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ORIGINAL ARTICLE

Reference solution and proportional method to calculate intensity of singular
stress field (ISSF) at the interface corner where reinforced fiber enters
resin matrix

Nao-Aki Nodaa, Dong Chenb,a* , and Yoshikazu Sanoa

aDepartment of Mechanical Engineering, Kyushu Institute of Technology, Kitakyushu-shi, Fukuoka, Japan; bSchool of Mechanical and Power
Engineering, Zhengzhou University, Zhengzhou, China

ABSTRACT
To evaluate fiber/matrix bonding properties, the average shear stress is generally used as the
interface strength without considering the intensity of singular stress field (ISSF) at the interface
ends. In this paper, therefore, how to calculate the ISSF is described in detail at the fiber entry
point of the single-fiber under pull-out test. Recent studies showed the ISSF method is quite use-
ful for controlling the debonding strength. As a reference solution, the ISSFs at the fiber entry
point are tabulated and illustrated under arbitrary material combination for the specific geometry.
By applying the proportional method with this reference solution, the ISSF can be calculated for
other geometries conveniently. As an example, the ISSFs of Glass fiber and Carbon fibers are
shown to be obtained from the reference solution within 1 percent error. Utilizing those results,
the difference between the pull-out test and the micro-bond test is discussed by varying the rein-
forced fiber properties.
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1. Introduction

Fiber reinforced composites is widely used in various fields,
based on taking advantage of the high strength and high
stiffness of fibers. In fiber reinforced composites, both the
fiber and the matrix retain their original physical and chem-
ical identities, yet together they produce a combination of
mechanical properties that cannot be achieved with either of
the constituents acting alone [1, 2]. To develop new com-
posite manufacturing methods by improving performance
requires a better understanding of the role of interface phe-
nomena in the mechanical behavior of these composites
[3–5]. Many researchers have been working on fiber pull-
out experiments [6–8], but few studies are available for the
intensity of singular stress field (ISSF) at the interface ends.
The recent studies showed the ISSF method is very useful
since the adhesive strength can be expressed as a constant
value of the ISSF [9–15]. To calculate the ISSF, a mesh-inde-
pendent technique named proportional method [16–21] can
be applied conveniently by using the same FEM mesh pat-
tern to unknown and reference problems whose exact solu-
tion is available by eliminating FEM error [22–24].

A single fiber pull-out test in Figure 1 [8, 25] is widely
used to evaluate the interface strength from the average
shear stress without considering the singular stress. In the
preceding paper, the ISSF was newly studied by varying the
fiber embedded length lb in pull-out test in Figure 1(a) and

micro-bond test in Figure 2 [26, 27]. As an example, the fol-
lowing conclusion is obtained for Figure 1(b).

1. The crack initiation may start from the buried end
Point A in Figure 1(a) when the embedded length lb is
smaller as lb � 150 lm for Glass fiber/Epoxy.

2. The crack initiation starts from the fiber entering Point
E in Figure 1(a) when the embedded length lb is larger
as lb � 150 lm for Glass fiber/Epoxy.

However, this conclusion varies depending on the mater-
ial combination, for example, if Glass fiber/Epoxy is replaced
by Carbon fiber/Epoxy [26]. In this paper, therefore, to cal-
culate the ISSF for specific material combination and spe-
cific testing geometry, the reference solution will be
provided. This reference solution can be used conveniently
to calculate the ISSF at Point E in Figure 1(b) and 2. The
reference solution can also be applied to calculating the ISSF
of the lap joint in Figure 1(c) coupled with the proportional
method [16–21]. This is because Figure 1a–c has the identi-
cal singular stress field.

2. ISSF Controlling the debonding at the fiber entry
point E

The most popular ISSF is known as the stress intensity fac-
tor for cracks whose singular stress can be expressed as

CONTACT Dong Chen shumadong@gmail.com Department of Mechanical Engineering, Kyushu Institute of Technology, 1-1 Sensui-cho, Tobata-ku,
Kitakyushu-shi 804-8550, Fukuoka, Japan�Present address: School of Mechanical and Power Engineering, Zhengzhou University, Zhengzhou, China
� 2021 Taylor & Francis Group, LLC

