensions.
lem.
E E
oy CFEM.A,
XE = B 4. Results and discussion
oA OFEMA
KB E (18)
ok OFEM.Ay In short fiber reinforced composites most fibers’ aspect ratios are
Kf; - EZM . close to /D =30 [38]. In this study, assume the fiber width D =20 ym
’ ’ e . and the total fiber length =600 m. If half of the fiber length is em-
Tables 3a and b shows FEM stress ratio o7, 2,/ Op g, ) and bedded in the matrix, as shown in Fig. 2(a), the fiber embedded length

F EM iy r) /a FEM.2, (r) for Carbon Fiber/Epoxy in Table 1(a) obtained is about [;, =300 ym.
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4.1. ISSF at point A

Table 4a and Fig. 5a show the ISSFs denoted by K* ,, KA , KA

A2 A2 A2
o, A’l o, /12 T, /11

KA A [5] at Point A for carbon fiber/epoxy by varying l;,, varies from

50 ,1412'11 to 1000 ym. Table 4b and Fig. 5(b) show the ISSFs for glass
fiber/epoxy. It is seen that ISSFs decrease with increasing [;,. This is con-
sistent with the experimental results showing that the maximum pull-out
force increases with increasing l;,, [8,69].

By assuming the total fiber length of [=600 ym, the ISSFs are
compared when [;, =150 ym (1/4 embedded length) and [;, =300 um
(1/2 embedded length). As shown in Table 4a for carbon fiber/epoxy,
mode I ISSF, K: A =0.0875 at l;, =300 ym is 30.6% smaller than

't

KA, =0.126 at I, =150 ym and the modellISSF KA , =0.134 at
o, A’l o, A.z
l;, =300 um is 27.6% smaller than Ki A =0.185 at [;; =150 ym.

2
As shown in Table 4b for glass fiber/epoxy, mode I ISSF
KA, =0.0767 at l;, =300 ym is 36.1% smaller than K* , =0.120 at

71 1
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Fig. 9. (a). Stress at r=1um of different embedding length for
Carbon Fiber/Epoxy. (b). Stress at r=1um of different embedding
length for Glass Fiber/Epoxy

l;; =150 ym. Regarding Mode IIISSF, K: 2 =0.139 at ;, =300 ym is
32.8% smaller than Kﬁ s =0.207 at l; =150 ym. As shown in Fig. 5(b)
and Table 4b, the ISSFs K : aand K : 2 81 also about 40% smaller than
the ISSFs K(‘: /1;* and Ki " for glass fiber/epoxy.

It is seen that ISSFs at [, =300 ym are smaller than the ISSFs at

l;; =150 ym. As shown in Fig. 5(a) and Table 4a, the ISSFs K A and

K*  are about 40% smaller than the ISSFs KA , and K» , for carbon
T, /12 o, ll o, A

2
A and KA A will
o,

fiber/epoxy. In Section 4.3, therefore, the ISSFs K*
o4 2

be discussed.

4.2. ISSF at point E

Table 5a and Fig. 6(a) shows ISSFs KF KE _ at Point E for

o, ll]‘:’ o, 1'2“
carbon fiber/epoxy by varying l;;, from 50 ym to 1000 ym. Regarding

the first term KF E in Eq. (9) for carbon fiber/epoxy, K = 0.223
o, 1 o, 1



N.-A. Noda, D. Chen and G. Zhang et al.

at l;; =300 ym is 23.4% smaller than Kf BT 0.291 at [;; =150 pym.

1
Table 5b and Fig. 6(b) show the ISSFs for glass fiber/epoxy. The ISSF
at Point E decreases with increasing I,. Regarding the first term K E
o, A

in Eq. (9) for glass fiber/epoxy, Kf ET 0.339 at [;, =300 ym is 12.9%
|

smaller than K® _ = 0.389 at l;, = 150 um. The ISSF decreasing rate at

AE
Point E becomes smaller than that at Point A especially when [;,is large.