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES
https://doi.org/10.1080/15376494.2021.1882624

http://crossmark.crossref.org/dialog/?doi=10.1080/15376494.2021.1882624&domain=pdf&date_stamp=2021-02-13
http://orcid.org/0000-0001-8354-262X
https://doi.org/10.1080/15376494.2021.1882624
http://www.tandfonline.com


rix / 1=r0:5i : The recent studies showed that more general
ISSF controlling the interface singular stress rix / 1=r1�k

i in
Figure 1 is useful for evaluating the adhesive strength
[9–15]. Assuming homogeneous material properties, the sin-
gular stress field at Points E��, E�, A and E can be

expressed as shown in Eq. (1) [28–31]. Here, k denote sin-
gular index determined by solving by solving Eq. (2) [32,
33]. There are two real roots k1 and k2 corresponding to
two different singular fields for most of the material combi-
nations [34].

Figure 1. Fiber pull-out test, microbond test and lap joint test having identical singular stress field.

Figure 2. Mesh different model for determining stress distribution of different k:
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rix ¼
Ki
r, k1

r1�k1
i

þ Ki
r, k2

r1�k2
i

, i ¼ A, E, E�ð Þ (1)

4 sin2 pkð Þ sin2
pk
2

� �
� k2

� �
b2 þ 4k2 sin2 pkð Þab

þ sin2
pk
2

� �
� k2

� �
a2 þ 4k2 sin2 pkð Þb

þ2 k2cos 2pkð Þ þ sin2
pk
2

� �
cos pkð Þ þ 1

2
sin2 pkð Þ

� �
a

þ sin2
3pk
2

� �
� k2 ¼ 0

(2)

Here, a and b denote bimaterial parameters of Dundurs
[35] defined by Eq. (3). Real material combinations among
metal, ceramics, resin, and glass are provided by Suga et al.
[36] and Yuuki [37] in the a� b space. For the Carbon/
Epoxy material combination, a ¼ 0:9775, b ¼ 0:2250, k1 ¼
0:6751, k2 ¼ 0:9999:

a ¼ GF jM þ 1ð Þ � GM jF þ 1ð Þ
GF jM þ 1ð Þ þ GM jF þ 1ð Þ , b ¼ GF jM � 1ð Þ � GM jF � 1ð Þ

GF jM þ 1ð Þ þ GM jF þ 1ð Þ ,

ji ¼ 3� �ið Þ= 1þ �ið Þ ðPlain stress
�

3� 4�ið Þ ðPlain strainÞ
ði ¼ M, F

�( )

(3)

The debonding stress rix is controlled by the ISSFs Kr, k1 ,
Kr, k2 ; and therefore, the debonding stress rix can be larger
when the ISSFs Kr, k1 , Kr, k2 are larger. Note that the
debonding stress rix can be also larger when the singular
indexes k1 and k2 are smaller because of the stress singular-
ity in Eq. (1). Under the fixed geometry, the ISSFs Kr, k1 ,
Kr, k2 and the singular indexes k1 and k2 vary depending on
the material combination.

3. Reference solution and proportional method to
calculate the ISSF at fiber entry point

The singular stress fields at the interface end at Point E� in
Figure 1(a) and Point E in Figure 1(b) are identical with the
singular stress field of the lap joint in Figure 1(c) [32, 36].
The ISSFs of these problems can be obtained conveniently
by using the proportional method [16–21] if one of the ISSF
is known under the specific material combination.

Finite element method (FEM) analysis should be well
conducted and may require experience and skills for engin-
eering applications [38–46]. In this analysis, a mesh inde-
pendent proportional method is used to calculate the ISSF
Ki
r defined in Eq. (1). For resin matrix with reinforced fiber,

second singular index k2 is close to 1; therefore, the second
term of ISSF can be omitted. Then, the ISSF can be calcu-
lated from the ratio of FEM stress rFEMx, i rið Þ as shown in Eq.
(4), it can be verified that the FEM stress ratios obtained by
this method is independent of mesh size [16, 20, 32, 33].
When the second term of ISSF cannot be omitted, Miyazaki
et al. [20, 21] proposed a proportional method obtaining
two distinct stress distributions by using two same scale
model with different mesh sizes.

Figure 2 shows two fiber pull-out model of the same
scale. The model as shown in Figure 2(a) has minimum ele-
ments emin ¼ e0 at the vicinity of Point E� and the model as
shown in Figure 2(b) has minimum elements emin ¼ n � e0
there. The FEM stress of the model (a) is denoted by
rE, ax, FEM r0ð Þ, and r0 denote the distance from the corner edge
Point E� in Figure 1(a). Similarly, rE, bx, FEM n � r0ð Þ denotes the
FEM stress of the model (b) at distance n � r0: The stress dis-
tribution for model (a) corresponding with k1 and k2 can be
obtained by Eq. (5) [20, 21].

Kr, k1, i

Kr, k1, j
¼ rFEMx, k1, i

rið Þ
rFEMx, k1, j

rjð Þ
, i, j ¼ A, E, E�ð Þ

Kr, k2, i

Kr, k2, j
¼ rFEMx, k2, i

rið Þ
rFEMx, k1, j

rjð Þ
, i, j ¼ A, E, E�ð Þ

(4)

rE, aFEM, k1
r0ð Þ ¼ rE, ax, FEM r0ð Þ

1� nk1�k2
� rE, bx, FEM n � r0ð Þ
nk2�1 � nk1�1

rE, aFEM, k2
r0ð Þ ¼ rE, ax, FEM r0ð Þ

1� nk2�k1
þ rE, bx, FEM n � r0ð Þ
nk2�1 � nk1�1

8>>><
>>>:

(5)

When the single fiber pull-out tests in Figure 1(a) is used
to investigate the interface strength, the debonding strength
should be smaller than the tensile strength of the fiber.
Therefore, high adhesion systems require very small embed-
ding lengths lb < 100lmð Þ [2]. To find out suitable testing
condition the ISSFs have to be calculated by varying the
geometry under the specified fiber property. In the previous
study [26], the reference solution was provided to calculate
the ISSF at the fiber entry point E�00, the symbol should
similar to that of A�. In this study, to calculate the ISSF at
the fiber entry point, the reference solution is provided
under arbitrary material combinations by using the recipro-
cal work contour integral method (RWCIM) described in
the Appendix A. Since the singular index varies depending
on the fiber/matrix material combination, the ISSF is nor-
malized as shown in Eq. (6).

Fr, k1 ¼ Kr, k1= P=Dð Þ D=2ð Þ1�k1
h i

Fr, k2 ¼ �Kr, k2= P=Dð Þ D=2ð Þ1�k2
h i (6)

Then, the normalized ISSFs are shown in the a� b space
under fixed fiber embedding length lb=D ¼ 5:

Figure 3 and Table 1 illustrates the normalized ISSF Fr, k1
by varying a, b: The value of singular index k1 is shown in
Table 3. A material combination for Carbon fiber/Epoxy
ða ¼ 0:9775, b ¼ 0:2250, k1 ¼ 0:6751Þ discussed in our pre-
vious study [26, 27] can be plotted in Figure 3 as Fr, k1 ¼
0:164: Then, when D ¼ 20lm, lb ¼ 100lm, and P ¼
1MPa � 20lm � 1mm ¼ 0:02N, we have Kr, k1 ¼ 0:346MPa �
m1�0:6751: Another material combination for or Glass fiber/
Epoxy (a ¼ 0:9071, b ¼ 0:2016, k1 ¼ 0:6592) can be plotted
in Figure 3 as Fr, k1 ¼ 0:198: When D ¼ 20lm, lb ¼ 100lm
and P ¼ 1MPa � 20lm � 1mm ¼ 0:02N, we have Kr, k1 ¼
0:433MPa �m1�0:6592:

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 3



Figure 3. Fr, k1 at the fiber entry point E� in pull-out test in Figure 1(a) when lb=D ¼ 5:

Table 1. Fr, k1 in Figure 1(a) when lb=D ¼ 5:

a ¼0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

b ¼ 0:4 0.485 0.338 0.202
b ¼ 0:3 0.490 0.428 0.367 0.304 0.237 0.170
b ¼ 0:2 0.357 0.321 0.284 0.243 0.198 0.153
b ¼ 0:1 0.316 0.293 0.267 0.240 0.209 0.175 0.141

Figure 4. Fr, k2 at the fiber entry point E
� in pull-out test in Figure 1(a) when lb=D ¼ 5:

Table 2. Fr, k2 in Figure 1(a) when lb=D ¼ 5:

a ¼0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

b ¼ 0:4 0.361 0.179 �
b ¼ 0:3 0.397 0.325 0.248 0.166 0.0861 0.0101
b ¼ 0:2 0.251 0.206 0.159 0.108 0.0559 0.00449
b ¼ 0:1 0.211 0.182 0.150 0.117 0.0801 0.0415 0.00354
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Figure 4 and Table 2 illustrate the normalized ISSF Fr, k2
by varying a, b: The value of singular index k2 is shown in
Table 4. A material combination for Carbon fiber/Epoxy
(k2 ¼ 0:9999) can be plotted in Figure 4 as Fr, k2 ¼ 0:0153:
Then, when D ¼ 20lm, lb ¼ 100lm, and P ¼ 1MPa �
20lm � 1mm ¼ 0:02N, we have Kr, k2 ¼ �0:0153MPa �
m1�0:9999: Another material combination for Glass fiber/
Epoxy ðk2 ¼ 0:9992Þ, Fr, k2 ¼ 0:0462 can be plotted in
Figure 4. Then, when D ¼ 20lm, lb ¼ 100lm and P ¼
1MPa � 20lm � 1mm ¼ 0:02N, we have Kr, k2 ¼ �0:0463
MPa �m1�0:9992:

It can be seen that the normalized ISSFs Fr, k1 and Fr, k2 at
the fiber entry point in fiber pull-out problem have smaller
values when b is smaller. The normalized ISSFs Fr, k1 and Fr, k2
at the fiber entry point in fiber pull-out problem have smaller
values when a is larger. However, singular index k1 is larger
when b is larger whereas k2 is larger when b is smaller.
Singular indexes k1 and k2 are larger when a is larger.

From Eq. (1), the debonding stress rix becomes larger
when the ISSFs Kr, k1 , Kr, k2 are larger or the singular
indexes k1 and k2 are smaller. The ISSF Fr, k1 ¼ 0:164 of
Carbon fiber/Epoxy is smaller than the ISSF Fr, k1 ¼ 0:198 of
Glass fiber/Epoxy. And k1 ¼ 0:6751 of Carbon fiber/Epoxy
is larger than k1 ¼ 0:6592 of Glass fiber/Epoxy. Since both
k2 values are very close to 1, Fr, k1 and k1 mainly controls
the interface debonding stress. Therefore, the debonding sin-
gular stress rix of Carbon fiber/Epoxy is smaller than the
debonding singular stress rix of Glass fiber/Epoxy.

4. How to calculate the ISSF from the
reference solution

In this section, how to use the reference solution in Figures
3, 4 and Tables 1 and 2 is explained for specific material
combination, for example, Carbon fiber/Epoxy and Glass
fiber/Epoxy. Figures 3, 4 and Tables 1 and 2 show the nor-
malized ISSF Fr, k1 and Fr, k2 in Figure 1(a) when lb=D ¼ 5:

From Figures 3, 4 and Tables 1 and 2, values of Fr, k1 and
Fr, k2 can be interpolated in the following way.

For carbon fiber/epoxy, we have EF ¼ 276GPa �F¼0.30
EM ¼ 3:03 �M¼0.35. From Eq. (3), Dundurs parameters are
a ¼ 0:9775 and b ¼ 0:2250: Also, from Eq. (2), we have the
singular indexes k1 ¼ 0:6751 and k2 ¼ 0:9999:

First, from Table 1 and Figure 3, the normalized ISSF
value Fr, k1 under a ¼ 0:9775 can be interpolated as shown
in Table 5 when b ¼0.1, 0.2, 0.3, 0.4. Then, the results are
indicated in Figure 5 and Table 5.

Table 4. k2 in Figure 4.

a ¼0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

b ¼ 0:4 0.9886 0.9973 1.000
b ¼ 0:3 0.9585 0.9748 0.9866 0.9944 0.9987 1.000
b ¼ 0:2 0.9722 0.9832 0.9911 0.9962 0.9991 1.000
b ¼ 0:1 0.9680 0.9791 0.9874 0.9933 0.9972 0.9993 1.000

Table 3. k1 in Figure 3.

a ¼0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

b ¼ 0:4 0.7949 0.8001 0.8065
b ¼ 0:3 0.6904 0.6951 0.7005 0.7066 0.7133 0.7198
b ¼ 0:2 0.6340 0.6396 0.6455 0.6516 0.6580 0.6639
b ¼ 0:1 0.5908 0.5961 0.6015 0.6071 0.6128 0.6187 0.6241

Table 5. Fr, k1 values from Table 1 and Figure 3 by using interpolation.

a 0.9775

Fr, k1 0.1459 0.1601 0.1804 0.2214
b 0.1 0.2 0.3 0.4

Figure 5. Fr, k1 values when a ¼ 0:9775:

Table 6. Comparison of ISSFs from interpolation and RWCIM.