Since the ISSF KF E is 60% smaller than the ISSF KF E for this material
T, 1 o, 1

combination, KE E is discussed in the next section.
oA

4.3. Comparison between Point A and Point E

When the single embedded fiber is under pull-out force, singular
stress fields should be compared at Point A and Point E. However, those
singular stress fields are different in properties, it is not possible to com-
pare those two ISSFs directly. Therefore, the normal stress distributions
along the interfaces between the fiber and matrix are focused. The shear-
lag theory [15-17] has been widely used to discussed stress distribution,
but is not enough for discussing the singular stress fields. This is because
the shear-lag theory is based on a simple one-dimensional approxima-
tion of the fiber.

The comparison of stress distributions along the interfaces are shown
in Figs. 7 and 8, that is, 6/}(r)) along r| , 6/(r,) along r, around Point A
in Fig. 1 and ¢E(r;) along r3 around Point E. Equations used in Fig. 7 are
Egs. (1) and (2) [5] and (9) [6,7], as shown in Fig. 1. Since compres-
sive stress af(rz) does not cause the debonding directly, a;* (ry) and
6E(r3) are mainly compared in the following discussion. As shown in
Fig. 7(a) for carbon fiber/epoxy and Fig. 7(b) for glass fiber/epoxy when
l;, =100 um, since the stress a;*(rl) at Point A is larger than the stress
af(r3) at Point E, debonding may occur at Point A earlier. On the other
hand, when [;;, =1000 ym in Figs. 7(b) and 8(b), since the stress af(r3)
at point E is larger than the stress a;\(rl) at point A, debonding may
occur earlier at Point E.

Fig. 9 shows the comparison of stress 0'3 (ry) atr; =1um close to Point
A and the stress 6E(r3) at r3 =1um close to Point E by varying I,.The
fixed position r; =r; = 1um is selected because the singular stress having
different singular indexes. In Fig. 9(a) when [;;, = 450um, the severity at
Point A and Point E is almost the same for carbon fiber/epoxy based on
the assumption o) ()|, =um = 0% ("3)l,,=1um- If the stress at different po-
sition r; =rg # 1um is used, for example, if the stresses at r; =r3 =2um
are compared, the severities are almost the same when [;, =425uym at
Point A and Point E. As shown in Fig. 9(b), when [;;, =150um, the sever-
ities of Point A and Point E are almost the same for glass fiber/epoxy.

5. Conclusions

In this paper, a partially-embedded single-fiber under pull-out force
was considered focusing on two distinct singular stress fields appearing
at fiber end and entry points. To compare the severities, singular stress
distributions were obtained analytically along the interfaces along the
fiber end and along the fiber entry interface. Then, the following con-
clusions were obtained.

(1) The mixed-mode ISSFs at the fiber end denoted by K: Py K: A
decrease with increasing the fiber embedded length I;;,. Unlder ﬁxeil
fiber length 1=600 ym, the ISSFs at [;, = (1/2)l is about 30% smaller
than the ISSFs at [;, = (1/4)l for carbon fiber/epoxy, and the ISSFs
at l;, =(1/2)l is about 40% smaller than the ISSFs at [, =(1/4)! for
glass fiber/epoxy.

(2) The two ISSFs denoted by KE

o,

e K:: xat the fiber entry point de-

crease with increasing the fiber embedded length [;,,. For example,
the ISSFs at I;, = (1/2)l is about 20% smaller than at [, =(1/4)! for
carbon fiber/epoxy. The ISSFs at l;, =(1/2)l is about 10% smaller
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than the ISSFs at [;,, = (1/4)l for glass fiber/epoxy. The ISSF decreas-
ing rate at Point E becomes smaller than that at Point A especially
when [, is large.