Material combination RWCIM interpolation Difference

a ¼ 0:9775
b ¼ 0:2250

k1 ¼ 0:6751 Fr, k1 0.1637 0.1644 1%
k2 ¼ 0:9999 Fr, k2 0.01531 0.01330 �13%

a ¼ 0:9071
b ¼ 0:2016

k1 ¼ 0:6592 Fr, k1 0.1976 0.1946 �1%
k2 ¼ 0:9992 Fr, k2 0.04616 0.05150 12%

Figure 6. Stress distribution with and without the second term.

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 5



Next, as shown in Table 5, Fr, k1 value can be interpolated
when b ¼ 0:2250 under a ¼ 0:9775: The interpolated value
of Fr, k1 ¼ 0:1644 is in good agreement with the RWCIM
Fr, k1 ¼ 0:1637: The difference is within 1%. Then, the ISSF
value Kr, k1 ¼ 0:347MPa �m1�0:6751 can be calculated by
using Eq. (6). Similarly, Fr, k2 value of carbon fiber/epoxy
can be interpolated from Table 2 and Figure 4, as shown in
Table 6.

For glass fiber/epoxy, we have EF ¼ 75GPa �F¼0.17
EM ¼ 3:3 �M¼0.35. Then, from Eq. (3), Dundurs parame-
ters are a ¼ 0:9071, b ¼ 0:2016: From Eq. (2), singular
indexes k1 ¼ 0:6592, k2 ¼ 0:9992 can be obtained. Then, in
a similar way, Fr, k1 , Fr, k2 of glass fiber/epoxy can be

interpolated. Table 6 indicates the interpolated Fr, k1 , Fr, k2
in comparison with the analytical results obtained
by RWCIM.

As shown in Table 6, it is seen that Fr, k1 values can be
interpolated within 1% error although Fr, k2 values are inter-
polated within 20% error. This large 20% difference of Fr, k2
is due to almost no singularity as k2 ¼ 0:9999 ffi 1 and k2 ¼
0:9992 ffi 1: If this second term singularity in Eq.(1) is sig-
nificant, for example, when k2 ¼ 0:85, the difference of
Fr, k2 can be very small and within 1%.

It should be noted that since k2 ffi 1, the stress distribu-
tion along the interface is not affected by the Fr, k2 differ-
ence. For example, Figure 6 shows the stress distribution
with and without the second term Fr, k2 for a ¼ 0:9775 and
b ¼ 0:2250: The stress value when r ¼ 0:5lm is 0.4218MPa
when Fr, k2 is considered, and is 0.4351MPa when Fr, k2 is
not considered. Since the second term in Eq. (1) contributes
only 3%, the ISSF difference of Fr, k2 by 20% affects
only 3%� 20% ¼ 0:6%:

Figure 7 compares the stress distribution of ISSF
obtained by interpolation and RWCIM. The difference of
stress distribution obtained by the two method is about
1%, and is mainly caused by the Fr, k1 difference. The sin-
gular stress distributions coincide with each other within
1% difference in the range r � 4lm between the interpol-
ation and RWCIM even though the difference of the Fr, k2
is 13%.

5. Effect of material combination: ISSF ratio of pull-
out test to micro-bond test

In the previous study [27], the ISSF at Point E� in pull-out
test in Figure 1(a) is compared with the ISSF at Point E in
micro-bond test in Figure 1(b). Then, for Glass fiber/Epoxy,
it was found that the ISSF ratio KE�

r =KE
r ffi 0:75

Figure 7. Stress distribution with ISSF from interpolation and RWCIM.

Figure 8. ISSF ratio KE
�

r =KEr of pull-out test and microbond test when lg ¼ 20lm:
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independent of the dimension lb: In other words, the ISSF
at Point E in micro-bond test is about 1.5 times of that at
Point E� in pull-out test. This conclusion is useful since the
micro-bond test is more convenient than the pull-out test
reflecting real composites. In this study, therefore, this ISSF
ratio is investigated by varying Fiber/Resin combination.

Figure 8 and Table 7 show the results for Hemp fiber/
Green polyethylene, Aramid fiber/Epoxy, Carbon fiber/
Epoxy and Boron fiber/Epoxy. It is seen that the ISSF ratio
KE�
r =KE

r is almost constant independent of lb in the range
KE�
r =KE

r ffi 0:55 	 0:75: To investigate the effect of fiber
Poisson’s ratio �F , the ISSF ratio KE�

r =KE
r of Aramid fiber/

Epoxy is indicated by varying �F ¼0.1, 0.3, 0.4. When
�F ¼0.1, the ratio KE�

r =KE
r ¼0.673 is a bit larger and when

�F ¼0.4, KE�
r =KE

r ¼0.654 is a bit smaller compared to
KE�
r =KE

r ¼0.662 when �F ¼0.3. As a conclusion, the effect of
�F on the ratio KE�

r =KE
r is not very large. The ISSF of pull-

out test can be roughly estimated from the ISSF of micro-
bond test. In this section, the difference between pull-out
test and microbond test is expressed as the ISSF ratio. The
validity of the ISSF ratios is discussed in Appendix C for the
experiment of adhesive lap joints in Figure 1(c).

6. Conclusions

Recent studies showed the ISSF is useful for evaluating the
bonded strength. In this paper, ISSF solution at the fiber
entry point was indicated under arbitrary material combin-
ation for the single-fiber subjected to pull-out force. This
reference solution can be used for analyzing various kinds of
fibers and various aspect ratios of the fiber coupled with the
proportional method. The proportional method can be used
conveniently since only the FEM stress at the interface cor-
ner is focused by applying a similar mesh to the unknown
and the reference problem.
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Appendix A: Reference solution obtained by using
reciprocal work contour integral method (RWCIM)

The ISSFs KE
r, kE1

, KE
s, kE1

at the fiber entry Point E in Figure 1(b) can

be calculated by using the proportional method explained in Section 3

from the FEM stress ratios as shown in Eq. (4), which is
KE
r, k1

KE�
r, k1

¼ rEFEM, k1
rE

�
FEM, k1

,

KE
r, k2

KE�
r, k2

¼ rEFEM, k2
rE�FEM, k2

． To obtain the reference solution KE�
r, kE1

, KE�
s, kE1

the

RWCIM may be suitable. This method is based on the concept of
Betti’s Law, pioneered by Stern et al. [41]. Carpenter et al. [47] and
Sinclair et al. [48] adapted this method to the general opening crack
problem. By mean of Williams΄ eigenfunction expansion method, dis-
placement and stress in the vicinity of the interface corner edge can be
expressed as [3, 47]:

rij ¼
X1
k¼1

Kkfij h, kkð Þrkk�1 (A.1)

ui ¼
X1
k¼1

Kkgi h, kkð Þrkk (A.2)

Here, kk is singular index obtained by solving Eq. (2) in Section 3.
For most of the material combinations the singular indexes kEi have
two real roots kE1 and kE2 corresponding to two different singular fields
[34]. Here, Kk is ISSF corresponding to singular index kk, obtained by
RWCIM discussed in this section. As shown in Figure A1, symbol r is
the radial distance away from Point E. Eigenfunctions fij and gi depend
on kk and h: When h ¼ 0, and use Kr, kk to denote Kkfh h, kkð Þ, Eq.
(A.1) is expressed as Eq. (1). Denote by ui the displacement field and
rij the traction vector on a contour C ¼ C1 þ C2 þ C3 þ C4 þ C5 þ
C6 þ Ce, as shown in Figure A1, Eq. (A.3) [47] is obtained from Betti’s
Law: þ

C
riju

�
i � r�ijui

� �
ds ¼ 0 (A.3)

Here, u�i and r�ij correspond to any other such solution. Contour Ce

is a three-quarter circle contour with a radius e: Separate the contour
into Ce and CR ¼ C1 þ C2 þ C3 þ C4 þ C5 þ C6, Eq. (A.3) becomes
[49]:

Ie ¼
ð
Ce

riju
�
i � r�ijui

� �
ds ¼ �

ð
CR

riju
�
i � r�ijui

� �
ds (A.4)

Then, the integral Ie can be calculated from the path independent
contour CR, without need for accurate data in the vicinity of the Point
E in FEM calculation. ISSF Kk corresponding to singular index kk can
then be obtained. Combined with fij for r and s respectively, expressed
as KE

r, kE1
, KE

r, kE2
, KE

s, kE1
, KE

s, kE2
in Section 3. Worth mentioning that,

for the integral path C shown in Figure A1, contours C1 and C2 locate
along the stress-free surface, and therefore, the integrals along these
contours are zero. The integral path independency can be confirmed as
well as the mesh independency [19–21, 24, 26, 27, 50, 51]. Then,
RWCIM can be used as the reference solution of the ISSF.