(3) The severities were compared at the fiber end and fiber entry point
by focusing on the stress jut 1ym away from the singular point
by varying I;,, (see Fig. 9). For carbon fiber/epoxy, the severities
at the fiber end and fiber entry point are almost the same when
l;, =450um. For glass fiber/epoxy, the severities are almost the same
when [;, = 125um. For shorter embedded length, the buried fiber end
becomes more dangerous.

Declaration of Competing Interest

The author(s) declare having no potential conflicts of interest with
respect to the research, authorship, and/or publication of this article.

Acknowledgements

The authors wish to express our thanks to Professor Tatsujiro
MIYAZAKI from University of the Ryukyus for his helpful advice on var-
ious technical issues discussed in this paper. The authors are thankful to
the members of our research group, Mr Rei TAKAKI, Mr Biao WANG, and
Ms Akane INOUE for their generous support for this study. The authors
are grateful for the financial support provided by Japanese Government
(Monbukagakusho: Mext).The authors, however, bears full responsibil-
ity for the paper.

Appendix A. ISSFs under Arbitrary Material Combination for a
Single Rectangle Fiber in an Infinite Plate Subjected to Remote
Tension

In this Appendix, the intensity of singular stress fields (ISSFs) in
Fig. 2(b) are shown in the a — § space. Here, a, # denote Dundurs bi-
material parameters [41], which are defined by equation (A.1). Here,
G and G, are shear modulus, which can be transformed from Young’s
modulus Eg, E,; and Poisson’s Ratios v, vy Subscripts M, F represent
the matrix and reinforcing fiber, respectively. In this study, analysis is
carried out on the basis of plane assumption.

_ Gp(kp+1)=Gp(kp+1)

Sirey ey s wwe o pesrs s S (3-v;)/(1+v,) (Plain stress) . _
p= M i (3 - 4v,-) (Plain strain) (i=M,F)
Gp(kp+1)+Gp (kp+1)
(A1)

By using the BFM coupled with singular integral equation
[36,37,42], the following ISSFs FI* and FI’I‘ at Point A* in Fig. 2(b) can
be calculated. Here, the fiber’s total length is fixed as the aspect ratio
1/D=10. For the material combination (a) in Table 1, the convergency
of the solution is shown in Table A.1 by varying the number of col-
location M increasing the order of polynomial approximation at each
boundary division. Four digits accuracy can be seen. The normalized
ISSFs in Fig. 2(b) defined by Eq. (5) are shown in Table A.2.a, A.2.b and
Fig. A.1 under arbitrary material combination.

Singular indexes /lf and /1;‘ around the corner A and corner A*can
be calculated by solving equations (A.2a) and (A.2b) on 4, respectively
[36,42].

Table A.1
Convergence of the ISSFs in Fig. 2(b) for the material combination
in Table 1(a).

M F =K oAD' F = K flow RO/

I/

8 0.6780 1.132
7 0.6782 1.133
6 0.6780 1.133
5 0.6783 1.130
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Fig. A.1. ISSFs for a single rectangle fiber in an infinite
plate subjected to remote tension in Fig. 2(b).
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Table A.2.a Table B.1.a

F for a Single Rectangle Fiber in an Infinite Plate Subjected to Remote
Tension in Fig. 2(b) when I/D = 10.

a=0.9 0.8 0.7 0.6 0.5 0.4 0.3
p=0.1 0.623 0.513 0.434 0.370 0.322 0.280 0.245
£=0.2 0.584 0.484 0.412 0.353 0.304 0.265 -
=03 0.563 0.469 0.393 0.334 0.297 - -
p=0.4 0.547 0.449 0.382 - - - -
Table A.2.b

F; for a Single Rectangle Fiber in an I

Tension in Fig. 2(b) when I/D = 10.

nfinite Plate Subjected to Remote

=09 0.8 0.7 0.6 0.5 0.4 0.3
p=0.1 1.208 1.131 1.189 1.371 1.675 2198  3.106
p=02 1019 0.993 1.086 1.290 1.629 2.141 -
p=03 0.870 0.883 1.014 1240 1598 - -
p=04 0.753 0810 0955 - - B -

Here, the singular indexes /lf‘ and /15‘ have real values in the range
0< Re(Al’.“) < 1if pla—p) > 0. In equations (A.2), we can put y =x/2
representing the angle between interfaces ryand ry.

Dy(a, B, v, A) = (a = p*A*[1 = cos(2y)]
—2Ma — P)sin(y){sin(Ay) + sin[AQ2x — y)]}
+2Ma — P)p - sin(y){sin[A2x — y)] — sin(dy)}
+(1-a?) = (1= f*)cos(24m)
+ (% = %) cos [2A(y = 1)] = 0

Dy(a, By, A) = (a = p*A*[1 = cos(2y)]
+2Aa — p)sin(y){sin(Ay) + sin[AQx — y)]}
=2Ma = B)f - sin(y){sin[A2x — y)] — sin(Ay)}
+(1=a*) = (1= p?)cos2An)
+ (% = p*) cos [24(y = 1)] =0

(A.2a)

(A.2b)

Appendix B. ISSFs under Arbitrary Material Combination for a
Single Fiber Subjected to Pull-out Force from a Semi-Infinite Plate

In this Appendix, the ISSFs in Fig. 2(a) at the fiber buried end under
pull-out are shown in the a — g space. The fiber embedding length is

F,/F} when [,,/D=5 in Fig. 2(a) and I/D=10 in Fig. 2(b).

a=0.9 0.8 0.7 0.6 0.5 0.4 0.3
p=0.1 00864 0111 0.128 0.139 0.145 0.146 0.143
p=0.2 0.0862 0.108 0.122 0.130 0.133 0.132 -
£=03 0.0851 0.105 0.116 0.122 0.123 - -
p=04  0.0832 0.100 0.110 - - - -
Table B.1.b
F,/F; when l;,/D=5 in Fig. 2(a) and [/D =10 in Fig. 2(b).
a=0.9 0.8 0.7 0.6 0.5 0.4 0.3
#=0.1 0.0766  0.0935 0.104 0.111 0.115 0.118 0.119
p=0.2 0.0760  0.0928 0.103 0.109 0.113 0.115 -
=03 0.0749 0.0915 0.101 0.107 0.111 - -
p=04  0.0733 0.0895 0.0991 - - - -
Table B.2.a
F; when [;,/D =5 in Fig. 2(a).
a=0.9 0.8 0.7 0.6 0.5 0.4 0.3
p=0.1 0.05384 0.05707 0.05569 0.05163 0.04673 0.04099 0.03502
p=0.2 0.05032 0.05220 0.05019 0.04579 0.04052 0.03501 -
p=03 0.04792 0.04898 0.04562 0.04065 0.03644 - -
p=04 0.04553 0.04511 0.04209 - - - -
Table B.2.b
Fy; when [,,/D =5 in Fig. 2(a).
a=09 0.8 0.7 0.6 0.5 0.4 0.3
p=0.1 0.09249 0.10581 0.12418 0.15250 0.19326 0.25863 0.36925
p=02 0.07743 0.09214 0.11202 0.14115 0.18444 0.24687 -
p=03 0.06516 0.08079 0.10280 0.13304 0.17696 - -
p=04 0.05519 0.07249 0.09466 - - - -

fixed as l;,/D =5. Tables B.1.a, B.1.b and Fig. B.1 show the ISSF ratios for
Fig. 2(a) and (b) obtained by using the proportional method explained
in Section 2. Table B.2.a, B.2.b and Fig. B.2 show the normalized ISSFs
at Point A in Fig. 2(a) calculated from the ISSF ratios and the ISSFs at
Point A* shown in Appendix A.
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Fig.B.2. (a). F; whenl,,/D =5inFig. 2(a). B.2(b). F;; when [;,/D =5 in Fig. 2(a).