Plane strain condition is selected for carrying out the linear elastic
analyses in MSC Marc software. Representation of the selected mesh
pattern for developing these analyses is similar to that as shown in
Figure 2. Around the interface corner edge eight-node elements are uti-
lized, while for other regions away from the interface corner edge,
four-node elements are selected. However, RWCIM requires a large
number of calculations for complex operations with matrix as well as
numerical integrations along the path. The proportional method may
provide the ISSF efficiently as shown in Section 3 from the reference
solution. The proportional method coupled with the RWCIM is just as
accurate as the RWCIM conveniently and practically especially when
calculating the first term by focusing on the FEM stress ratio.

Appendix B: step-by-step procedure to apply the
reference solution coupled with the proportional
method to calculate ISSF

Figure B2 illustrates how to calculate the ISSF by applying the refer-
ence solution and the proportional method. The flowchart in Figure B1
indicates elementary step-by-step actions.

First of all, as STEP 1, the singularity should be determined, for the
2-dimensional problem of fiber with 180� and matrix with 90� at the
singular point. The ISSF in Figures 3 and 4 can be used as reference.
For example, this reference is suitable for Point E� in Figure 1(a),
Point A and Point E in Figure 1(b), and Point E�� in Figure 1(c). The
singular indexes are same for these problems. For the 2-dimensional
problem of fiber with 90� and matrix with 270� at the singular point,
for example, Point A� in Figure 1(a). The results of [26] should be
used as reference.

As shown in Figure B2, in STEP 2 minimum FEM mesh size emin

are applied to the pull-out problem in Figures 3 and 4 (¼reference
problem) and the microbond problem of different size (¼unknown
problem). Stress distribution r�FEM rð Þ obtained from the FEM reference

Figure A1. Integral path C for RWCIM (C ¼ C1 þ C2 þ C3 þ C4 þ C5 þ C6).
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model and rFEM rð Þ obtained from the FEM unknown model can be
used to calculate the stress ratio rFEM rð Þ =r�FEM rð Þ in STEP 3. In STEP
4, this ratio should be same no matter the minimum FEM mesh size is
emin or n � emin: As the mesh-independency of the stress ratio is investi-
gated, if the rFEM rð Þ =r�FEM rð Þ of two different emin are not same, the

emin in STEP 1 should be adjusted smaller. Since the same FEM mesh
is applied around the singular point, the FEM error can be eliminated.
STEP 5, the FEM stress ratio can be used as the ISSF ratio. Then, the
ISSF of the unknown problem can be provided from the ISSF ratio and
the exact ISSF of the reference problem.

Figure B1. Flow chart of ISSF calculation.

Figure B2. Example of analysis model and mesh pattern.
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Appendix C: usefulness of ISSF to evaluate
adhesive strength

Usually, the single-fiber pull-out test and the microbond test are con-
ducted in terms of the average shear stress without considering the
ISSF. In this paper, how to calculate the ISSF is described in detail at
the fiber entry point. In this Appendix, the validity of ISSF approach is
described in the experiment for the adhesive lap joint whose singular
stress field is identical as shown in Figure 1 [19–21, 24, 50, 51].
Another verification can be seen in the experiment for prismatic and
cylindrical adhesive butt joints in [9–15, 52, 53].

Figure C1(a) shows the critical debonding stress r1＝rc for lap
joint by varying the bonded length lb: In this experiment [53], 6061-T6
aluminum alloy adherends are bonded with adhesive FM73M epoxy.
With increasing lb, the debonding stress rc increases. Figure C1(b)
shows the ISSF for lap joint KE��

r under r1＝1MPa by varying lb [24].
The ISSF KE��

r decreases with increasing lb in a similar way of the pull-
out test and microbond test [26, 27]. Instead, under r1＝rc, the crit-
ical ISSF KE��

rc is almost constant independent of lb as shown in Figure
C1(c). From Figure C1, it can be conjectured that the ISSF is useful for
evaluating initial debonding in pull-out test and microbond test since
the adhesive strength can be expressed as a constant value as shown in
Figure C1(c).

Figure C1. Relationship between the ISSF and bonded length for adhesive
lap joint.
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