Fig. B.1. (a). FEM stress ratio. B.1(b) FEM stress ratio.



N.-A. Noda, D. Chen and G. Zhang et al.

International Journal of Mechanical Sciences 165 (2020) 105196

Fig. C.1. Integral path C for RWCIM

(C=C;+Cy+C3+C4+C5+Cy).

Appendix C. Reference Solution Obtained by Using Reciprocal
Work Contour Integral Method (RWCIM)

The ISSFs K £ e KE e at the fiber entry Point E in Fig. 2(a) can be

o, A 7, AL

calculated by using the proportional method explained in Section 3 from
E

K oE
. . . . A FEM,i
the FEM stress ratios as shown in Eq. (18), which is "E*‘ = L,
K o
0.4 FEM
KE O'E
A FEM A . . * *
>2 — =2 To obtain the reference solution K¥ KE*  The
KE E JE? 4E
ody  CFEM.J, o, A 7 A

RWCIM may be suitable. This method is based on the concept of Betti’s
Law, pioneered by Stern et al. [46]. Carpenter et al. [68] and Sinclair
et al. [70] adapted this method to the general opening crack problem.
By mean of Williams" eigenfunction expansion method, displacement
and stress in the vicinity of the interface corner edge can be expressed
as [68,71]:

0
Gij = Z K f; (0. lk)’/lk_l (€.
k=1
o
=Y K (0, 4 )r' (C2)
k=1

Here, A is singular index obtained by solving Eq. (8) in Section 3.
For most of the material combinations the singular indexes AiE have two
real roots /IIE and /lf corresponding to two different singular fields [67].
Here, Kj. is ISSF corresponding to singular index 4;, obtained by RWCIM
discussed in this section. As shown in Fig. C.1, symbol r is the radial dis-
tance away from Point E. Eigenfunctions f; and g; depend on 4 and 6.
When 6=0, and use K, , to denote Kyfy(6,4), equation (C.1) is ex-
pressed as Eq. (9). Denote by v; the displacement field and oy; the trac-
tion vector on a contour C=Cj + Cy +C3+C4 + C5 + Cg +C,, as shown
in Fig. C.1, equation C.3 [68] is obtained from Betti’s Law:

"
7{ (O',-ju’. -

C

a,.*ju,.)ds = 0. (C3)

Here, u and o correspond to any other such solution. Contour C, is
a three-quarter circle contour with a radius . Separate the contour into
C, and Cp =C; +Cy + C3 + C4 + C5 + Cg, equation C.3 becomes [72]:

I,=/ <aiju;‘ - O';‘jui>ds =—/ (o'iju:‘ - afjui)ds. (C4)
Ce Cr

Then, the integral I, can be calculated from the path independent
contour Cg, without need for accurate data in the vicinity of the Point
E in FEM calculation. ISSF K; corresponding to singular index 4; can
then be obtained. Combined with f;; for o and 7 respectively, expressed
asKf  KE _,KE _,KF _inSection 3. Worth mentioning that, for

o, /ll 0, Ay T, }”l T, /12
the integral path C shown in Fig. C.1, contours C; and C, locate along
the stress free surface, and therefore, the integrals along these contours

are zero.

Plane strain condition is selected for carrying out the linear elastic
analyses in MSC Marc software. Representation of the selected mesh pat-
tern for developing these analyses is similar to that as shown in Fig. 3.
Around the interface corner edge eight-node elements are utilized, while
for other regions away from the interface corner edge, four-node ele-
ments are selected.

RWCIM can be used to provide the reference ISSFs. However, RWCIM
requires a large number of calculations for complex operations with
matrix as well as numerical integrations along the path. The proposed
method in Section 3 to calculate the ISSFs (from a reference solution of
the ISSF) is just as accurate as the RWCIM, when calculating the first
term, being more convenient and practical. In this method, comparison
between two models can be made from the FEM stress ratios, easily.
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